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PREFACE. 


J.  HAT  I  have  discovered  the  general  solution  of  equa- 
tions, my  readers  may  very  probably  know  already,  from 
the  announcement  which  I  have  ordered  to  be  put  in 
the  public  papers,  for  such  a  discovery  deserves  the 
utmosb  publicity.  A  complete  history  of  the  unsuc- 
oessiul  endeavours  of  my  predecessors  for  the  same 
purpose,  would  appear  like  a  panegyric  on  myself,  and 
therefore  I  shall  only  relate  what  exactly  belongs  to  the 
matter. 

In  the  tenth  part  of  the  **  Memorie  di  Matematica  e  di 
Fisica  ddla  Societa  Italiana  della  Scicntia^*'  p.  1  (]  803),  a 
celebrated  Analyst,  M .  Ruffini,  gave  a  proof  of  the  im- 
possibility of  such  a  solution  :  no  very  elaborate  discussions 
are  required  to  show  its  insufficiency.  Read  his  proof,  and 
compare  it  with  my  solution,  and  it  will  be  found  that  M. 
Ruffini,  in  recounting  the  possible  cases,  has  never  thought 
of  this  mode  of  solution.  M.  Ruffini  tries  to  depress  the 
equation  for  the  assumed  function,  by  taking  as  many 
equal  formulae  as  are  proper  for  his  purpose.  I  do  just 
the  contrary :  with  me  the  assumed  functions,  with  t^he 
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11  PREFACE. 

exception  of  a  single  condition^  are  always  arbitrary :  all 
their  forms  may  be  different,  and  the  depression  will  be 
produced   by   making   them   dependent   upon   resolvable 
equations,    the   coefficients    of  which    depend   on   other 
resolvable    equations,    the  coefficients   of  which   depend 
again  on  other  resolvable  equations,  &c.     As,  for  instance, 
with  me  the  assumed  function  for  the  equation  of  the 
fifth   degree   originally  depends   on  an  equation   of  the 
120th  degree  :    this  I  reduce,  first    to    a  double  equa- 
tion of  the  fifth  degree ;    its  coefficient,  which  is   still 
depending  on  an  equation  of  the  24th  degree,  I  make 
depending  on  an  equation  of  the  fourth  degree,  the  coeffi- 
cients of  which  only  still  depend  on  equations  of  the  sixth 
degree.     I  reduce  these  equations  again  to  equations   of 
the  third  degree,  the  coefficients  of  which,  lastly,  depend 
on  equations  of  the  second  degree.     Of  all  this  process, 
there   is,    with   the  exception  of   the  reduction    to   the 
double  equation,  not  the  slightest  indication  in  the  proof 
of  M.  Ruffini.     Moreover,  this  Analyst  has  only  shown 
that  none  of  the  methods  he  was  acquainted  with  could 
succeed,  and  in  this  respect  his  proof  is,  no  doubt,  very 
masterly.     His  error  can  be  no  reflection  on  his  well- 
deserved  reputation,  for  he  has  shown  to  his  successors 
the  paths  they  must  avoid,  and  has  thus  put  them  on  the 
right  course  of  investigation. 

M.  Lagrange  gave,  in  the  third  volume  of  the  new 
Memoirs  of  the  Berlin  Academy  of  Sciences,  an  incom- 
parable analysis  of  the  methods  of  Tschimhausen,  Ealer, 
and  fiezout,  which  I  have  adopted  in  the  sixth  chapter. 
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with  a  few  alterations  suitable  to  my  purpose.  He  showed, 
that  when  fi  is  a  prime  number,**  all  these  methods 
lead  at  last  to  a  reduced  equation,  the  coefficients  of 
which  are  those  functions  o£  the  roots  a/^a/^  x^^^..^..,a^*^\ 
which  change  when  you  change  only  the^i— 2  last  roots 
among  each  other,  but  leave  both  the  first  in  their  places, 
and  that^  therefisre,  the  coefficients  dq)end  on  equations 

of  the  1  .2.3 fi  second  degree;  and  consequently 

an  equation  of  the  fifth  degree,  on  an  equation  of  the  sixth 
degree.  For  the  explanation  of  his  method,  he  takes  the 
equation  of  the  fifth  degree  as  an  example,  and  shows  how 
to  b^;in  to  form  the  reduced  equation.  He  denotes  the 
mots  of  the  reduced  equations  by  s/,  a/',  s^^^,  s^,  s*',  s% 
and  finds  the  value  of  them  in*  a/,  a/^,  j/^^,  a/^y  .x*". 
From  this  he  calculates  the  first  coefficients,  and  says 
that  you  can  find  the  other  coefficients  in  a  similar  way. 
He  concludes  by  saying  ^*but  we  will  not  enter  into  the 
execution  of  this  calculation,  which,  with  all  its  im- 
mense labour,  would  not  affijrd  any  due  to  the  resolution 
of  equations  of  the  fifth  d^ee ;  for  as  the  reduced 
equation  for \8r  is  of  the  sixth  degree,  it  is  not  resdvable^ 
unless  it  is  to  be  brought  to  a  lower  degree  than  the  fifth. 
But  this  seems  to  me  to  be  almost  impossible,  according 
to  the  form  of  the  roots  y,  s^\  &c." 

But  firom  these  very  forms,  I  affirm  that  the  solution  of 
the  deduced  equation  is  possible.    For  the  functions  s^^,  z^^^ 

*  ft  is  with  him,  what  n  is  with  me. 

*  Pkgea   432   and   433   of   Eultr's   Introduction,   translated  by 
Wttbttlsen. 
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IV  PREFACE. 

2^,  2^,  J?*  are  derived  from  2,  as  M.  Lagrange  observed 
himself,  when  you  change  the  roots  a/^^,  oJ^^  x^^  among 
each  other.  According  to  my  notation,  therefore,  the 
'oots  of  the  reduced  equation  admit  of  being  presented  by 
/:  (12345),  /:(1245S),  /:  (125S4),  /:  (12435), 
/:  (12354),  and /:  (12543),  and  with  these  notations 
the  functions  sf^  £^,  s^'^  s/^'  i!\  s*",  correspond  according 
to  the  order  in  which  they  are  here  put.  The  three 
former  formulae  /:  (12345),  /:  (12453),  /:  (12534), 
form  evidently  a  cyclical  period  of  the  three  last  roots, 
as  well  as  the  formulas  f\  (12435),  f\  (12354), 
/:  (12543).  If  we  therefore  combine  the  three  func- 
tions 7/  y  2/%  i^\  in  one  equation  of  the  third  degree,  the 
coefficients  of  them  can  only  have  besides  their  value 
another  one,  namely,  that  which  the  change  of  3/''  with 
x!^  gives.  These  coefficients,  therefore,  have  no  more 
than  two  unequal  values,  and  consequently  they  depend 
only  on  equations  of  the  second  degree,  or,  what  is  the 
same,  the  reduced  equation  of  the  sixth  d^pree  can  be 
divided  into  two  equations  of  the  third  degree,  the  one  of 
which  has  the  roots  2^,  2^,  2^^>  the  other  the  roots 
%'"^  i/\  z^*  That  this  simple  observation  escaped  the 
Jceen  penetration  of  a  Lagrange,  looks  indeed  like  a 
miracle.  I  am  not  the  inventor,  it  is  he ;  but  he  did 
not  know  it.  Whether  I  should  have  found  the  solution 
without  him,  may  be  doubted. 

I  come  now  to  my  method  of  sblution :  it  is  very 
simple,  uniform  for  all  degrees,  and  as  general  as  could  be 
desired.     It  gives,  not  one  solution,  but  as  many  as  we 
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please;  fbr  the  functions  I  mark  with  ^  are  quite 
arbitrary.  However,  the  actual  calculation  ia  very  trouble- 
some, and  even  in  the  sixth  degree  is  scarcely  practicable 
without  resorting  to  particular  artifices.  We  cannot 
escape  the  difficulties  of  calculation,  when  the  d^ee  of 
an  equation  is  a  prime  number.  When,  however,  it  ia  a 
compound  number,  we  have,  no  doubt,  a  method,  which 
leads  more  rapidly  to  the  result :  it  will  be  reserved  foe 
the  third  volume,  in  which  I  shall  give  also  the  solution 
of  the  equations  of  the  5th,  6th,  and  7th  degree.  The 
Combinatorial  Analysis  is  here  of  great  service;  and 
with  its  help  I  shall  perhaps  be  able  at  once  to  exhibit  the 
reduced  equation  with  little  more  trouble  than  the  mere 
combinatorial  operations. 

A  brief  sketch  of  the  contents  of  this  volume  will  not 
be  here  improper.  I  bi^in  with  the  Symmetrical  Func- 
Uons ;  they  are  the  foundation  of  all  others*  The  two 
first  chapters  treat  of  them ;  the  first  gives  the  recurred 
solution,  the  second  the  independent  one.  Generality 
was  the  object  I  aimed  at  The  third  chapter  treats  of 
the  Non-symmetrical  Functions.  They  are  derived  alto- 
gether firom  certain  equations,  which  I  call  transfimned 
equations.  It  is  shown  how  to  find  the  equal  formulae  of 
these  functions,  when  their  nature  is  given  by  certain 
properties ;  and  how  to  form  a  transfiirmed  equation  of 
the  unequal  formulas.  The  numberless  references  to  it 
require  particular  observation.  The  utility  of  some  of 
these  propositions  will  appear  in  the  sequel.  The  fi)urth 
chapter  treats  of  Elimmation.     I  was  not  obliged  to  be 


80  minute  as  Bezout  in  his  Thtork  ginhdt  de$  Equaitmu 
AtgebraiqwSf  who  confines  himself  exclusively  to  this 
subject.  My  work  would  have  become  too  voluminous. 
Should  my  readers  wish  for  further  details,  this  may  be 
done  in  an  appendix.  The  fifth  chapter  treats  of  the 
properties  of  the  roots  of  the  equation  jt"—  1  =:  0.  Waring 
and  Euler  were  my  conductors.  The  labours  of  Lagrange^ 
in  the  Memoirs  of  the  Berlin  Academy,  gave  me  the 
materials  for  the  sixth  chapter.  I  desire  my  readers  to 
bestow  particular  attention  on  the  seventh  chapter;  its 
value  will  be  shown  in  the  third  volume  of  this  work. 
The  eighth  chapter  treats  of  the  General  Solution  of 
equations,  but  must  be  regarded  only  as  a  sketch. 

My  reader  is  no  longer  the  same  whom  I  thought  of  in 
the  Collection,  the  continuation  of  which  I  now  give 
him :  he  has  gone  much  further  in  the  sciences.  The 
Combinatorial  Analysis  is  no  longer  strange  to  him :  he  has 
also  made  already  considerable  progress  in  the  Differential 
Calculus.  Provided  with  this  knowledge,  he  will,  I 
trust,  find  my  book  not  entirely  useless.  He  will  not 
remain  where  I  have  remained :  he  will  look  further.  I 
do  not  lead  him  through  an  unfertile,  but,  fer  want  of 
labour,  an  uncultivated  field.  For  since  the  Differential 
and  Integral  Calculation  employed  the  Analysts,  Algebra 
has  been  little  thought  o£ 

The  next  part  will  contain,  besides  the  deeper  researches 
about  the  general  solution  of  equations,  a  great  many 
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Other  lubjects,  and  amongst  them  the  important,  almost 
inexhaustible,  one,  of  the  Analysis  of  Equations.  I 
ahall  constantly,  as  far  as  my  leisure  hours  permit,  labour 
on  the  Third  Part  to  hasten  its  appearance  as  much 
as  possible.  But  if  on  all  these  subjects  the  same  pains 
be  bestowed,  some  time  must  elapse  before  its  appear- 
ance. However,  not  to  let  my  readers  wait  for  what 
belongs  to  equations  in  particular  too  long,  I  am  inclined 
to  prepare  for  the  mextfair  a  suppkmenl  of  about  four  or 
five  sheets  on  this  subject,  and  in  it  to  communicate  the 
complete  solution  of  the  general  equations  of  the  fifth, 
I,  and  seventh  d^ee. 

Beriin,  October,  1806. 
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i^INCE  the  publication  of  Waring's  Meditationes 
Algtbraiea  there  has  not  appeared,  either  in  this  country 
or  on  the  continent,  so  elaborate  and  able  a  treatise  on  the 
theory  of  Equations  as  that  of  Meter  Hiesch.  Its 
merit  has  long  been  recognized,  and  the  work  held  in  the 
highest  esteem  by  those  who  were  able  to  read  it ;  a  small 
number,  undoubtedly  in  this  country,  where  the  German 
language  is  so  rarely  understood  by  those  who  devote 
themselves  to  these  studies. 

As  a  treatise  on  equations  of  the  higher  orders,  it  is 
not  less  admirable  for  the  dear  and  simple  manner  in 
which  the  theories  are  laid  down,  than  for  the  numerous 
and  apt  examples  by  which  they  are  elucidated. 

It  is  necessary  to  remind  the  reader,  however,  that 
the  Solution  of  the  General  Equation  on  the  imagined 
discovery  of  which  Meyer  Hirsch  so  warmly  congratulates 
himself  in  his  pre&ce,  turns  out,  on  examination,  like  all 
the  other  attempts  of  the  same  kind,  to  be  a  fiulure. 
What  he  has  written  on  the  subject,  I  have,  nevertheless, 
permitted  to  remain ;  because,  in  the  first  place,  these 
speculations  occupy  only  a  small  space;  next,  because 
they  are  highly  curious  and  interesting;  and  finally, 
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because  I  did  not  think  myself  at  liberty  to  mutilate  a 
work  which  I  undertook  only  to  translate. 

J.  A.  ROSS. 

fFettwell'Vicarajre,  Kent, 
January,  1827. 


Extract  from  Mtytr  HirscKs  Preface  to  his 

Integral  Tables. 

**  At  the  end  of  this  preface  I  must  observe,  that  I 
was  mistaken  when  I  maintained,  in  my  collection  of 
Problems  on  the  Theory  of  Equations,  that  the  general 
solution  of  equations  was  not  only  practicable,  but  even 
thought  I  had  found  it.  The  eighth  chapter  of  the 
above-mentioned  work  must,  therefore,  be  read  with 
mistrust.  It  is  true  that  I  have  found  the  solution  of  a 
number  of  very  remarkable  equations,  that  do  not  admit 
Ckf  being  analysed,  but  by  no  means  their  general  solution, 
In  the  sense  in  which  Euler^  Lagrange^  and  other  great 
Analysts  take  these  words  (general  solution);  for  I  am  now 
convinced  of  the  impossibility  of  effecting  it.  The 
mistake  arose  from  haste,  and  is  so  readily  discovered,  that 
every  person  who  reads  so  far,  will  easily  perceive  it.^ 
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I. — On  the  boots   of   equations,    the  sums  of 

THEIft  POWERS,  AND  THS  PRODUCTS  OF  THESE 
POWERS,  AND  SYMMETRICAL  FUNCTIONS  IN 
GENERAL. 

SECTION   I. 

JLN  all  good  elementary  books  on  Algebra  it  is  shewn, 
that  the  first  part  of  an  equation  of  the  undetermined 

fith  d^ree (i^) 

^  -h  AscT"  +  Bar-*  +  Car^  -i-  ...J^Px-\^  Q^o 
may  always  be  considered  as  a  product  of  n  simple 
fiustors  of  the  finrm  x-^Oj  »— &,  x— >c,  x^dj  &c.,  and 
that  then  a,  &,  c,  d,  &c.  are  all  the  values  of  the  unknown 
magnitude  x,  which  verify  the  equation  (i^).  If  we 
actually  multiply  these  fiu^rs,  and  compare  the  pnn 
duct  resulting  fiom  this  multiplication  with  the  polynomial 
in  the  first  part  of  the  equation,  then  we  have  the  follow* 
ing  relations  between  the  coefficients  il.  By  C,  D^  &c,  of 
the  equation,  and  its  roots  a,  ft,  c,  dy  ftc : 

jBs:a&  +  ac  +  ad  +  k  +  M  +  cd  +  &c. 
—  C  =  oJc  +  oM +aod[  +  icd -f  &c. 


i< 


+  Q  =  abed  ftc. 

B 


Thus  the  first  coefficient  Ay  with  the  sign  changed,  is 
always  the  sum  of  all  the  roots  ;  the  second  coefficient  J9, 
with  its  own  sign,  is  the  sum  of  all  the  products  of 
every  two  of  these  roots ;  the  third  coefficient  C,  with 
the  sign  changed,  is  the  sum  of  all  the  products  of 
every  three  of  these  roots ;  and  generally  the  undeter- 
mined mth  coefficient,  with  its  sign  changed  or  not, 
according  as  m  is  an  odd  or  even  number,  is  the  sum  of 
all  the  products  which  arise  from  the  combination  of 
all  the  roots,  taken  m  and  m  together ;  finally,  the  last 
term  Q,  (which  may  also  be  considered  as  the  coeffi- 
cient of  aify)  with  its  sign  changed  or  not,  according  as  n 
is  an  odd  or  even  number,  is  merely  the  product  of  all 
the  roots. 

The  coefficients  Ay  jB,  C,  D,  &c.,  are  consequently  no 
other  than  the  aggregates  of  the  combinations  of  the 
roots  a,  by  c,  dy  &c.,  taken  singly  (one  by  one),  two  and 
two,  three  and  three,  four  and  four,  &c.,  or,  to  express 
myself  more  precisely  according  to  Hindenburg,  the 
aggregates  of  the  combinations  without  repetitions  of  the 
first,  second,  third,  &c.  class.  How  these  combinations 
may  be  easily  represented,  will  be  shown  under  the  head 
of  combinations,  which  are  here  supposed  to  be  known 
only  in  their  first  principles. 

SECTION   II. 

In  the  following  pages,  certain  notations  are  frequently 
used,  which,  in  &ct,  are  already  known  to  the  greater  part 
of  my  readers ;  the  meaning  of  these  notations,  however, 
in  order  to  prevent  mistakes  and  confusion,  I  shall  give 
in  this  place. 


1.  When  determinate  or  indeterminate  magnitudes 
are  spoken  of,  all  algebraical  expressions,  in  which  these 
two  kinds  of  magnitudes  are  in  any  way  involved,  are  called 
fonctions.  We  then  use  the  formula :  "  This  or  that 
expression  is  a  function  of  these  or  those  magnitudes'^ — 
because  we  only  mention  the  indeterminate  magnitudes, 
omitting  the  determinate. 

On  account  of  the  particular  use  which  we  shall  make 
of  functions  in  this  Work,  I  wish  it  to  be  remembered, 
once  for  all,  that  here  (when  the  contrary  is  not  expressly 
mentioned),  only  such  functions  are  meant,  as  may  imme* 
diatdy  be  determined  by  means  of  the  six  arithmetical 
operations  of  Addition,  Subtraction,  Multiplication, 
Division,  Involution  and  Evolution,  so  soon  as  the 
magnitudes  contained  in  these  functions  are  known,  and 
when  they  do  not  contain  a  magnitude  considered  as 
indeterminate  either  as  the  exponent  of  powers,  or  the 
index  of  roots. 

£•  A  rational  function  is  one  in  which  either  there  are 
no  irrational  magnitudes,  or  one  in  which  at  least  those 
magnitudes  which  are  considered  as  indeterminate  are  not 
under  the  radical  sign ;  in  the  contrary  case  the  function 
is  an  irrational  one. 

8.  An  integral  function  is  one  in  which  either  there  is 
no  denominator,  or  in  which,  at  least,  those  magnitudes 
which  are  considered  as  indeterminate,  are  not  found  in 
the  denominator;  in  the  contrary  case  it  is  called  a 
Pactional  function. 

The  ooefBcients  J^  jB,   C,  &c.  of  the  equation  (;//)  in 


§  I.,  are  consequently  integral  and  rational  func- 
tions of  the  roots  OfbyCfdj  &c.,  so  long  as  these  magni- 
tudes are  considered  as  indeterminate.  Here  no  reference 
is  made  to  the  particular  properties  of  the  magnitudes  Of 
bf  c,  df  &c  themselves;  consequently  these  may  be 
rational  or  irrational,  integral  or  fractional,  and,  generally, 
may  have  every  possible  form,  or  they  may  even  be 
functions  of  other  magnitudes. 

4.  Those  functions  which  are  here  called  symmetrical, 
are  those  in  which  the  indeterminate  magnitudes  are  so 
combined,  that,  independently  of  the  particular  values  of 
these  magnitudes,  no  change  takes  place  in  the  value  of 
the  function,  however  these  magnitudes  are  substituted 
for  one  another. 

The  coeflScients  A^  B^  C,  2>,  &c.  of  the  equation  (^) 
in  §  I.,  are  .'.  symmetrical  functions  of  the  roots 
a,  hy  c,  df  &c. ;  thus  they  remain  the  same  when  a  is 
substituted  for  &,  or  b  for  c,  or  a  for  c,  and  b  for  d,  and 
so  in  like  manner  of  other  substitutions. 

From  this  definition  it  immediately  follows,  that  the 
sums,  remainders,  products,  quotients,  powers  and  roots 
of  symmetrical  functions,  are  again  symmetrical  func- 
tions, provided  the  functions,  which  are  combined  together 
by  addition,  subtraction,  multiplication  and  division, 
contain  all  the  same  indeterminate  magnitudes,  and  in 
the  same  number.     Thus  the  expression 

(ab  +  ac  +  bc)"^  +  abc 

\/  (abc  ^  a  '^  b  ^  c) 
is  a  symmetrical  function  of  a,  ft,  t*,  because  a6  +  ac  +  ic, 


«k,  a+6+c,  are  funetions  of  this  kind.  Generally,  every 
funcdoQ  of  one  or  more  qrmmetrical  fbnctions  is  always 
again  a  symmetrical  function,  irhen  these  last  oontaiii  die 
aame  indeterminate  magnitudes  and  in  the  aajlie  number;' 
Now  it  may  be  shown  thal^  every  rational,  integral^  or 
fractional  function  of  the  roots  of  an  equation,  however 
constituted,  may  always  be  expressed  rationally  l^  the 
coefficients  of  this  equation.  This  highly  important 
relation  between  the  coefficients  and  the  roots,  has  dirown 
more  light  on  the  theory  of  equations  than  any  other ; 
and  should  human  genius  ever  succeed  in  fully  discovering 
the  secret  of  its  solution,  so  &r  as  this  is  possible,  it 
will  probably  be  by  such  inquiries  as  are  exactly  founded 
on  this  very  property. 

SECTION   III. 

Fob  the  sake  of  brevity  and  perspicuity,  I  shall  use 
the  following  symbols : 

Let  the  sum  of  all  the  roots  of  an  equation,  their 
squares,  their  cubes,  their  Uquadrates,  and,  in  general, 
the  sum  of  their  fith  powers,  be  represented  by  (l),  (2), 

(S)y  (4) (/be),  so  that  only  the  exponents,  but 

not  the  roots,  are  indicated,  because  the  latter  are  not 
considered  in  die  present  case.     Therefore, 

(1)  =  a  +  &  +  c  +  d  +  e  +  ftc. 

(2)  «=  a«  +  A>  +  c»  +  d>  +  «*  +  &c. 
(S)  =  a»  +  i^4-c'+<P+e3  +  &c. 


(fi)  ssfl^  +  i^  -f  c-  +  d**  +  ef*  +  &c. 
If  the  roots  a,  ft,  c,  d,  &c.  taken  two  and  two^  be  com- 
bined in  all  possible  ways,  and  in  each  such  combina- 
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tkm  every  alternate  root  raised  to  the  power  a,  the  other 
to  die  power  0,  then  the  sum  of  all  the  products  thus 
obtained  may  be  represented  by  (a0).  Consequently, 
when  only  four  roots  are  assumed,  the  equation  (\p)y  in 
§  I.,  is  of  the  fourth  d^gre^ 

(aj5)  = 

In  a  similar  manner  (ajSy)  denotes  the  sum  of  all  the 
products-  which  arise  fiom  the  combination  of  all  the 
roots,  taken  three  and  three,  and  in  each  such  combina- 
tion raising  one  root  to  the  power  a,  another  to  the 
power  /?,  and  the  third  to  the  power  y,  and  this  in  as 
many  ways  as  possible.  When  again  only  four  roots  are 
assumed,  we  .* .  have 

(aPy)  = 

fr»c^(fr  +  frvd?  +  V(fiy  +  i^^^^'d"  +  6^c«#  -f  fcrc^d". 

In  general,  (affyB ic),  when  m  is  the  number  of  the 

letters  a,  /3,  y,  S, k,  denotes  a  sum  of  the  pro- 
ducts which  arise  from  the  combination  of  all  the  roots  to 
the  mth  dass,  and  in  each  class  one  root  is  raised  to  the 
power  a,  another  to  the  power  /9,  a  third  to  the  power  y, 
and  so  on,  in  as  many  ways  as  possible. 

In  order  .*.  to  represent  actually  the  expression  (ajSyS 

k),  find  all  the  combinations  of  the  roots  a,  ft,  c,  d, 

&c.  taken  m  and  m  together,  give  the  roots  in  each  such 
combination  the  exponents  a,  0,  y, ,  k,  and  then 


IMrmute  the  exponeuts  in  all  possible  ways.     By  this 
method  ve  get 

a*6^c^*»  -f-  a-J^c*!?  +  +  a^iVd"  -f 

ari^f't^  +  cTlP&e  +  +  a*4V(J-  + 

&c. 

aS'lf^efftP  +  i^b^'cPd^e^  +  ...  +  a^b^crO"^  + 
^i'b'ed^P  +  ti^y^^i^P  -h  ...  +  a^6^c»d-/»  + 

JKC. 

In  order  to  reader  this  notation  moKe  convenient,  it 
would  be  better  to  use  the  repeating  exponents  in  those 
terms  where  an  .exponent  occurs  more  than  once ;  thus, 
for  instance,  \c?ff\  instead  <A\aaaS^  and  [o'/S^t^J 
instead  of '[aa/?07 7]. 

By  §  I.,  the  relation  between  the  coefficients  and  the 
roots  of  an  equation  may  be  thus  represented : 
-  J  =  [11  B  =  £11]  =  [1^,  -  C  =  [111]  =  [1^, 
D  =  [1111],  =  [l*j^  -  JB  =  [Jim],  =  [1*].  &c. 

From  the  construction  of  the  function  [a0<y  S  ...^•.  k], 
it  follows^  that  it  belongs  to  symmetrical  functions,  because 
it  undergoes  no  change  when  the  roots  a,  i,  e,  i^  &c.  are 
substituted  for  one  another. 

The  function  [a^yS^jc],  or  more  generally  [<*"l£^/^ 
»..K^1  I  also  sometimes  call  a  numerical  exjpression. 
The  exponents  a,  ^  y,  2,  ...  jc»  are  called  radical  expo- 
neatfl^  in  order  to  distinguish  them  from  ihe  repeadi^ 
ejcponents^^  h^  c,  ^  ...  k» 

The  cadieal  cixpomoto  may  ako  be  aqgafcivc,  and  then 

^  B  4 
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[-1]  =  a-«  +  4-'  +  C-"  +  &c.  =  -  +  4+  -  +  &C. 

a    .0     c 

[-2]  =  a-^  +  i-«  +  c-«  +  &c.  =  i+^+ * +&C. 

a^     r     <r  , 


[-n]  =  a-"  +  ft-"  +  c-"  +  &c.  =  -i+JL+i  +&C. 

(i  QT  Qf* 

and  in  the  same  manner 
[^ap]=a'^bP  +  a^*"^  +  aT'cl'  +  aPc^  +  &c. 

a"    i"     a*     c" 


[— a— g]  ssa-^'J-^  +  a-^i""  +  a-*"c-^  +  fl-^**  +  &c. 


^      +   "4:+4-«+4-.  +  &c. 


a'^bP  a^b^  a'^cP  a^tf* 
and  in  a  similar  way  it  obtains  with  the  numerical  expres- 
sions, in  which  more  than  one  negative  radical  exponent 
occur. 

SECTION   IV. 

Pbob.  To  find  the  number  of  terms  of  which  the  nu- 
merical expression  [ajSyS k]  consists. 

Solution  1.  Let  the  number  of  the  roots  a,  b,  c,  d,  &c. 
=  n,  and  the  number  of  the  radical  exponents  a,  ff,  y^  S, 

S.  The  terms  which  compose  the  numerical  expression 

[afiyi k]  may  be  found  by  combining  the  n  roots 

Of  b,  c,  d,  &c.  to  the  mth  class,  and  by  permuting  in  each 
such  combination  the  m  radical  exponents  a,  /9,  y,  S, ...  k 
(§  III.)  The  number  of  these  terms  is  consequently 
equal  to  the  product  of  the  number  of  combinations  of  n 
things  to  the  mth  class,  and  the  number  of  permutations 
of  fii  different  things. 
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S.  But  the  number  of  combinations  of  n  things,  taken 
in  and  m^  is  ... 

__  n  ,  n~l  .  n~g n— w-t-2  .  n-^m-hl 

""  T]       ^2     !     8 m  — 1  .        m 

and  the  namber  of  permutations  of  m  things  is 

4.  Hence  the  number  of  the  terms  of  the  numerical 

expression  [a/3 yS k] 

_^«.n— l.n— 2 n— m+1  ^ 

1.2.3 m 

=  II  •  11— 1  •  11—2 »— ifi+2  •  n-^iii+l 

SECTION   v. 

PfiOB.  To  find  the  number  of  the  terms  of  the  nume- 
rical expression  [afl0^y^9^ i^\. 

Soluium  1.  Let  the  number  of  all  the  roots  a,  i,  c,  d, 
ftcssn/  let  the  number  of  the  radical  exponents,  without 
reference  to  their  equality  or  difference,  or,  which  is  the 
same  in  this  case,  let  the  sum  of  the  repeating  exponents 
«+*+^+lf+ +i,  &c=ifi. 

'  2.  Since  each  term  of  [cfl^y^9^.\,..,i^]  contains  m  of 
the  roots  a,  b,  c,  J,  &c.,  in  order  to  find  the  number  of 
terms,  we  must  here,  as  in  the  preceding  section^  multiply 
the  number  of  combinations  of  n  roots  taken,  m  and.m  by 
the  number  of  permutations  of  their  m  radical  exponents. 

d.  But  the  former 

—  ^  *  n^l  .  n— 2 n— wt+2  ■  n—m-f  1 

""  1  .  2     ]      3 Ill— 1     'o     m 

-J-  c 


m      < 


Ti^  ^e^mA  wU  be  obtaiojsd  thy  Andiiig  haw  often  the 

letters  4i  Py  jt  S, ,  jc,  can  be  transposed  in  a  aeriies 

of  dqmetotsd^^^^j^  ..^^...idl^y  in  which  one  Jotter  occurs 
a  times,  *another(i,  a  third  (,  and  so  on.  The  number 
of  these  transpositions,  liowever,  is  (|is<may  be  seen  ifom 
the  rule  of  combinatitns) 

1  .  2  ^  S  .  4 m  — 1  .  m 


nil       II 


1  •  2. .01  X  1  .  2...fi  X  1  .  2...t  X  ...  X  1  •  2. ..it 

4.  If^*^  these  two  numbers  are  multiplied  together, 
we  obtain  the  number  of  the  terms  of  [cfi0^y^9^ k^] 

_  n  ,  n— 1  .  II— 2 n— iw  +  2  .  n— w-f  1 

""  1  .  2...axl  .  2. .^6x1  .  2.,. ex  xl  .  2  ...  it 

CoroUary.     If  the  m  raSicd  exponents  are  all  different 
from  one  another,  then,  'by  the  preceding  section,  tiie  num- 
ber of  terms  =  n  .^-r-1  .  n— 2...|i— 1»+2  .  »— wi+l. 
Hence  it  follows,    that  in    the    numerical    expression 
[«*^y^,^ .......  K*],  the  number  of  terms  is   less  by 

1  .  2...a>:l  ^  2...|ixl  .2. ..ex  ....M  X1.2....&    than 

when  the  radical  exponents  at^e  different. 

£«AMK<£.  For  Ae  ^xpros^ion  [o^  iP'y^]^  ^bsn  the 
equation  to  whi<ih  it  rd«t«i  i%  of  4he  twelfth  degree,  iwe 
)iav« n €3  12,  ti^  4^  h^'9^  r  »  2;  .". 4ii xs  9.  The 
wmber  of  tenns,  rf'Wliich  ^his^espresmtt  consists,  is  con- 

12  .  11  .  10  .  9  .  8  .  7  .  6.  5  .  4 


1.2.3.4x1.2.3x1.2 


2T720D 
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SECTION    VI. 

pRoft.  Let  £  denote  the  sum  of  all  the  combinations 
without  repetitions  of  n  letters  a,  6,  c,  d,  &c.  of  the  mth 
class ;  further,  let  2^  be  the  sum  of  all  the  combinations 
of  this  dass,  which  do  not  contain  a  ;  2/'  the  sum  of  all 
those  which  do  not  contain  b ;  S'^''  the  sura  of  all  those 
which  do  not  contain  c,  and  so  on ;  find  the  relation  be- 
tween S'  +  S^'  +  S^^^+&c.  and  S. . 

Sduium  1.  If  in  2^,  S^  S^'^  &c.  all  the  combina- 
tions are  completed,  or  if  2=2^s=2^^s=  2^^^=  &c.  then 
S'  +  S^'  +  S'^'+&c.=nS.  But  since  in  these  some  of 
the  combinations  are  wanting,  consequently  their  sum 
must  be  less  than  n  2. 

2.  But  it  is  evident,  that  each  distinct  combination 
contained  in  2  must  be  wanting  in  the  sum  2^  +  2^^  + 
2^^^+&c  exactly  as  many  times  as  it  contains  elements. 
Then  supposing  the  different  combinations  in  2  consist 
of  four  letters,  then,  for  instance,  the  combination  abed 
fiiils  once  in  2',  2'^  2''',  2"^. 

S. .  If . ' .,  in  general^  m  is  the  number  of  elements  con- 
tained in  each  combination,  then  the  sum  of  all  the  com- 
binations which  fail  in  2^  +  2^'  +  2^'''  4-  &c.  is  m  2. 

4.  Hence  and  from  1.  it  follows,  that 

2'  H-  2^'  +  2^^'  +  &c.  =  (n-^m)  2. 

CaroUary.  Therefore  2^  +  ^"  +  2^^^  +  &c.  for  the 
first  class  =  (n—  1)  2 ;  for  the  second  =  (n-2)  2 ;  for 
the  third  =s  (n  —  3)  2 ;  and  so  on. 
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Example.  Let  2  be  the  sum  of  all  the  combinations, 
taken  three  and  three,  of  five  elements  a,&,  c,  J,  £  ;  then 
£  =  die  +  abd  4-  abe  +  ocd  +  ace  •\-  ade  +  bed  +  bee 
+  fafc  +  cde,  S^  =  bed -{-  bee  -^  bde  +  cdc,  S^^  =  acd4- 
ace  +  ade  +  cde,  S^^^  =  aid  -f  oAe  +  adc  +  icfe,  S'*"  = 
flic  -f  flie  +  flc«  -f  ice,  2"  =  oJc  +  obd  +  acrf  +  6ci, 
and  S^  +  S^^  +  2^^'  +  2"^  +  2^^  =  2  2  =  (5  -  3)  2, 
as  was  required. 

SECTION    VII. 

PaoB.  There  are  two  equations, 
of     +  Jj^'^  +  BjT^  +  Cj*-^  4-  &c.  =  0 

of  which  the  second  has  the  same  number  of  roots  as  the 
first,  except  a :  find  the  relation  between  the  coefficients 
of  these  two  equations. 

Solution.  The  second  equation  may  be  obtained  from 
the  first,  by  dividing  the  latter  by  x— a.  By  actually 
performing  this  division,  we  obtain 

X"-*  +  (a  +  J)  «^^  +  (a«  +  aJ  +  «)  af  + 
(cr^  +  a*^  +  afi  +  C)  j^  +  &c  =  o. 
Hence  now  it  follows,  that  J.^=a+^9  £^=a'  +  a^  +  jS, 
C^=s(iP+cfA+aB-\-  C  &c,  and,  in  general, 

-2^  =  a-*  +  oT-^A  +  a— »B  +  a'^C  +  +^ 

as  m 

When  A  and  A^  denote  the  mth  coefficients  in  the  first 
and  second  equations. 

SECTION    VIII. 

Prob.  From  a  given  equation  to  find  the  sums  of  the 
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squares,  cubes,  biquadiateg,  rnnd,  generally,  the  sum  of  any 
power  of  its  roots,  without  knowing  ^aneae  roots,  assuming 
that  the  exponent  of  this  power  is  a  whole  positive  number. 

Sobaim  1.  liet 
X-  +  AaT-^  -f  -BjT-*  +  Car^  +  ......  +  Px'i^  Q-o 

be  the  given  equation,  whose  roots  are  a,  i,  c,  il,  fte. 
Further,  let 
j^»  +     A^jT^  +     B'^r-^  +     Cgl^  +  Ac.  =  o 
•"  +    A^jT^  +    B'^sr^  +    O'jT^  +  ftc  =:  o 
■*  +  A'^^jT-^  +  B^'^ofT^  +   C^^'aT^  +  &c.  =  o 

&c. 
be  the  »  equations,  which  arise  from  dividing  the  given 
equation  by  ar— a,  x— ft,  x— c,  &c  successively. 

2.  Then  the  coefficients  A^  J?,  C,  JD,  &c.  are  the  posi- 
tive or  negative  sums  of  the  letters^  taken  singly,  two  and 
two,  three  and  three,  four  and  four,  and  so  on,  of  n  roots 
a,  ft,  c,  rf,  &c. ;  the  coefficients  A'^  B\  C\  /y,  &c.,  the 
sums  of  the  letters,  taken  singly,  two  and  two,  three  and 
three,  four  and  four,  and  so  on,  of  the  n-^  I  roots,  ft,  c,  d, 
e,  &c ;  the  coefficients  A'\  B'\  0\  I>\  &c. ;  the  posi- 
tive or  negative  sums  of  the  n— 1  roots,  a,  c,  d^  e,  &c. 
taken  singly,  two  and  two,  three  and  three,  four  and  four. 
Then  (§  VI.) 

A'  +  A''  +  A'ff  +  Ac.  =  (n-l)  A 
fi^  +  «/^  +  B^''  +  &c  =  (n-8)  B 
C  +  C^  H-  O*'  +  Ac.  =  (»-«)  C 

S.  But  from  the  preceding  § 
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A'^a  +  A,J^'  =  b  +  J,  A^'  :=^c  +  Jy  &c. 
If  we  use  the  symbols  in  §  III.,  we  consequently  have 

A^  +  A^^  +  A^^^  +  &c.  =  (1)  +  nA 
Since  further  (foregoing  ^) 

B^  =  (^  +  aA  +  B,  B'^  ^l^  +  bA  -h  B, 
B'^'  =  c«  +  c^  +  fi,  &c. 
then  we  have 

B'  +  B''  -f  B^''  +  &c.  =  (2)  +  ^  (1)  -h  ni? 
In  like  manner  we  find 

a  +  C^/  +  a^^  +  &c.  =  (3)  +  il  (2)  +  B(1)  +  nC 

<&c. 

4.     From   2*  and  3.   we  obtain  the   following  equa- 
tions : 

(1)  +  nil  =  (n--l)  ^ 

(2)  +  u^  (1)  +  n5  =  (w-2)  B 

(8)  +  ^  (2)  +  fi  (1)  +  itC  =  (n-3)  C 

&c. 
or 

(1)  +  A^o 

(2)  +  u<  (1)  +  2J»  =  o 

(3)  +  ^  (2)  +  jB  (1)  +  S  C  =  o 
and  in  general 

(m)'{-A  (m— l)  +  -B(m-2)  +  ...  +!7(l)-fml=o 

where  A,  Af  denote  the  (m— l)th  and  the  9nth  coeffi- 
cients when,  m  <  n»  But  if  m  =  or  >  n^  then  the  con- 
clusions which  have  been  drawn  no  longer  obtain,  because, 
in  this  case,  the  sixth  section,  on  which  they  are  founded, 
ceases  to  be  applicable.  We  can,  however,  for  this  case 
find  a  sim^ar  equation  by  another  method. 
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5.  Thus,  if  we  multiply  the  given  equation  by  x 
we  obtain 


and  if  we  substitute  in  this  equation  a,  h^  c,  d  succe 
sively  for  x,  we  have 


0 

.     ___  . .     _  _  .     ^^  —  O 

(T  +  Jc— 1  +  Sc"- '  -f +  Pd"-^"^  +  Qc—  =  o 

4&C. 


If  we  add  these  equations  together,  we  obtain 

(to)  4-  A  (to— 1)  +  S(to-2)  + +  P(TO-n+l) 

+  Q(to— »)=  o. 

6.  If  in  this  equation  we  put  to  =  n,  then,  because 
(o)  =  a**  +  &**  +  c**  +  d**  +  &c.  =  n  we  have 

(n)  +^(n-l)  +  5(n-2)  + +  P(l)  +  nQ-o 

7.  By  means  of  the  equations  found  in  4.  5.  and  6.  we 
are  now  enabled  to  express  the  sum  of  every  higher  power 
by  the  sums  ot  all  the  lower ;  and  consequently,  when 
these  last  are  founds  we  are  enabled  to  find  the  former.  On 
account  of  the  firequent  use  which  is  made  of  them  in  the 
following  pages,  I  shall  here  arrange  them  together. 

(1)  +  -4  =  o 

(2)  +  ^  (1)  +  2^  =  o 

(S)  +  ^  (2)  +  i?  (I)  +  3C  =  o 

(4)  -f-  i<  (S)  +  B  (2)  +    C  (J)  +  42>  =  o 
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(n-i)  +  ^(n-2)4-i?(n-S)  +  ...-fM(l)+(n-l)P=a 
(«)  +  ^(«-l)  +  «(n-2)+...+  P(l)  +  nQ=o 
(«  +  !)+>!  (n)  +5(n-l)  +...+  P(2)  +  Q(l)  =  o 
(„  +  2)  +  ^  (n+1)  +fi  (n)  +...+  P(3)  +  Q(2)  =  o 

(w)  +  -4(111-1)  +  5(to-2)+ +  P(m-n+l) 

+  Q  (m— «)  =:^  o 


8.  From  these  equations  we  successively  obtain 

(1)  =  -  ^ 

(2)  =5  y|*  -  2B 

(S)  =  -  ^«  +  3JjB  -  3C 

(4)  =  ^*  -  4^B  +  2B«  +  4^C  -  4/> 

(5)  =  -  ^^  +  5^3^  -  5JB^  -  5^«C  +  5iBC  + 

(6)  =  ^«-6^*fi+9^^  -2iP  +  6^C+12^i?C 

+  3C2  -  6AW  +  6BD  +  6^£  -  6F 
&c. 
and  consequently  the  sum  of  the  powers  of  the  roots  are 
expressed  direcdj  by  the  ooefficientB  of  the  given  equa<- 
tioD. 

ExAHPtEi^  When  the  equatioB^  jr^  —  x'  ^  igxl^  -^-Agx 
-30=0,  ^=-1,jB=—  19,  C=:49,  2)=— SO.  By 
substituting  these  values  in  the  equations  in  8.  we  obtain 
(1)==1,  (2)  =  39,  (3)= -89,  (4)  =  723,  (5)= -2849, 
(6)=  1641 9)  &c.  Any  person  may  easily  convince  him- 
self of  the  truth  of  these  results,  by  substituting  in  the 
first  equation  1,  2,  3,  —  5  for  x. 
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Remark.  The  fonnulc  in  8.  ttre  known  by  the  name 
of  the  Newtonian  Theofeni,  because  Newton  is  supposed 
to  be  the  first  who  has  mentioned  it.  Other  proofi  of 
this  theorem,  and  also  much  information  relating  to 
the  ftubjeet  itself,  may  be  found  amongst  other  matter  in 
Kastner^s  Principles  of  Finite  Analytical  Magnitudes, 
third  edition,  p.  538,  &c.  also  in  Klligel's  Mathematical 
Dictionary,  part  first,  p.  465,  &c.  Art.  Combination. 

SZCTTOV  IX. 

FftOB.  The  sums  of  the  powers  ^f  the  roots  of  an 
equation,  cor  the  expressions  (l),  {i),  (3),  &c  are  given : 
find  the  coefficients  of  this  equation. 

Solution,  From  the  equations  in  7.  of  the  foregoing 
section,  we  obtain  by  transposition 

J  (1)  +  (g) 

B 

„_      B(l)+A  (8)  +  (8) 
c 

♦> C(l)  +  B{ft)  +  A  (S)  +  (4) 

4 

ftc 
By  means  of  these  eqvatkms  m  aie  audded  to  detenaiitfe 
suocesrively  the  oocficients  A^  B,  C,  D,  &c.  when  the 
nnmerical  expnssions  (1),  (S),  (3),  (4)>  &c.  aiegiveU)  as 
they  aie  Mswmed  to  be  in  the  problem. 

SECTION   X. 

PkOB.  From  )L  gcveti  equation 
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whose  unknown  roots  are:  called  a,  b,  c,  df  &c.    find 

another,  whose  roots  are  —,—,—,  -i,  &c. 

abed 

SobUion.  Substitute  .-rfor  cc,  and  then  multiply  the 

y 

whole  equation  by  y ;  we  then  get 

(^+ PjT*  +  JVy-' +  ili^r^  +  +-<y+l=o 

or 

y+f^  +  f^'+^  + +i-^i=^ 

and  this  is  the  required  equation.     For  since  a:  =  — -, 

then ^s— 9  and  since  a,  bj  c^  d,  &c.  are  the  values  of  x, 

then  — >  7- 9  — » -7)  &C.  are  the  values  of  v. 
abed 


CoroUaty.  The  roots  — ,  -7-9  —9  -79  &c.  in  reference  to 

a    b   c   :a 

the  roots  of  the  given  equation,  we  term  reciprocal  roots. 

Therefore^   if  «^  +  JaT^^  +  Baf^  + •  +  A&»  + 

iVa*  +  Pr  +  Q=o  be  any  equation,  and  aT-^-A^af^^  + 

jB^ar«+(yap»-«+ +P'jr+Q's=09  be  the  equation 

ftr  its  reciprocal  roots ;  we  then  have 

^  -Q'^  -Q'^   -_,&c. 

SECTION    XI. 

Prob.    Find  the  sum  of  a  ppw^  of  roots,  when  the 
exponent  of  this  power  is  a  whole  native  number. 
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SobUitm.  Let 

af+Jx^^+ 'hMx^  +  Nsf-{-  Px+  Qso 

be  the  given  equation,  and 

of  +  ii'«^*  +  B^ar-^  -f  aar^  + +P^x  +0^  =  0 

the  equation  finr  its  redprocal  roots  (foregoing  section.) 
Then  according  to  §  VIII,  when  the  numerical  ex- 
pressidns  (1),  (2),  (3),  &c.  are  taken  in  reference  to  the 
second  equation, 

(1)  +  -rf'  =  o 

(2)  +  ^'(l)+25'  =  o 

(3)  +  J'(2)  +  B'(l)  +  SC  =o 

2.    But  (1),   (2),   (3),  in  reference  to  the  second 

equation^  are  precisely  what  (—1),  (—2),  (— 3),ftc.  are 

in  reference  to  the  first  equation ;  we  have  .*.,  when  fer 

P  N  M 
A'^  B^y  Cy  &c.  their  values  -r^  tt,  rr,  &c.,  are  substituted 

y  W  V 

(fixegoing  section) 

(-3)  +  |(«2)+^(-l)  +  ^  =  o 

&C. 

from  which  we  can  determine  successively  the  sums  of 
powers  finr  negative  exponents. 

Example.  When  the  equation  a^  --  cv'  —  19^  -4*  49jc 

-^  30  =  o,  we  have.  Q  s  —  30,  P  =  +  49,  i^T  =  - 19, 

»j-  ,  ,      V        49  y       V       1261 

M=— 1:    we  have  .••  (— 1)  =— ,(-2)  = -rrr-' 

^        .       30  ^       ^      ^0 
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(—3)= .    Any  one  may  readily  be  convinced  of 

^       '     27000  ^  ^  ^ 

the  accuracy  of  these  results ;  for  the  roots  of  the  given 

equation  are  l,  2»  3,  — 5,  aonsequently  (—1)=:  1  +. 

i+i>i  =  !?.(_2)  =  i  +  i  +  i  +  ±=l!«l, 

as        5        30^       '  4        9       25       900 

(—3)  =  1  +  —  H = ^,  &c 

^       ^  S       27       125       27000 

SECTION    XII. 

PaoB.  Express  the  lypmietrictl  function  {a$}  by  the 
sums  of  powers. 

Solution,  For  the  sake  of  greater  perspicuity,  I  shall 
assume  that  there  are  only  (bur  roots,  because  this  does 
not  affisct  the  general  prineiple.    Then 

(a)  =  a«  +  ft«  +  c«  +  <*• 
(|3)  =  0?  +  i?  +  c^  +  rf^. 

If  we  multiply  these  equations  together,  we  then  obtain 

(a)  {B)^af^  +  b^fi  +  €f^  +  *+<»  + 

af*V  +  aPb'  -y  a*(f  +  «^c-  +  a«  #  +  a**  + 

b^cfi  +  *^c*+  4»<J^+  i^<f-+  c«(fi'  +  c^d". 

The  first  row  of  the  second  part  of  this  equation  ==  (a  +  0)y 

and  the  remaining  two  rows  =  (a^) ;  consequently  we 

have 

(X) (a)(/?)=(a  +  «(ap) 

and.'. 

(ae)  =  (a)  (e>  -  (•  4- ^. 
It  is  easily  seeo^  that  these  conclusions  obt^n,  let  the 
number  of  the  roots  be  what  it  may.    Since  then  (a),  (j9). 
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(a  +  0)y  arc  only  the  sums  of  powers,  what  was  required 
is  now  done. 

The  radical  expenents  a,  0,  may  besides  be  etther 
poritive  or  native.  For  example,  if  «  be  negative^ 
then  we  have 


(^a/3)=(-a)(|S)«(|5-o) 
and  when  a  and  fi  are  both  ntgistivc^ 

0^^)  =  (-a)  (^IP)  -(-«^/9). 

CoroUofy,  Since  we  are  always  enabled  to  express  the 
sums  of  powers,  either  for  positive  or  negative  exponents, 
by  the  coefficients  of  the  given  equation,  in  like  manner 
we  can  always  find  the  values  of  the  expressions  of  the 

U  gS  iS 

form  (t'V  +  fl^fr"  +  a^(fi  +  o^c-  +  &c  i  —  +  -=-  +  —  + 

tf»       6«       a* 


—  +  &C.,— ^  +  -jj-  +  — -r  +  -T—  +  &c.  from 
c»  cr»y        0^6*        a»c^       i^c* 

these  coefficients,  without  knowing  the  roots. 

SECTION   XIII. 

Fbob*  Reduce  the  numerical  expression  (a/Sy),  which 
contains  thvee  radical  expoBCBts,  to  a  nomerical  expression 
contmning  no  more  than  two  radical  exponents* 

SobUum*  For  the  sake  of  perspieoity,  I  shall  only 
begin  with  thiee  soots  Oj  b,  c.  If  wo  multiply  the 
equation 

(y)  =5  or  +  ftr  +  cr, 
then  obtain 
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(7)  (a/5)  = 

SL   Now  sinoe  the  first  row  in  the  second  part  of  this 

equations  (a +70)9  the  8eoond=:(0+Ya),  and  the  third 
ss  (aPy)y  we  consequently  have 

(id (7)  (a/?)  =  (a  +  7^)  +  (/3  +  7a)  +  (a/5y) 

and  hence  further 


(aPy)  =  (y)(a|3)  -  («  +  y g)  +  (^  +  y  a) 
The  functions  (affy)  is  reduced  to  three  others  (a/?), 

(fi  +  yP)9  (19  +  70)9  each  of  which  contains  only  two 
radical  exponents,  as  required. 

S.  But  since  in  this  case  only  three  roots  a,  by  c,  were 
assumfd,  there  may  be  a  doubt  as  to  the  general  appli- 
cation of  the  result  so  fi>und.  The  following  proof  will 
remove  this  doubt. 

4.  In  the  first  place,  it  is  evident,  that  there  are  no 
equal  terms  in  the  product  (7)  (a/?).  Take  any  term, 
fi>r  instance  V^'^'^d^  of  this  product.  This  term  can 
arise  in  no  other  way  than  by  the  multiplication  of  6^  in 
(y)  by  V  liP*  in  (aj3).  If  this  term  occurred  more  thanonce 
in  the  evolution  of  (7)  (a/3),  then  Vd*  must  also  occur 
more  than  once  in  (a0),  which  is  impossible.    But  in 

the  aggr^te  (a  +  y0)  +  (j?  +  ya)  +  (agy),  which 
constitutes  the  second  term  of  the  equation  (^),  there  arc 
not  even  two  equal  terms ;  this  immediately  appears  ftoni 
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the  construction  of  the  numerical  expressioni  of  which 
this  aggregate  consists. 

5.  But  when  the  number  of  roots  =  n,  the  numerical 
expression  (a0)  consists  of  n  .  n  —  1  terms  (^  IV), 
and  consequently  the  product  (y)  (eiff)^  of  n' .  n  —  1 
terms.  The  number  of  terms,  which  the  sums  {a-hyP), 
(0+7  a),  {afiy)  contain,  arc  for  each  of  the  two  first 
= ji .  n—  1,  and  for  the  last  =  n.«— 1  .n— 2;  con- 
sequently for  the  aggregate  (a  +  y0)  +  {0  +  ya)+ 
{a$y)  =  2n.n— 1  +».n— l.n  —  2  =  «^.n—  1. 
This  aggregate  .  * .  contains  exactly  as  many  terms  as  the 
product  (7)  {a0). 


6.  Further  I  affirm,  that  in  the  aggregate  (^+7^)  + 


(0+7a)  +  («07)  there  can  be  no  term,  which  is  not 
also  in  (7)  (a0):  for  if,  for  instance,  the  terms  c'"*"^+^^9 
i^c^cf*  are  not  in  (7)  {a0),  then  likewise  the  terms  c'd^, 
cPd^  are  not  in  (aff) ;  wlych  is  impossible. 

7.  From  these  conclusions  it  follows :  first,  that  the 
terms  of  each  of  the  two  functions  (7)  (a0),  (a+713)  + 
(0  +  ya)  +  {ci0y)  are  diffisrent  from  one  another; 
secondly,  that  the  number  of  terms  in  the  one  is  the  same 
as  in  the  other ;  thirdly,  that  there  can  be  no  term  in  the 
second,  which  is  not  also  contained  in  the  first.  Hence 
it  evidently  follows,  that  they  must  be  the  same,  and 
that  consequently  the  equation  (ip)  is  true  for  every 
number  oi  roots. 
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SECTION   XIV. 

Paob.  Reduce  the  numerical  expression  (ciffyS),  with 
four  radical  exponents,  to  another,  in  which  there  at 
most  only  three  radical  exponents. 

SoltUicn  1.  If  we  examine  the  equations  (x)  and  (^) 
§  XII  and  XIII,  we  are  justified  by  analogy  in  making 
the  following  hypothesis : 

(8)  (^gy)  =  

(a  +  Spy)  +  (/S  +  Say)  +  (y  +  8ajS)  +  {afiyS). 
In  order  to  prove  that  this  hypothesis  is  allowable,  we  can 
proceed  in  the  same  way  as  in  the  foregoing  Section. 

2.  In  the  first  place  it  may  be  proved,  that  in  the 
function  (S)  (a^y),  no  term  can  occur  more  than  once. 
For  if,  for  instance,  the  term  4*+*  +  c^/^  or  «"  c^  (P  e*  is 
oftener  contained  in  this  function,  then  also  must  b'^c^f^j 
or  a^cPd^i  be  oftener  fimnd  in  (^/Sy)*  which  is  impos- 
sible.    But  firom  the  nature  of  the  function  (a  +  S/3y)  + 

(|3  +  Say)  +  (y  +  Sa0)  +  (ajSyS)  it  can  contain  no 
term  more  than  once.  Consequently  the  terms  of  both 
functions  are  all  different  from  one  another. 

S.  The  number  of  terms  in  («0y)s«  .  it— >l  .  n— d 
(^  IV),  eonscqttentiy  those  in  the  functioii  (S)  i^9y) 
s:n^.ii^i.ft«-*2.    The  ntttnber  of  tetmn  m  the 

function  («  +  8j9y)  4-  (/?  +  Say)  +  (y  +  Setff)  + 
(afiyi  =r  Sxn  .  n—  1  .  n^t+n  .  «  — 1  .  n— «  .  «— ^ 
arti^  .  II— 1  .  11—2.  Both  functions  .•.  have  the  same 
number  of  terms. 
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4.  Farther,  in  the  function  [a  +  iffy]  +  [ff  +  Say] 

+  [7  +  Saff]  +  [affyS]^  there  can  be  no  term  which 
is  not  contained  also  in  the  function  [S]  [affy].  For  if, 
for  instance,  the  term  t'd'e^j  or  a'^Vef^^  in  the  first 
function,  be  not  also  contained  in  the  second,  .*•  also 
h^^t^y  or  a''hPtf^  is  not  in  [affy"]  ;  which  is  impossible. 

5.  From  %  8,  4,  it  may  be  inferred,  as  in  the  fore- 
going section,  that  the  two  assumed  functions  must  be 
equal,  and  that  consequently  the  assumed  equation  is 
correct. 

6.  But  from  thb  equation  we  obtain 
[affy^^        

[Z\  iaffy-]  ~  grriffy]  -  [/3  +  Say]  -  [y  +  Saff] 
which  verifies  the  problem,  because  in  the  second  part  of 
this  equation,  besides  [S],  there  are  only  numerical  escprefr- 
sions  with  three  radical  exponents. 

SSCTION   XT. 

Pbob.     Bedueer   the  geoeral    nmnerical   expression 

l»0y8 ikX]  with  m  radSSsol  exponents,  to  oAers^ 

whidi  contain  at  most  m  —  1  radical  exponents. 

Sohaim  I.  From  ^  XII,  XIII  and  XIV,  we  have 
sufficient  reasons  finr  assuming  the  following  equations : 

[a  +  \ffy9 ...  ik]  +  [B  +  XayS  «]  +  [7  +  Xo^ ...  uc] 
+ +  [ic  +  \affy9  ...  i]  +  [affyS ...  i«X]  ; 

Ae  accuracy  of  which  may  very  easily  be  proved. 
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£.  For,  in  the  first  place,  it  may  be  proved  by  a  similar 
manner  as  that  used  in  §§  XIII  and  XIV,  that  both  the 
function  in  the  first  part,  and  that  in  the  second  part  of 
this  equation,  contain  terms  widely  different  from  one 
another,  and  that  for  each  term  in  the  second  of  these  two 
functions,  there  must  be  one  equal  to  it  in  the  first 

3.  Further,  since  all  numerical  expressions  in  the 
equation  contain  'm  —  1  radical  exponents,  [\]  and 
[ajSyS...  iicX]  excepted,  of  which  the  last  contains  m 
radical  exponents;  .*.  by  ^  IV,  the  number  of  the  terms 
in  the  function  of  the  first  part  of  this  equation 

=  »x  n.n  —  l.n  —  2 n  ^^  m  +  2 

and  in  the  function  of  the  second  part 

=  m— 1  X  n.n — 1  ,  n— 2 n— m  +  2-f- 

n  .  n — 1  .  n— 2 n-^m+Si  .  n  — m  +  I 

=  n  X  n  .  n-  1  .  n— 2 «— m  +  2. 

These  two  functions  consequently  consist  of  the  same 
number  of  terms. 

4.  From  2  and  3  we  may  infer,  in  the  same 
manner,  as  in  §§  XIII  find  XIV  the  accuracy  of  the 
assumed  equation..  From  this  equation,  however,  we 
obtain 

(0) [ajSyS  ...  ikX\  =  [X]  [a/SyS  ...  iic] 

—  [a  +  Xgy8  ...  ik\  —  [|S  +  XayS  ...  ik\ 
— —  [k  +  Xa/Sy8...4] 

which  answers  the  condition  of  the  problem. 

Remask.  The  formula  (0)  obtains  both  for  positive 
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and  negative  radical  exponents,  because  the  conclusions 
remain  the  same  when  the  signs  are  changed.  By  means 
of  this  formula  we  are  enabled  to  reduce  any  numerical 
expression  [a^Y^.t-X]  to  others,  which  contain  one 
radical  exponent  less ;  and  if  we  continue  the  operation 
with  this  diminished  radical  exponent,  we  at  length  arrive 
at  soms  of  powers  only,  which^  whether  the  exponents  be 
positive  or  negative,  may  again  be  always  expressed,  by 
§§  VIII  and  XI,  by  the  ooefiScients  of  the  equation,  to 
which  the  numerical  expression  refers. 

SECTION   XVI. 

Hitherto  it  has  been  assumed,  that  the  radical  expo- 
nents in  the  numerical  expression  [aPyS .,.\]  are  all 
different  from  one  another.  If  this  be  not  the  case,  and 
the  expression  is  consequently  of  the  form  [a^0^S^...K^], 
then  the  preceding  formulas,  if  we  wish  to  apply  them 
further,  must  undergo  some  modifications.  It  has  already 
been  shewn  in  ^  V,  that  if  two  numerical  expressions 
[fl^^7^5^-..  jc*],  [apyS...  S],  the  first  with,  and  the 
other  without  repeating  exponents,  contain  the  same 
number  of  radical  exponents,  the  number  of  terms  in  the 
first  is  less  than  those  in  the  second  by  1  .  2  ...  a  x  1.2 

...ixl  .8...CX xl.2...*.     The  reason  of  this  is 

only  to  be  accounted  for  in  this  way,  that  in  the  case  of 
equal  radical  exponents,  there  are  exactly  the  same  number 
of  terms,  which  are  equal  to  one  another  in  the  numerical 
expression  [a^yS  •••  ?]  for  each  combination  of  the  roots 
Of  by  Cy  d,  &c.,  of  which  terms,  only  one  is  retained  in 
[fl^/8>y^8^ ...  K*],  as  we  already  know  firam  the  rule  of  com- 
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'  Sdution  1.  From  the  equation  (0),  §  XV.,  when 
we  put  a  of  the  radical  exponents  =  a,  i  of  them  =  0, 
and  the  remaining  ones  t  =  yj  we  get 

S.  But 

K        -~   JL   •  Z  •  w  ••••■■ttX*    •  %  •   ^a**  ••V  X<i    •   ^  •^•••( 

k'    =1.2.  S...H— 1  X  1  .  2  .  3 6x1  .  2  .  S...t 

i/^  =1.2.  S...a  — 2  X  1  .  2  .  3 i  X  1  .  2  .  3...f 

i/^'  =  1  .  2  .  S...a  — 1  X  1  •  2  .  3..ft-l  X  1  .  2  .  S...C 
ic^  =1.2.  S...a— 1  Xl  .  2  .  3 6x  1.2.  3...C— 1. 

If  we  substitute  these  values,  and  then  divide  by 
1.2.  3...a  — 1  xl  .  2  .  3...ixl  .  2  .  3...t  wc  obtain 

a[efi0^  /]  =  [a]  [a«-i  ^  /]  -  [2^a«-«|Sb  -y^ 
-  [a  + /?««-» |3b-i  /]  -  [a  +  y  c^-i  /gb  ^^"'3 
as  required* 

SECTION    XX. 

Prob.  Reduce  the  general  numerical  expression 
[rt«/3*/S^..*ic*Xn,  witha  +  »  +  r  +  lr  +  —  +  it  +  X 
radical  exponents,  to  others,  which  contain  one  radical 
exponent  less. 

Solution  1.  If  we  compare  the  operation  in  §§  XVIII, 
XIX,  XX.,  we  shall,  with  very  little  trouble,  obtain  from 
it  the  following  general  equation  : 
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(  a  ) «[a^|S>7^8ft...i*Xl]  = 


-[a  -^  Kc^'^0byt^,„^i\\] 


in  which  each  of  the  numerical  expressions  in  the  second 

part  contains  no  more  than  a  +  i  +  (  +  lif+ +  k 

+  1  —  1  radical  exponents. 

The  formula  thus  found  obtains,  as  also  the  one  in 
§  XV,  whether  the  radical  exponents,  a,  gy  y,  &c. 
be  positive  or  negative,  because  in  this  ease  the  conclu- 
sions remain  the  same. 

For  the  particular  case,  in  which  a  =  1,  this  formula 
ceases  to  be  applicable,  because  the  repeating  exponents 
a — 1,  a— 2,  which  are  contained  in  it,  then  become  0  and 
^1,  which  is  impossible.  In  this  case  we  must  make 
use  of  the  following  formula : 

[a]  [jS^T^Sb  ...  KkXl]  -  [r+i|3*-V»>...K»XI] 

-  [^rT7iSi/-^»> ...  ic*xri  - '... 


-  [«  +  XiSft/8»> ...  K*Xi-^] 

which  may  be  derived  from  the  same  sources  as  the  pre- 
ceding. 

Hemaex.  By  means  of  the  equation  (  d  )  we  are  now 
enabled  to  reduce  every  numerical  expression  of  the  fi>nn 
[d^/8^7^Sb...KkXl],  by  a  certain  reduction  of  the  repeating 
exponents,  to  another  numerical  expression  of  the  form 
[aj^yS...  fcX];  and  since  this  last,  by  means  of  the 
equation  (0)  in  §  XY,  may  always  be  reduced  merely 
to  the  sums  of  powers,  and  .  * .  may  at  length  be  exprteed 


82 

by  the  ooeflScients  of  the  given  equMton  $  oonsequentlj 
we  are  always  enabled  to  express  any  numerical  expressi<m 
of  the  fi>rm  [cifi0^y^9f ...  fc^X^]  by  the  coefficients  of  the 
given  equation. 

Moreover,  the  equation  (  C  )  is  always  true,  so  long  as 
we  assign  no  determinate  values  to  the  radical  exponents 
a,  0,  jf  Sf  &c.  For  determinate  values,  it  may  happen 
that  radical  exponents  are  equal  to  one  another,  which 
in  the  general  expression  were  considered  as  different: 
thus,  for  instance,  when  in  the  equation  (  d  )  2a  =  /3, 
or  a  +  0  ss  y.  In  such  cases  as  these,  we  shall  do  well, 
in  order  to  avoid  mistakes,  to  add  the  following  equation 
derived  irom  (6),  §  XV  :  ^ 

K  .  [^/3ti/»  ...  ictXI]  =  !/.[«]  [af^-'efiy'Sft ...  K»X1] 

-  [a-1]  .  Kf' .  [ir^-8^/Si>  ...icttXi] 
.    -i  .Kf'' .  [^rn0<^''0^'y^9i...  K^Xq 

&c. 
in  which  the  coefficients^  kj  i/,  i^\  ¥!^\  &e.,  have  the 
values  given  in  §  XVI. 

Every  integral  or  fractional  rational  symmetrical  func- 
tion of  the  roots  a,  ft,  c,  d,  &a,  however  constituted,  must 
necessarily  be  composed  of  numerical  expressions  of  the 
form  [a^|3^y^...Xl].  Now  since  these  last,  as  we  have 
almdjf  seen,,  eati  alwqrs  be  exprened  rationally  by  the 
foeAcknts  of  the  efnatioa  ta  whidv  diey  relate,  ooiise^ 
quendy  also  the  former  can  always  be  eipressed  rationally 
by  these  ooeffiesents ;  to  prove  whidi  was  the  aim  of  die 
present  duster. 

SiBoe,  however,  the  rule  of  synmietri<Akl  Ainctioaa 
iir  of  die  greatest  importance  in  the  theory  ^  equa« 
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tknsy  it  IS  VKften  vequiute  to  express  these  functions  by 
Ae  eoeffidents  of  the  given  equation,  I  have  .  * .  subjoined 
dine  tabks,  ia  whkh  all  numerieal  expressions,  in  which 
the  sum  of  the  raiioBl  exponents  does  not  exe^  the 
number  1(^  are  folly  calculated.  Thus  Table  I*  eon^ 
tains,  in  six  small  tables,  the  values  of  all  numerical 
expressions  for  the  Nos.  2,  3,  4«  ff,  ^,  7 ;  Table  II, 
those  for  the  Nos.  8  and  9;  and  Table  III^  those  for 
the  No.  10.  The  arrangement  of  these  tables  is  evident 
at  first  sight.  The  letters  A,  B,  C,  D,  &c.  are  the 
coefficients  of  the  equation  af^  —  ^a*"*  +  Bsf^  —  Cs^ 
+  Dsr^—Ejr^  +  &c.  =  0,  which  is  the  basis  of  the 
munerical  expressions,  and  these  last,  for  the  sake  of 
fiusilttating  the  calculation,  are  assumed  with  alternate 
signs.  In  the  horizontal  lines,  the  numerical  expres- 
sions themselves  are  found  in  a  combination  series ;  in 
the  first  upper  horizontal  series,  are  the  different  terms 
of  their  values,  and  in  the  vertical  columns  under  them 
the  numerical  coeffideuts  belonging  to  each  term,  accord- 
ing to  the  difference  of  the  numerical  expressions.  Where 
there  are  terms  wanting,  or  the  numerical  coefficients  =  0, 
asterisks  are  placed.  Thus,  for  instance,  in  Table  III 
[i«4>]  =  B^D -s  ABCD  +s  01>  +3  ^2>^-3  BIJ^ 
—AB^E  +«  ^CE  +  ACJ5  -8  ADE  +  5  J5?  -{-A^BF 
S'F  S  ACF  +9  DF  -6  AHx  +17  ABG  -15 
CG  +6  J«fl'— II  BR  -GAI  +15K. 

These  tables  were  calculated  by  means  of  the  equa- 
tions (d)  and  ( D )  in  §  XT.  and  §  XX.  For  the 
more  easy  application  of  these  tables,  it  is,  however, 
necessary  that  the  calculation  be  made  successively,  and 

•  Ao/e.—Tb«9e  tables  are  to  be  found  at  the  end.    TVanslator. 
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that,  in  order  to  find  the  numerical  expressions  for  any 
determinate  sum  of  theadical  exponents,  vie  should  first 
know  all  those  for  lover  sums.  Likewise  the  sums  of 
powers  must  be  previously  calculated  by  means  of  the 
equations  in  83  §  VIII,  which  equations^  on  account  of 
the  change  of  the  signs  in  the  assumed  equation,  have 
the  following  values : 

(2)  =  y4«  -  2B 

(3)  =  ^-  3AB  +  SC 

(4)  =  ^*  -  4A^B  +  4»AC  +  ZB^^^D 

&c. 
Thus,    for  the  successive  calculation  of  the  numerical 
expressions.  Table  III,  we  have  the  following  equations : 

(To)   =(io) 

09)   =(i)(9)-(io) 

(28)  =  (2)  (8)  -  (10) 
(87)  =  (3)  (7)  -  (10) 
(46)     =  (4)  (6)  -  (10) 

2    (5»)     =  (5)  (5)  -  (10) 

S  (1»8)   =  (1)  (18)  -  (28)  -  (19) 

(127)  =  (1)  (27)  -  (37)  -  (28) 
(136)  =  (I)  {S6)  -  (46)  -  (87) 
(145)  =  (1)  (45)  -  2  (5«)  -  (46) 
2  (2»6)   =  (2)  (26)  -  (46)  -  (28) 
The  numerical  expressions  in  the  first  part  of  the  equa- 
tions, depend  here,  as  is  easily  seen,  either  on  the  fore- 
going, or  on  such  numerical  expressions  as  have  a  less 
sum  of  radical  exponents,  which,   vhen  these  last  jure 
already  found,  may  successively  be  determined. 
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II. — COMPLKTK     SOLUTION      OF      TUX     BYMllBTaiCAL 
rOKCTIOKS  OF    THB  1100T9  OF  AN  SAUATIOV. 

•  •  • 
SECTION   XXII. 

TO  solve  a  symmetrical  function,  here  means  no  more 
than  to  find  an  expression  for  it,  which  contains  onlj 
sums  of  powers. 

A  compound  radical  exponent  implies  one,  which  is 
compounded  of  more  than  one  compound  one,  as  a  +  0+ 
y  +  h+  Ac.  in  (a+jS+Y  +  S-f  &c),  or  (aa+i^  +  cy  +  rfS 
+&c.)  in  (aa  +  60+C7  +  dS+&o.)  The  terms  of  the 
filBt  are  oy  /3,  Y,  S,  &c. ;  the  terms  of  the  latter  are 
aa^  60,  cy,  <fS,  &c.  Id  the  opposite  case,  a  and  aa^  in 
(a),  (oa))  are  simple  radical  exponents. 

In  order  to  show,  that  a  numerical  expression,  viz.  (a), 
can  be  raised  to  any  power  //,  I  shall  merely  write  {ay. 
We  must  then  very  carefully  transform  (a)^  into  (a^)  ; 
for  (a)^.=  (a)  (a)  (a)  (a)  ... ;  on  the  other  hand, 
"(a^)  =:(aaa...).  So  iii  like  manner  (Sa + 2  jS)'*  denotes 
the  fith  power  of  (So+2|S),  and(ao+6|S+cy  +  d8+&c.>* 
the  /nth  power  of  (aa  +  iff  -f  cy  +  dS  +  &c) 

SEOTIOX    XXIIf. 

PaoB.  Represent  the  numerical  expressions  («|9)> 
(affy),  (,a0yi\  &c.  fully  developed. 
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I 
iSWttttoR  1.  From  §  XII  we  immediately  have 

(a/S)  =  (IS)  (a)  -  (e  +  a) 
a.  From  §  XIII  we  at  first  obtain 


(o^Y)  =  (y)  (a/?)  -  (y  +  ag)  -  (y  +  go). 
But  from  1  we  have,  when  first  •/+ a  is  put  for  a,  and 
afterwards  y+0  for  /?, 


(-y  +  alS)  =  (g)  (7   +   o)  -  (y  +  g  +  a) 

(y  +  0a)  =  (y  +  |9)  (o)  -  (y  +  /?+  a) 
If  these  values,,  together  with  the  value  of  (a0)  fiom  1, 
be  substituted  in  the  finegoing  equation,  we  then  obtain 

ia$y)  =  (y)  (e)  (a)  -  (y)  (^+a)  -  (y+/?)  (a) 
-  (y+a)  (|S)  +1.2  (y+^  +  a) 

S.  From  §  XIV,  we  have 


(a$y  8)=(8)  (ggy)  -  (g  +  o/Sy)  -  (§  +  |8ay) 

-  (8T7«lS) 


In  order  to  find  the  numerical  expressions  (S  +  a/?y)> 

(S  +  |3ay),  (S  +  ya^),  we  need  only  successively  sub- 
stitute S  +  a  for  a,  afterwards  S+0  tot  0 ;  and  lastly  S+ y 
for  y  in  the  last  equation  in  2.  If,  af^  this,  we  substitute 
the  values  thus  obtained,  together  with  the  value  of 
(ogy),  we  obtain 

(agyS)  = 

(8)  (y)  Cff)  (a)  -  (8)  (y)  (fi+a)  -  (8)  (y +  |S)  (a) 
-(8)  (y +o)  (|S)+ 1 . 8  (8)  (y +^+a)  -  (8+y)  ($)  (o) 
-(8+lS)  (y)  (a)  -  (B+a)  (y)  (ff)  +  (8+y)  (|S+a) 
+  1.2(8+j3+o)(y)  +  1.2(8+y  +  0)(o)+(8+o)(y+(S) 
+  1.2(8  +  y  +  a)(|S)+(8+|SXy+«)-»'2.S(8+y+(9+«). 


37 
4.  So,  in  likt  maaner,  from  §  XV „  we  have 


(a$yBt)  =  (0  (a^yg)  -  (e  +  ojSyS)  -  Ct  +  /SayS) 
-  (7+^og8)  -  (7+8a|3y). 

We  get  thevaluesof(c+oey8),(c+/5o78),(€+7oj98), 
(c +Sai?7)  completely  developed  firom  the  last  equation 
in  3f  by  substituting  in  it  suooessiyely  c  +  a  for  ay 
t+0  for  ft  €+7  for  y,  and  c+8  for  8.  The  substitution 
of  these  values,  together  with  that  of  (a  07  8)  in  die 
foregoing  equation,  gives  the  solution  required. 

5.  In  this  way  we  could  proceed  further,  since  we 
always  go  firom  one  solution  to  another,  and  thus  find  the 
solutions  of  the  numerical  expressions,  which  contain  six, 
seven,  eight,  &c.  radical  exponents. 

6.  (Generally,  if  we  have  already  found  the  solution 
of  a  numerical  expression  (a/37  8«..  k),  and  wish  fifom 
hence  to  derive  the  solution  of  another  (a  j37  8 ...  k  X)« 
which  contuns  X  more  radical  exponents,  we  must,  in  the 
first  plaoe^  multiply  meiely  the  solution  of  (a  0  7  8  •••  k) 
by  (X),  then  in  this  solution  substitute  throughout, 
first  X+a  for  a,  then  X+0  for  ft  X+7  fi)r  7,  &c.  and 
change  the  signs  of  the  results  and  the  former  product. 

SECTION   XXIY, 

Paob.  Find  the  law,  by  which  the  terms  in  the 
solutions  of  Ca/3),  (a/? 7),  (0^78),  &c.  are  formed, 
when  the  coeffioients  and  the  signs  are  left  out. 

S^vium  1.  If  in  the  solutions  of  the  above  numerical 
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expressions  in  the  foregoing  §»  we  omit  the  bradcets  and 
the  signs,  and  separate  the  radical  exponents,  which 
belong  to  the  different  numerical  expressions  in  each 
term^  by  a  comma^  and  all  the  terps  by  a  semicolon,  we 
then,  by  means  of  (a),  find  the  following  : 

I.  a 

II.  /?/a;  ^-fa 

Hi.  7,  ft  a;  7,  g-^a'^  y+ft  a;  7  +  a,  |9;  y+^  +  a 
IV.  8,  Y,  ft  o;  8,  y,  /9+a;  8,  y  +  ft  a;  8,  y-ffl,  /S 
8,  y+|5-|-a;  S+y,  ft  a;  8+ft  y,  «;  8  +  a,  y,  g 
8+y»^  +  a;  S  +  |3  +  a,  y;  8+y-f  ft  a;  8+a,  y  +  ^ 
8+y  +  a,  I?;  S+fty  +  a;  84y  +  lS+a 

&o. 

2.  Hence  we  may   peroeiTC  at    first  sight  and  firom 

6  in  the  foregoing  §  the  law  of  the  successive  formation 

^f  the  torms.     Thus,  in  order  to  derive  the  terms  of  a 

'solution  from  the  terms  of  the  immediately  preceding  ono^ 

^we  must 

(a)  put  before  each  of  all  the  tefms  of  the  preeedbg 
solution,  the  radical  exponent  which  is  now  to  be 
added ; 

(b)  we  must  connect  this  by  the  sign  +  with  each 
radical  exponent  of  every  term,  while,  at  the  same 
time,  we  add  the  remaining  radical  expqneQtfi  of  the 
same  term  without  any  change. 

Thus,  finr  instance,  if  we  wish  to  derive  IV  firOm  III, 
by  the  rule  (a)  we  get 
8, y,ft«;  8,7,^4-0;  8,yH-fta;  8,y+«,e;  8,  y  +  jS  +  a 
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and  by  the  rule  (b)  from  the  first  tertn  in  III 
8  +  yi  ft  a ;  8  +  ft  7,  a ;  8  +  a,  7,  jS; 

from  the  second  term  in  III 

S  +  7,g  +  o;  8  +  /3-f  a,  7; 

from  the  third  term  in  III 

8  +  7  -f-fta;8  +  a,7  +  /5; 

from  the  fourth  term  in  III 

8  +  7  +  a,  0;8-»-ft74-tt; 
lastly  from  the  fifth  term  in  III 

8  -f  7  +  ?  +  o. 
The  foundation  of  this  method  is  so  evident  from  the 
foregoing  §,  that  it  requires  no  frirther  explanation. 

8.  But  since  this  mode  of  representation  possesses  this 
disadvantage,  that  in  finding  the  following  solutions,  we 
must  first  add  the  foregoing,  we  can  .*.  with  great  ad- 
vantage make  use  of  the  Hindenburgian  method  of 
involution,  which  is  already  known  to  my  readers  from  the 
first  principles  ofthe  rule  of  combination.  Here  follows  thir 
involution,  whose  construction  is  immediately  deducible- 
from  2 : 

8 
S 

s 

8+ft  y»  • 
8  +  a,    Y,       ft 

8  +  7,  ft  +  a: 
8  +  <i  +  «j  7 
8 +7+ ft        « 


'r    ^  + 

a 

y  +  ft 

a 

7  +  «» 

fi 

T  +  ^,.+ 

a 
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S*+a,     y   '+  fi 

8  +  y  +  a,        0 

8+ ft     y    +  a 

8  +  7  +  1?  +  a 
&& 
It  is  not  necessary,  in  the  first  place,  to  remind  mj 
readers,  that  this  mode  of  representation,  besides  the 
advantage  that  it  immediately  gives  what  is  sought, 
possesses  also  this  one,  that  each  solution  includes  aU  the 
forcing,  as  the  brackets  denote,  and  this  follows  of 
course  from  the  very  nature  of  involution. 

Remark.  The  involution  which  is  here  given,  in- 
cludes, besides,  as  may  easily  be  observed,  all  possible 
combinations  of  the  radical  exponents  a,  ft  y,  8,  &c.  both 
simple  and  compound,  consequently  can  be  used  with 
advantage  in  many  other  cases,  in  whidb  it  is  required  to 
find  all  the  possible  combinations  of  this  kind  in  a  given 
number  of  things. 

SECTION    txv. 

V 
Peob.  Find  the  law  of  the  coefficients  and  the  signs 

in  the  solution  of  the  numerical  expression  (0)378 ...  X). 

Soluiiim  1.  From  the  method  in  §  XXIII,  by 
which  the  solutions  are  derived  firom  one  another,  and 
firom  the  results  themselves,  it  may^  with  some  reason,  be 
presumed,  that  the  coefficients  of  the  teiins  and  their  signs 
are  subject  to  the  following  laws : 

(a)  That  each  aunierical  expression  of  a  simple  radical 
exponent  has  unity  for  its  coefficient ; 
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(&)  That  each  numerical  expression  of  a  compound 
radical  exponent  of  m  terms  has  the  coefficient  1.2. 
3 m— 1; 

(c)  That  the  sign  -^  or  +  may  be  given  to  every 
numerical  expression  whatever,   according   as   th^ 
number  of  the  terms  of  its  radical  exponent  is  odd 
or  even. 
Thus  if  these  rules  be  correct,  the  term  (a)  (0  +  7) 
(8  +  e  +  0  (»l  +  ^  +  «  +  0  has  the  coefficient  1  x  1  x 
1.2  X  1  .  2  .  3,  or  merely  1.2x1.2.3,  with  the  sign 
+9  because  it  has  two  radical  exponents  of  an  even,  and 
two  of  an  odd,  number  of  terms. 

That  these  rules  are  correct  for  (a0),  (a^y),  C^ffyS), 
one  can  be  readily  convinced  of  by  inspection.  It  only 
remams  now,  by  a  very  common  method  in  mathematics, 
to  prove  the  rule,  that  when  they  obtain  for  any  solution, 
they  likewise  necessarily  obtain  for  the  following  one. 

/  S.  For  instance,  let 

(-A) (a  -f  /S  +  7  +  ...  +  ic)  (X  +  f£  +  V... +^) 

be  any  term  in  the  solution  of  (0^7 1^).     The 

radical  exponent  of  the  first  numerical  expression  in  (u4) 
contains  m  terms,  that  of  the  second  n  terms.  Con- 
sequently the  coefficient  of  the  product,  according  to  the 
hypothesis  =  1.2.3 m—  1  x  1  -  2  .3 n*-f. 

4.  Now  let  (a07...i//(i>)  be  another  numerical  expres- 
sion, which  contains  more  radical  exponents  than  the 
preceding  by  cti.  For  its  solution,  the  term  (^)  by  &, 
§  XXIII  gives  the  three  following  terms : 


42 

(w)(a  +  /3-f7  +  ...  +ic)(X  +  ^  + v  +  ...-f  ^) 

—  (o  -h  (3  +  y  +  ...  +  ic  +w)  (X  -h  fA  +  V  +  ...  +1/') 

—  (a  +  e  +  7+  ...  +ic)(X  +  ^  +  v+...+t/'  +  w) 

5.  The  6r$t  of  these  tenns  is  obtained  from  the  term 
(A)y  by  multiplying  the  latter  by  (<ii),  and  consequently 
it  has  the  same  coefficient  and  the  same  sign ;  which 
agrees  with  the  hypothesis. 

6.  The  second  term  in  4  arises  from  the  substitu- 
tion of  (i»+a,  61+0)  ia+y <*>  +  K  for  ai  0,  jj Ky 

(6.  §  XXIII)  and  occurs  m  times.     In  like  manner 
the  third  term  arises  from  the  substitution  of  bi  4-  X,  cj  +  /Uj 

III  +  V9  •..  01  +  ^  for  X,  /i,  V9  yp,  and  .'.  occurs  n 

times.     Consequently  the  second  term  must  contain  m, 
and  the  third  n,  more  coefficients  than  the  term  {A). 

7.  Hence  it  follows,  that  the  coefficient  of  the  second 
term  in  4.  ss  1 . 2 .  3  ....  m  x  1  •  2  •  8  ...  n  —  1,  and 
the  coefficient  of  the  third  term  =  1.2.3  ....  m  —  1  x 
1.2.3  ..••  n.  Likewise  these  terms  have  a  different 
sign,  from  that  of  the  term  (^). 

8.  Since  this  agrees  with  the  hypothesis,  so  it  may 
be  concluded^  that,  when  the  hypothesis  is  true  for  the 
term  (^),  it  is  necessarily  true  for  the  terms  derived  from 
it  in  the  following  solution. 

9.  Although  here  the  term  (^A)  Iu»  only  been  assumed 
as  a  product  of  two  numerical  eacpressions,  it  is  suffi- 
ciently evident  from  the  manner  in  which  the  proof  has 
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teen  managed,  that  it  may  be  extended  to  any  other 
number  of  factors, 

r  10.  If  .*.  the  solution  of  [affy  ,..  i/^]  be  subject  to 
the  assumed  rules,  so  likewise  is  that  of  [ci0y  ...-if/w] 
which  fellows  it.  But  they  obtain  for  the  first  solutions, 
they  .  * .  also  obtain  for  all  those  which  follow. 

Corollary.  In  order  .  * .  to  exhibit  a  numerical  expres- 
sion of  the  ibrm  \a$y...X\y  in  which  all  the  radical  expo- 
nents are  different,  completely  solved,  we  only  require  to 
perform  the  involution  given  in  ^  XXIV,  and  affix  to  each 
term  the  coefficient  determined  from  1  of  this  §  with  its 
sign.  The  following  exaniple  will  serve  as  an  illustration. 

Example.  The  complete  solution  of  [^jSySc],  when 
the  brackets  are  omitted  in  the  terms^  is  as  follows : 


+1, « 

87^1* 

+  2,j  +  y+«,8,0 

-l,t 

ly  $+» 

+  1,  «+ft8,'y  +  « 

-l,t 

87  +  ft* 

-2,  e  +  8,y  +  |J+« 

-1,* 

87+0,13 

•-6,  <+y+P+«,  8 

+9,  « 

8y  +  /9+« 

+  2,  6  +  8+y,  ft« 

-1,« 

8+y,  ft  « 

+  1,  «+ft8+y,  « 

-l,t 

8+ ft  t, « 

+  1,  «  +  «,  8+y,i3 

-1,« 

S+«,  y,  P 

+  2,  t  +  J+ft-y,  « 

+  l,t 

8+Y,l?+« 

+  1,  £  +  y,  8+ft« 

+  2,  f 

8+p+«,  Y 

+  1,  e+a,  8+fty 

+  «,f 

8+y+ft« 

+  2,  £  +  8+a,  y,  B 

+  !,« 

8+«,  y+p 

■fl,  e+y,8+«,0 

+  2,t 

8+y+«,|S 

+  1,  €+ft8+«,y 

+  !,« 

8+fty  +  a 

-2,  £  +  8+y,  |3+« 

-6,* 

8+y+P+« 

-2,  «  +  P+«,  8+y 

+- 

c2 

/ 


^ss^ 
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—  1,  «  +  8,  y,  IS,  «  — 6,  c  +  84-lS+a,  r    ' 

—  1,  £  +  7,  8,  ft  «  -2,  e  +  7,  8h-j9  +  « 
-1,  f  +  jS,  8,  y,  a  —6,  €  +  8+7  +  ^  « 
-!,£  +  «,  8,  7,  g  -2,  €  +  «,  8  +  7  +  g 
H-l,£  +  S,  7,  e  +  a  -2,  €  +  8  +  a,  7  +  j5 
+  1,6  +  7,  8,  g  +  «  —2,  €  +  7  +  13,  8  +  a 
+  2,  €  +  e  +  «,  8,  7  —6,  £  +  8  +  7  +  a,  jS 
+  1,  €  +  8,  7  +  ft  a  -2,  €  +  |S,  8  +  7  +  a 

.  +2,  £  +  7  +  ft  8,  a  -2,  €  +  8  +  ft  7  +  « 

+  l,€  +  a,  8,  7  +  j3  .  -2,  €  +  7+a,  8  +  /3 
+  l,£  +  8,  7  +  a,jg  +24,  c  +  8  +  7  +  j3  +  a  .. 

We  have  .-.  [«j578£]  =  [c]  [8]  [7]  [jS]  H  - 
W  [8]  [7]  i:?+«]-W  [8]  [7  +  e]«-&c- 

SECTION   XXVI. 

If  there  are  more  radical  exponents  equal  to  one  another 

in  the  numerica]  expression  [affy X],  or  if  it  takes 

the  form  [cflfl^y^ if]y  the  solution  admits  of  reduc- 
tion, because  in  this  cas^  more  terms  than  one  are  equal 
to  one  another.  B7  the  application  of  the  rules  (a)  and 
(b)  in  2,  §  XXIV,  we  have  only  to  take  care  that  no 
term  occurs  more  than  once,  and  with  this  view  it  is  only- 
necessary  in  performing  the  involution,  always  to  revert 
to  the  combinations  already  found,  and  to  omit  all  those 
which  occurred  once  before.  Thus  we  find  the  involution 
for  the  terms  of  [c^^}  to  be  as  follows ; 
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0 


B 

p 
e 
e 
e 


a  a 


c^ 


SOS 


3a 


gjg  +  gg 
2ft  a,  a,  a 

2ft  a,  2«  • 
2ft  Sa 
20+0,  a,  a 

0  +  0,0  +  0,  « 

20+O,  2o 

0+2o,0+o 

20+2o,o 


20,  0+O,  o,  o 

20,  0  +  a,  2o 

20,  0  +  2o,  o 

20,  0+So 
30,  a,  o,  o 
30,  o,  2o 
30,  3o 
30+ o,  o,  o 
0+O,  20+O,  o 

0+«,  0+O,  0+O 

30+O,  2o 
0+2o,  20+O 
20+2o,-0+a 
30  +  2o,  o 

S0+3o 


This  involution  contains  every  possible  analysis  of 
3"*  +  8^.    In  the  same  manner  we  obtain  generally  by  the ' 

involution  for  [o^  0^7^ k^]  every  possible  analysis  o^ 

ao+i0+r7  +  . ..+&«.  Itmay  •*.  beusedwithiidvantage 
in  all  those  .cases  where  it  is  required  to  represent  analysis 
of  this  Idbid^  with  facility  and  without  the  danger  of 
omission.  In  the  numerical  expression  [<z^,  the  opera- 
tion is  merely  reduced  to  a  numerical  analysis,  respecting 
which  information  is  ^ven  in  the  rule  of  combinations. 

But  as  to  the  coefficients  of  the  terms,  it  is  easily  con* 
oeived,  that  the  rules  (a)  and  (&),  in  1,  §  XXV,  in 
the  case  where  the  numerical  expression  [007. ..X]  is 
changed  to  [cfl0^y^...i^']y  must  undergo  many  modifi- 
cations, and  first,  for  this  reason,  because  in  this  case 
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more  terms  than  one  of  the  solution  vanish,  secondly,  for 
the  reason  given  in  §  XVI.  But  in  order  that  we  may 
not  be  obliged  in  the  sequel,  to  break  the  thread  of  the 
inquiry  by  extraneous  matter,  we  shall  premise  with  the 
following  auxiliary  rules. 

SECTION    XXVII. 

L— AUXILIARY  RULE. 

Pbob.  Find  in  how  many  ways  a  given  number  of 
things  may  be  placed  in  a  determinate  number  of  divi- 
sions, in  such  a  way,  that  in  each  of  these  divisions  there 
is  a  given  number  of  these  things. 

1.  Solution  for  two  divisions. 

Let  A  be  the  number  of  all  the  things,  a  the  number 
of  these  things  which  are  to  enter  into  the  first  of  these 
divisions ;  .* •  ^— a  the  number  in  the  second. 

It  is  evident^  that  this  is  merely  to  RaA  the  number  of 
coidi>ination»  of  the  dth  dast  in  A  things.     Now  this  is 

JA  .  A^l  .A-  2 ^  — <r -f  1 

""1.2.       S a  ^ 

or  if  we  multiply  numerator  and  denominator  by  1  .  2  . 
S.^.A-^a^  and  ttien  in  the  denominator  snbstitnte  cf  for 
A^a: 

i  .2.3.  4 A  —  1  .  A 

1.2.  a axl  .  2  .d...(/ 

in  wfaidi  a  and  a^  denote  the  numbers  contabed  in  the 
two  divisions* 

2.  Solution  for  three  divisionf. 

AgaiU)  let  ^  be  the  number  of  things ;.  further^  a,  af^ 
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d^i  the  number  in  the  first,  second  and  third  division, 

But  in  the  first  division  the  number  a  may  enter  in  as 

many  different  ways  as  there  are  combinations  of  the  ath 

class  in  A  things ;  the  number  of  these  ways  is 

A  .  A^\ .....^— g+l 

"■  1  .  2 a 

So  in  like  manner  the  number  of  ways,  in  which  the 

remaining  A—a  things  may  be  arranged  in  the  second 

division  in  the  number  d 

__A—a  ,  ^—g-— 1 A—a—'af+l 

""     1  .        2 of 

Each  of  these  last  combinations  may  be  associated  with 
,  each  of  the  first,  and  the  number  of  comlnnations  which 

is  thus  obtained  is  .*•  the  product  of  those  two  numbers. 

The   number    of  ways,    in  which  A  things   may  be 

arranged  in  the  first,  second  and  third  divisions,  in  the 

numbers  a,  a,'  o,^^  is  consequently 

_A  .  A—l  .  ^— g il— g— g^-fl 

""1.2.  3 g  X  1  .  2  .  S of   • 

or,  when  the  numerator  and  denominator  are  multiplied 

by  l,2...g''=l  .  2 A-^a—af, 

_1  .  2  .  3  .  4 A-^l  .  A 

"l  .2 gxl  .2 g^xl.2 af^' 

8.  SobUion  for  four  divisims. 

Agam,  let  il  be  the  number  of  all  the  things,  and 
a,  a,'  a^*  aj"  the  numbers  which  are  separately  con- 
tained in  the  first,  second,  third  and  fourth  division, 
r.  a  +  al  -^af'  +  d^' ^A.  The  number  of  cases,  m 
whidi^  A  things  may  be  arranged  in  the  number  g, 
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A  .A-l A-^a+  1 

~1  .         2 a 

The  number  of  cases,  in  which  the  remaining  A^or 
things  may  be  arranged  in  the  number  a^ 

__  A'^a  •  A—a  —  l ^--g— g^+l 

""1  \        2  o!        ' 

consequently  the  number  of  cases  in  which  A  things 
may  be  arranged,  first  in  the  number  a,  and  then  a! 

A.A^\     ^   —   q   -    g/    4-     1 

""l  .  2 a    X    1   .  2 qI         ' 

The  number  of  cases  in  which  the  number  a^^  may, 
in  the  third  division,  be  arranged  from  the  remaining 
^-a-a' things 

_J— g— g^  .  ^-g— g^  1 A^a-^-o! —ci' ^-1 

""         1     .  2 iJ' 

Each  of  these  cases  may  be  combined  with  each  of  the 

preceding,  /.  the  number 'of  cases^  in  which  the  A  things 

are  arranged  in  the  four  divisions 

A  .  A  —  \  ^~g-g^  — g^^-f  1 

"   1  .  2  ...  g    X    1  .  2 g^   X    1  .  2 a!^  ' 

or,  when    we  multiply  numerator  and  denominator  by 

1  .  2 g'^^=l  .  2  ......  A—a—iJ—a!' 

1  .  2  .  S  .  4 A 


iti 


1  .  2  ...  g  X  1  .  2...g^  X  1  .  2....g^^  x  1  .  2....g 


4.  General  Stdution, 

The  conclusions  drawn  in  1,  2,  3,  may  easily  be 
extended  to  any  number  of  divisions.  The  number  of 
ways  in  which  A  things  may  be  arranged  in  n  divisions, 
so  that  the  first  may  contain  the  number  g,  the  second 
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the  number  a^  the  third  the  number  tJ'^  &g.  ;  lastly,  the 
nth  division  the  number  a  ^'"'^  of  these  things,  is  .  * . 

_1  ,  g  .  3 A—\  .A 

""l.2...axl.2...a'x  1 .2...a'' X  ...  X  1 .2...a^*^' 

Example.  Place  l6  balls  in  four  divisions  of  6,  5,  8, 
and  2:  in  how  many  ways  can  this  be  done? — Here 
^=16,  a=6,  ol^^y  a^^=8,  a'^^=2  ;  consequently  the 
required  number 

1.2.3.4.5.6    7. 8. 9-10    11.12.13.14.15.16 


^hBMlMMte*^ 


1.2. 3. 4.  5. 6x1. 2.  8. 4. '5X1. 2.  3x1  .2 
=  20180160. 

SECTION   XXVIII. 

//. — Auxiliary  Ride. 

Peob.  The  numbers  A^  B,  C,  &c  of  different  kinds  of 
things  are  given :  find  in  how  many  different  ways  these 
numbers  may  be  arranged  in  a  g^ven  number,  when  in 
each  determinate  division  there  shall  be  a  ^ven  number 
of  things  of  each  kind. . 

Sobaim  1.  For  the  sake  of  perspicuity,  I  shall  assume 
the  particniar  case,  that  there  are  only  three  numbers  of 
a  different  kind  given,  which  are  to  be  arranged  in  four 
cHvisioiB^  so  that  in  the  first  division  there  are  a  things 
of  the  first,  h  thmgs  of  the  second,  and  c  things  of  the 
third  kind;  and  that  a',  V,  d ;  o^',  V,  d^  \  af^,  IT',  d^', 
denote  the  same  for  the  second,  third,  and  fourth  divisions, 
fts  a,  ft,  c,  do  for  the  first,  .-.  a-^d ^o!' ^d^'^A^  i+ 
y  +  fc//+y//==jB,c+c^+c^'+c'//=C.    Further,  let 

H 
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^1  .2.8  A  ^  \  .  A 

""l  .2. ..a  X  1  .  2  ...a'  X  1  .  2...a^'  X  1  .  2  ,..al'^ 

y_l  .2.8  jB  —  1  .  g 

■"1.2. ..J  X   1  .2  ...  6^  X  1  .2  ...i^'  X  1  .  2  .•.  V' 

\fj^^  .2.8 C  —  1  .  C 

X.SS.a.C      X       X.SS.a.CT       X        I      •!C..aV  X       ■■      .XaaafT 

S.  Then,  from  the  preceding  §,  X  is  the  number  of  ways 
in  which  A  can  be  arranged  in  four  divisions  of  a,  a^,  af\ 
d'^  things^  X^  the  number  of  ways  in  which  B  things  can 
be  arranged  in  four  divisions  of  i,  V^  V'^  V"  things,  and 
X^^  the  number  of  ways  in  which  C  things  can  be  arranged 
in  four  divisions  of  c,  c',  d'y  d". 

8.  But  it  is  evident,  that  each  of  these  divisions  may 
be  combined  with  each  of  the  other  two  divisions  in  all 
possible  ways.  Now,  since  the  number  of  these  combina- 
tions is  equal  to  the  product  X  X^  X^^,  in  like  manner  the 
number  which  arises  as  often  as  the  numbers  Ay  By  Cy 
agreeably  to  the  proposed  conditions,  are  combined  together 
=X  X^  X^ 

4.  What  has  been  here  proved  for  three  numbers  and 
four  divisions,  can,  in  a  similar  way,  be  proved  for  every 
oAer  number.  If  .••  X^  X^  X'^  X'^  X^  &c.  are 
similar  expressions  for  the  numbers  By  C,  2>»  £,  Fy  &e. 
as  X  is  for  the  number  A^  then  the  required  number  is 
always  =X  X'  X^'  X'^'  V\W  &c. 

Example.  There  are  40  balls  of  four  ooloursy 
viz.   10  red,    14  blue,  9  green,   and   7  white:    show 
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in  how  many  different    ways   these  40  balls    may   be 

arranged  in  three  divisions,  so  that  in  the  first  division 

there  may  be  7  red,  5  blue,  3  green,  and  2  white ;  in  the 

second  division  2  red,  6  blue,  4  green,  and  1  white  ^  and 

in  the  third  1  red,  3  Uue,  2  green,  and  4  white. 

Here  ilslO,  £=14,  Cssg,  1>=7;    a=7,  6=5, 

c=S,  d  =  2;    0^=82,   6^=6,  c/=4,   d^  =s  1 ;    a''=sl, 

ft'/  =  S,c'^=2,d'^=4;  .-. 

^         1.2. 3.4. 5. 6. 7. 8. 9.  10        ^- 

A  =^ p= ^ =  360 

1.2.3.4.5.6.7x1  .2X1 

y  -  ^-^ -3 -^'5.6.7.8.9.10.11  '^^'-^^'^^-.fiptfift 
1.2.3.4.5.6x1.2.3.4.5x1.2.3"" 

^//  _1. 2. 3. 4. 5. 6. 7. 8. 9  _ 
1.2.3,4x1.2.3x1.2"" 

A///  __^'^.3.4.5.6.7  ^  jQ^ 

1.2.3.4x1.2x1"' 
The  required  number  of  possible  divisions  is  .  * . 
=  XX'V'X^'^  =  8009505504000. 


SECTION   XXIX. 

///• — AuxiUary  Ruk. 

Pbob.  Let  there  be  more  numbers  A,  jB,  C,  &c.  of 
things  of  different  kinds.  It  is  required  to  arrange  these 
things  in  fi+fjif'\-fi^^+fi^^^'{-'&c.  rows,  so  that  in  each  of 
the  n  rows  there  may  be  a  things  of  the  number  Ay 
b  things  of  the  number  By  c  things  of  the  number  C,  and 
80  on ;  in  each  of  the  ju^  rows,  of  things  of  the  number  Ay 
A^  things  of  the  number  £,  c*  things  of  the  number  C, 
and  so  on ;  in  each  of  the  jjl'^  rows,  of'  things  of  the  num- 
ber Ay  V*  things  of  the  number  By  d'  things  of  the 
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aumber  C,  and  so  00^    Find  the  number  of  all  the  pos- 
sible divisions. 

Solution  1.  If  all  Jthe  rows  were  different  from  on« 
another,  aS)  for  instance,  when  they  are  represented  by 
different  numbers^  then  we  could  have  applied  the  igrmulse 
of  the  foregoing  §  to  this  case*     Then 

^  _  1.2.3 A  ^  I  .A 

"■  (1 .  2.,.a>*  X  (i  .  2...a0^'  X  (1  .  ^...af'Y'  x  &c. 
X/_  ^  -  g  '  3  .,,..,. B^  I  .  B 

""  (1 . 2...6>*x(i .  %...vyx(\ .  ^...yy"x&c. 

"  (1  .  2...c)'*x  (1  .  %...c/yx(l  .  2...c^>''x&c. 

&c. 
and  the  number  of  all  the  possible  divisions,  as  in  the 
preceding  §,:c:XX'X^/X^'^&c. 

S.  But  since  the  problem  only  requires  in  general,  that 
the  /u  rows  should  be  arranged  with  the  combina- 
tions of  a,  i,  c,  frc.  things,  the  p!  others  with  the  combi- 
nations of  o^,  b\  cf,  &c.  we  must  .*.,  as  we  know  from 
the  rule  of  combinations^  multiply  the  number  just  found 
by  1  .2...  ^  X  1.2  -./u'-x  1  .2.../^  x  1  .  2  ...  fi^'' 
X  &c. 

3.  The  required  number  of  all  the  possible  divisions^ 
according  to  the  conditions  of  the  problem,  is  .  '^. 
_  XVX^^V^^  &c. 

1  .  2.../a  X  1  .  2  ...|Li'  X  I  .  2  ...^''  X  &C.' 
Remark.  Any  one  of  the  numbers  u,  4,  c,  4c.  a^  A^,  4/, . 
&C-,  &c.  may  be  =  0.    This  happens,  for  instanpe,  wh^ 
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in  a  certaifi  trow,  or  in  luore  rows  at  the  same  time^  one 
or  other  of  the  diflferent  kinds  of  things  is  altogether 
wanting.  In  this  case,  it  is  only  necessary,  for  self- 
evident  reasons,  to  omit  from  the  denominators  of  X,  X^, 
W\  &C.  those  of  the  products  1  .  2  ...  a^  1.2  ...  &,  &c. 
which  i^fer  to  the  deficient  numbers. 

SECTION   XXX. 

Fbob.  Find  the  coefficients  and  the  signs  of  the  terms 
in  thesoluticm  of  \^f^'f  ...  jc^]. 

SobUion  1.  If  in  the  numerical  expression  [a0yS...cii] 
more  radical  exponents  than  one  are  equal  to  one  another, 
consequently^  when  this  expression  assumes  the  form 
[cfi0by^  ...  1^],  then  the  terms  of  the  sdution  have  the 
foUowing  general  form : 

.X   iafa  +  Vfi-^f/y  +  ... 


t 


X   &c. 


2.  Since  in  each  term  of  the  solution  of  [ajSyS ...  oi], 
all  the  letters  «,  /3^  y,  ...  cu  are  divided  into  simple  and 
compound  radical  exponents  (Remark,  §  S4)  ;  then,  like- 
wise, in  the  case  when  this  numerical  expression  assumes 
the  finrm  [cfifiy^ ...  i^],  in  each  term  (^) 

a  +  a'  +  a'^  -f  &c.  =3  a,  6  +  ^  +  ^^  +  &e.  =  6, 

c  +  i/  +  c^^  +  &c.  =  t,  &c 
or,  in  other  words,  the  radical  exponents  of  the  numerical 
cxpiessions,  which  occur  in  eaish  term  as  factors,  are  no 
other  than  the  divisions  cS  aa  +  l^p  +  ty  +  ...  +  kic, 

-H  H  8 


/ 
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—  1,  €  + S,  7»l9>«  — 6,  c  +  S  +  |3+a,  Y 

—  1,  £  +  7,  8,  ft  a  -2,  €  +  7,  8  +  |9  +  « 
-1,  £  +  ft  8,  y,  a  —6,  €  +  8  +  7  +  ft  a 
-l,c  +  a,  8,  7,  g  -2,  €  +  a,  8  +  7  +  g 
+  1,6  +  8,  7,g  +  a  -2,  €  +  8  +  a,  7  +  ^ 
+  1,6  +  7,8,  g  +  a  — 2,  £  +  7  +  |3,  8  +  a 
+  2,  c  +  e  +  a,  8,  7  -6,  £  +  8+7  +  a,  |3 
+  1,  £  +  8,  7  +  ft  a  -2,  £  +  13,  8  +  7  +  a 
+  2,  £  +  7  +  ft  8,  «r  -2,  £  +  8  +  ft  7  +  (* 
+  l,£  +  a,  8,  7  +  /S        .    -2,  £  +  7+a,  8  +  e 

+  l,£  +  8,  7  +  a,  IS  +24,  £  +  8+7  +  /S+a     . 

We  have  .-.  \a^^l^\  =  \i\  [8]  [7]  M  H  - 

W  [8]  [7]  [?+«]- W  [8]  [7  +  lS]«-&c. 

SECTION   XXVI. 

If  there  are  more  radical  exponents  equal  to  one  another 

in  the  numerical  expression  [^^7 X],  or  if  it  takes 

the  form  [o^^t^ 1^],  the  solution  admits  of  reduc- 
tion, because  in  this  cas^  more  terms  than  one  are  equal 
to  one  another.  By  the  application  of  the  rules  (a)  and 
(i)  in  2,  §  XXIV,  we  have  only  to  take  care  that  no 
term  occurs  more  than  once,  and  with  this  view  it  is  only 
necessary  in  performing  the  involution,  always  to  revert 
to  the  combinations  already  found,  and  to  omit  all  those 
which  occurred  once  before.  Thus  we  find  the  involution 
for  the  terms  of  ^o'/S^]  to  be  as  follows : 
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0 

0 

e 

& 
p 

0 

0 

0 

e 

0 

0 

0 


0 

a 

a  a 

0 

a 

Sa 

e 

S 

a 

0+ 

a^a,a 

0  +  ay2a 

j9+2a,« 

e+sa 

e 
& 

e 

2ft  a,  2a  • 

2ft  da 

2e  +  a,a,  a 

2/?+a,  2a 

/S+2a,iS+« 
2/S+2a,  a 
20+3a 


2ft  |S+a,  a,  a 
2ft/5+a,  2a 

2g,  j9  +  2a,  a 
^0yP  +  3a 

3ft  a,  2a 
3ft  3a 

5/3+ «>  a,  a 
e+a,  2j3+a,  a 
|3  +  a,  g+a,  g+a 
30+a,  2a 
g  +  2a,  2j9+a 
2g+2a,^4"a 
30  +  2a,  a 
Sp-\-3a 


This  involution  contains  every  possible  analysis  of 
3"^  +  3^.    In  the  same  manner  we  obtain  generally  by  the 

involution  for  [o^jS^  7^ k^]  every  possible  analysis  o^ 

Ha+bff'^ty'^...+1tK.  Itmay  •'.  beusedwithndvantage 
in  all  those  cases  where  it  is  required  to  represent  analysis 
of  this  Idnd,  with  facility  and  without  the  danger  of 
omission.  In  the  numerical  expression  [cfl]^  the  opera- 
tion is  merely  reduced  to  a  numerical  analysis,  respecting 
which  infiirmation  is  given  in  the  rule  of  combinations. 

But  as  to  the  coefficients  of  the  terms,  it  is  easily  con- 
ceived, that  the  rules  (a)  and  (fr),  in  1,  §  XXV,  in 
the  case  where  the  numerical  expression  [a/^y.-.X]  is 
changed  to  [a^^y^...idfc],  must  undergo  many  modifi- 
catiims,  and  first,  for  this  reason,  because  in  this  case 
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then  the  number  of  divisions  (§  XXIX.)  which  the 

numbers  «,  i,  r,  &c.  admit  of^  is 

1         

1  .  2...fi  X  1  .  2  ...ft''  X  1  .  2  ...fi^'x&C. 

1.2.3 g  -  1  .  g 

(1.2...a)''x(1.2...a0'*'x(1.2...a^0'*"x&c. 

1.2.3  >  -  1  .  ft 

(1.2...6rx(1.2...yr'x(1.2...4'0'*"X&c 

1,2.8 t  -  1  .  C  ^ 

(1.2...crx(1.2...(/r'x(1.2...(/0''"  +  &C. 

9.  But  from  §  XXV.  1  .  (&),  the  coeflScient  of  every 
term  which  is  combined  with  the  term  (yp} 

=  (1  .2...m— iyx(1  .2...m'— l^x 
(1  .2...m''— ly'x... 
Further,  as  in  §  VI. 

ic=:  1  .2  fg  X  1  .2  ...i  X  1  •  2«««C  X  ••• 


10.  We  . ' .  have  for  this  case 

(1  .  2-.1II— l)**  X  (1  .  2...fnf'-l)^  X 
(1  .2...m^^-l)'*"  X  &c. 


[' 


] 


^  "  1  .  2. ..a  X  1  .  2. ..6  X  1  .  2...C  X  &C. 

of 9  wheii  for  JV  its  value  in  8  is  substituted, 

(1  .2...m— ly  +  (1  .2,..m^-l>''  x 
(1  .  2...W^— ly  X  &c. 


N 


f 


1 


" 

1 . 

2.../[i  X 

1  . 

i...f/  X 

1  .2.. 

y^  X 

&cn 

X 

(1 

•  z .  < 

..oVx 

(1 

.  s...</y 

x(l. 

.  s...<^Y' 

x&c. 

X 

(1 

.  2. 

..Vfy. 

(1 

.  i..Mr' 

x(i 

.». 

..j/'y 

x&c. 

X 

(1 

.2. 

..cYx 

(1 

.  8...c'y»' 

x(l 

.9. 

,..e'y 

x&c. 

X 

•  ..  1 

» •  •  •• 

•  ...  oC 

• 
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or 
11. 

r(l  .  2  . . .  in  —  1)**  X  (1  .  2  .  .  .  m'  ^  l)**'  X 1 

jp_  L (1.2  .  ..'ml'-^xyf  ^  ^-    „  ^ 

"*  P       1  .2...'*  X  1  .  2...'*'  X  1.2...'*''  X  &c.- 
X   (1  .  2. ..a  X  1  .  2...&  X  1  .  2...C  X  &c>* 
X   (1  .  %...ol  X  1  .  2...y  X  1  .  2...</  X  &c.>*' 
X  (1  .  2..,a'^x  1  .  2...fr''  X  1  .  2...(//x  &c.>*" 
^x   &c. 

12.  This  expression  &r  K  includes  that  in  7^  because 
we  obtain  the  former  when  ive  substitute /Li=/Lt^=ju^^=:&c. 
=  1  in  the  ktter ;  it  is  consequently  quite  general,  and 
obtains  for  all  imaginable  cases. 

In  the  case  where  one  of  the  numbers  m,  vul,  wf'^  &c. 
say  171,=  1,  we  must,  instead  of  the  product^l  .  2...m— 1, 
merely  put  1. 

13.  The  sign  of  the  term  (yp)  is  always  the  same  as 

that  of  the  expression  (Tm)^  x  (TmO*^  x  (w?')^", 
when  er^  time  we  merely  give  the  numbers  m,  in<,  w/^j 
dtc,  the  sign-*when  even,  and  the  sign  +  when  odd. 
The  reason  of  this  foBows  firom  §  XXV.,  1.  (c.) 

Example.  Determine  the  coe£Saent  and  the  sign  of 
the  tenn 

(Sa+  7P  X  2y  +  4S)  (5a  +  47  +  S)»  {Say^ 
of  the  solution  of  (o"/3  ^  7*  *8^). 

HereavS,  &=s7j  c=2y  ds4;  a^s5,  ft^=sO,  c^=s4, 
£^=1;  af^^zS:,  further  /a=l, /=S,  ^^^=4;  .•.«!= 
a+fc+c+dseie,  m^so'  +  i'+c^+i^sslO,  wl^^d'^b. 
We  have  consequently  from  the  formula  in  !!• 
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j._(l  ,2  .3.,.15Vx(l,g.3,..9yx(l  .g.8.4y 

1X1.2.8X1.2.3.4 
X    (1  .  2.  3  X  1  .  2  ...  7  X  1.  2  X  1  . 2  .  3.  4V 

X    (1,2.3.4.5  X  1.2.3.4  xiy 
Lk    (1.2.3.4.5)4 

_  500594094 
25         • 

The  sign  of  the  term  is  the  same  as  that  of  the  ex- 
pression (—16)*  X  (  — 10)»  X  (+5)S  consequently  +. 

SECTION  XXXT. 

In  order  to  render  vhat  has  heen  already  advanced 
more  intelligible,  I  shall  here  give  the  complete  solution 
of  the  numerical  expression  (a'|3^),  which  has  already 
been  made  use  of  in  §  XXVI.  as  an  example  fer  the 
representation  of  involution.  The  terms  arc  arranged  as 
they  are  there  found. 
(a'/S»)  = 

^  iay  (^)»-A  (a)  (2a)  (g)H  A  (««)  O^)' 
-i(a)W(a+ff)  +  i(2a)(m«  +  lS)+KaXl3)U2a-he) 
-i(By(S^  +  /3)- A(«y  (/3)(20)  +  i(a)(2a)(/S)(2e) 
-J(3a) (e)  (2^)  +  i(ay(/S)  (a  +  2g)  +  i(a)(|3)(a  +  Pf 
-K2o)(^)(a  +  25)-05)(a-l-/S)(2a+jS)-5(«)(/3)(2a+2j3) 

+  2(15) (3a+2^)  +  Ka)«(2^)(o4 15)- i(2«)  (2/3) («  +  e) 
-i  (a)  (2/5)  (2a  +  /5)  +  i  (2^)  (3a  -f  g)  +  A  («)'  (3/5) 

-  J  («)  (2a)  (3iS)  +  i  (3a)  (30)  -  i  (a)«  (a  +  30) 

-  (a)  (a  +  0)  (a  +  20) -i(a  +  /5)'  +  i  (2a)  (a  +  3/5) 
+  (a  +  20)(2a+0)  +  i(a  +  0)(2a+20)-f  2(a)(2a-f-S0) 

-  ¥  (Sa  +  S$). 

From  this  example  we  shall  clearly  perceive,  how  we 
are  to  proceed  in  every  other  case,  and  it  seems  to  me 
unnecessary  to  add  any  thing  more. 
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III.-^N  THE  VALUES  OF  THE  FUNCTIONS  OF  THE 
BOOTS  OF  AN  EQUATION  WHICH  ARE  NOT  SYM- 
METRICAL, AND  ON  THE  METHOD  BY  WHICH  TO 
MAKE  THESE  VALUES  DEPENDANT  ON  EQUATIONS. 

SECTION    XXXII. 

SYMMETRICAL  fiiDctions  differ  from  the  others 
in  this,  that  in  the  first  place  they  contain  all  the  roots  of 
the  given  equation;  and  secondly,  these  roots  are  so 
combined  with  one  another,  that  the  functions  in 
each  transposition  are  changed.  For  this  kind  of 
functions,  it  is  sufficient  only  to  mention  in  general  the 
form  of  the  combination,  without  referring  to  the  rdots 
themsdves,  because  we  are  always  dure  before-hand  to 
obtain  the  same  results  m  the  composition.  Thus,  for 
instance,  the  expression  (12)  is  fiilly  determined,  although 
by  the  notation  nothing  more  is  indicated,  than  that  we 
are  to  take  the  sum  of  all  the  products  which  arise  from 
the  combination  of  every  root  with  the  square  of  another. 
A  (unction  of  this  kind  .'.  can  only  have  a  single 
value,  and  this  value  is  no  other  than  that,  the  way  to  find 
which,  was  shown  in  the  foregoing  §•  It  is,  as  we  have 
already  seen,  in  reference  to  the  coefficients  of  the  ^ven 
equation,  always  rational,  and  it  must  necessarily  be  so, 
because  otherwise  the  function  would  have  more  values. 

But  this  is  not  the  case  with  the  other  fimctions.    If 
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we  merely  wished  to  give  the  form  of  their  combination^ 
we  should  not  by  this  means  alone  be  able  to  determine 
the  function.  If,  for  instance,  a,  &,  c,  be  the  three  roots 
of  an  equation  of  the  third  degree,  then  indeed  the  sum 
of  all  the  three  roots  a-^b  +  Cf  can  only  be  expressed  in 
one  way ;  on  the  other  hand,  the  sum  of  two  roots,  in 
three  different  ways,  viz.  by  a+i,  a  +  c,  &  +  c ;  and  the 
difference  of  two  roots  may  be  expressed  in  as  many  as 
six  different  ways,  viz.  by  a— 6,  6— a,  a—Cf  c—a^  J— c, 
c— ft.  A  iunction  of  this  kind  consequently  has  more 
values,  which  arise  partly  from  the  substitution  of  the 
roots  it  contains  for  the  remaining  ones,  and  partly  from  the 
transposition  of  these  roots.  None  of  these,  so  long  as  the 
roots  a,  by  c,  &a  are  undetermined,  can  be  found  by 
themselves  without  the  others,  because  otherwise  there 
would  be  no  reason  why  we  should  exactly  find  this  or 
that  value,  and  not  the  others  likewise.  Hence  it 
follows,  that  the  value  of  every  fimotion  which  is  not 
symmetrical,  can  only  be  expressed  by  an  equation  which, 
at  the  same  time,  includes  all  the  values  which  the 
iunction  can  contain  by  substitution  and  transposition  of 
the  roots. 

Whatever  may  seem  obscure  in  these  general  observa* 
tions,  the  £dbwing  proUoms  will  render  clear.  I  here 
remind  my  readers,  onoe  for  all,  that  I  shall  not  in  future 
denote  the  roots  of  the  given  equation,  as  heretofore,  bj 
Oj  6,  c,  d,  Ac,  but  by  a/,  a/',  o/^^,  «''',  Ac.  This  I  doj 
partly,  because  this  notation  has  been  adcqpted  by  nearly 
the  whole  of  the  modem  analysts,  and  because  it  is 
always  desirable  to  retain  the  mode  of  notation  already 
adopted,  if  it  can  be  done  without  disadvantage;  partly 
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also,  because  we  are  accustomed  to  associate  with  the 
first  letters  of  the  alphabet,  the  idea  of  determinate  nu- 
merical values ;  while,  on  the  contrary,  here  for  instance,  a/ 
denotes  neither  this  nor  that  determinate  root»  but  gene- 
ndly  any  root  whatever,  and  the  dashes  over  the  x  are 
put  Sat  the  sake  of  distinction. 

SECTION   XXXIII* 

Pbob.  From  the  given  equation  of  the  third  degree 
i«  -  -^a^  +  Bx  -  C  =  o 
determine  the  value  of  the  function  s/s/^  without  knowing 
the  roots  of  the  equation* 

S^baian  I.  Since  j/,  j/^,  x'^',  are  the  roots  of  the  given 
equatran,  we  have 

X^  ^  3/'  ^  x'''  =  A 

y  1/ V//  =  C 
and  firom  these  three  equations  we   must  endeavour  to 
determine  the  value  of  a/o/ ^ 

S.     With  this  view,  put  j/  j/^  c=  <,  substitute  thn 

value  in  the  second  and  third  equations,   and  nuiltiply 

the  first  equation  by  x/^' ;  this  gives 

x^x'''  +  x'^x^^  +  a//^«  =  Ax/^' 

t  +  x^x^''  +  x^  V'^  =2  B 

x/'U  =  C 

If  we  subtract  the  first  of  these  equations  firom  the  second, 

C 
and  then  substitute  for  x^^'  its  value  —  from  the  third 

t 

equation,  we  obtain  the  following  equations  for  t : 

i?  -^  Be  +ACi  -(?  =  o 
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The  value  of  xfx**  can  only  be  found  by  the  solution  of  an 
equation  of  the  third  degree. 

8.  If  we  had  put  x^a/^^,  or  a/V^'  =  /,  we  should  have 
found  the  same  equation.  Hence  we  may  safely  conclude, 
that  the  values  sfxf'^  a/x^^\  x^^a/^\  must  be  the  three  roots 
of  the  equation  found. 

4.  This  consequence  might  very  easily  have  been 
foreseen.  Since,  then,  there  is  no  reason  why  the  equa- 
tion for  t  should  give  exactly  the  product  3/x^\  and 
not  also  the  product  s/x^^\  or  j/V^^,  as  the  three  roots 
a/,  9/\  a/^^,  are  in  some  way  contained  in  the  given  equation^ 
consequently  it  must  necessarily  be  of  the  third  degree. 

5.  We  could  .*•  also  have  found  this  equation  in  a 
direct  way.  Since^  for  instance,  o/o/^,  » V^^,  o/V^^,  must 
be  the  three  roots  of  the  required  equation,  consequently 
it  can  be  no  other  than  the  following  equation : 

If  we  actually  multiply  the  three  factors  in  the  first  part, 
we  obtain 

1?  -  Qx/a/'  +  a/a/'^  +  ^^V^O «' 

—  «^V^V^'«  =  o 

or  sincea/j/'  +  j/x/^'  +  «^V'^=iJ,a/»a/V//+x^a//V^^+ 

{jfs/'s/"^  =  C%  the  same  equation  as  we  have  above. 

Example.  In  the  equation  j:^  +  x*  —  S*  j:  —  60  =  o, 
ui  =  —  1,  J8  =  —  32 ;  C  =  60;  .-.we  have 
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fi  +  S2£«  —  60t  —  3600  =  o, 
an  equation,  whose  roots  are  the  product  of  every  two 
roots  of  the  former  equation.     Thus  the  roots  of  this 
equation  are  +  10,  —  12,  —  30,  and  the  roots  of  the 
former  are—  2,  —  5,  +  6» 

P£0B«  From  the  given  equation  of  the  fourth  degree 
X*  —  -rfi^  +  Bj:*  —  Gr  +  JD  =  o 
determine  the  value  of  the  fimction  a^. 

Solution  1.  Since  all  the  roots  are  contained  in  the 
given  equation  in  the  same  way,  and  for  the  root  whose 
square  is  required,  nothing  nearer  can  be  determined; 
consequently  the  square  of  one  of  the  roots  cannot  be 
found,  without  at  the  same  time  finding  the  squares  of  all 
the  reni^ing  ones.  Therefore  the  equation  by  which 
x^  is  expressed,  must  necessarily  be  of  the  fourth  degree. 

2.  If  •*  •  we  put  a/^  =  t,  then  the  equation  which 
gives  the  value  of  t  must  be  of  the  fourth  degree,  and  its 
roots  must  be  x^^  j^%  i/^'^  x^^.  This  equation  is.', 
composed  of  the  four  particular  equations 

<  —  a/«    =  o,  t  —  j/^    =0 
^  —  j/^^  =  o,  «  —  x"^  =  0 

and  consequently  is  no  other  than  the  product  of  these 
last.    By  actual  multiplication  we  have 

-  (x/V^V^  +  x/V^V^«  +/V//»a''^  +  x^/«x^//V»)e 
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It  only  remains  now  to  express  the  ooefBcients  of  this 
equation  hj  the  coefficients  of  the  given  one. 

3.  But  this  equation,  when  we  use  brackets,  may  be 
thus  represented : 

£*  -  (2)  <»  +  (2«)<*  -  (2»)  t  4-  (2*)  =  o 

and  the  values  of  the  numerical  expressions  are  obtained 
directly  from  the  annexed  Tables.  Thus,  since  the 
coefficients  E,  jP,  &c.  =  o,  we  find 

(^2)  =  -^  -  25,     (2«)  =  jP  -  ft  AC  +  2Z>, 

(250  =  C«  -  2BD,  (2*)  =  />», 

By  substituting  these  values,  we  have 

£4  _  (^  ^  2B)fi  4-  (-B*  -  2-rfC  +  2D)e  - 
(C«  -  2J82))  t  +  D*  =  o 
which  is  the^uation  sought. 

4.  We  could  also  have  found  this  equation  in  the  foU 
lowing  way.  Put  x^^t^  oix  zz,  a/  t,  substitute  this 
value  of  JT  in  the  given  equation,  and  place  all  the  terms 
ill  which  ^  t  is  involved  on  one  side  of  the  equation. 
Hence  we  obtain 

fi  +  Bt  +  D  =  (Jt  +  C)  ^/^ 
If  this  equation  be  squared,  and^properly  arranged,  we 
obtain  the  same  equation  as  in  S. 

Example.  In  the  equation  a:*  +  lOx*  +  25a:*  —  2r 

—  12  =  0,  we  have  ^  =  —  10,  J»  =  25,  C  =  2,  2)= 

—  12.    The  equation,  whose  roots  are  the  squares  of  the 
roots  of  this  equation,  is  •*• 

e4  _  50  (3  +  641  (■  —  604  <  +  144  =  o. 
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The  roots  of  the  former  equation  are  —  3  +  a/S^  —  3  —  V5, 
— 2  +  4/7,  —2—  a/7  ;  the  roots  of  the  latter  are  14— 
6^/5,  14  +  6-V/5,  11-4a/7,  11  +  4\/7;  these  last  are 
the  squares  of  the  former. 

SECTION    xxxv. 

Pbob.  From  the  given  equation  of  the  third  degree 
*«  -  ^a*  +  jBx  -  C  =  o 
find  the  value  of  the  function  oj/j/^+ijr^^^ 

Solution  1.  The  equation,  by  which  the  function  ax^j/^ 
■^-bx/^'  is  expressed,  or  on  which  it  depends,  must  con- 
tain all  its  possible  values.  Since  in  this  function  all 
the  three  roots  occur,  it  is  only  necessary,  in  order  to 
find  its  different  values,  to  transpose  these  roots  in  all 
possible  ways,  and  retain  those  of  the  results  which 
difier  from  one  another.  But  the  results  of  these  trans- 
positions are 

aa/V+6x^^  ox^/V+ftx^^  aJt^'V^+6a/ 
amongst  which  there  are  only   three  which  are  different 
from  one  another,  viz. 

ax!s/'^hx''f,  aj/a/''+bj/^,  ai/^j/^^+bx^. 
The  required  equation  must  consequently  have  these  three 
functions  finr  roots. 

£.  If  .*.  we  denote  each  of  these  undetermined  func- 
tions by  t,  we  then  obtain  the  three  particular  equations. 

t  -  (ax^JL^^^  +  62^0  =  o 
t  -  (a j^V^''  4-  fc^O  =  ® 
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Mid  the  poduet  of  these  gives  the  equation,  from  which 
the  value  of  each  of  the  three  functioiis  must  be  de^ 
termined.     It  may  be  represented  by 

fi  -  AU^  +  B^t  —  C  =  o. 

S.  Then 

A'=  {ax'j/'  +  bi/^^  +  {ax'j/'' + bx/^)  +  (ox^V^^  +  bx") 

=  a(l«)  +  6(l) 
B'  =  (ax'x'^-^bx/'^)  {ax^i'^^-^bj/') 

+  (ax/x^^ + bx''')  {ax'^x^'f  +  bx') 
+  {ax/i'^'^-bx^')  (ox'V^^  +  ia/) 
=  a«(l»2)  +  a4(l  2)  +  i*  (l'^) 

I{6>i  the  numerical  expressions  we  isubstitute  their  values 
from  tlve  annexed  Tables,  we  then  obtab,  since  D,  E, 

A'^aB^bA 
B^=a»ulC+«»US-SC)  +  ¥B 

and  ocmsequently  the  equation  on  which  the  required 

function  depends,  is 
fi-{aB^hA)^'^[(3?AC'{^abiAB'^^Cy,-\-b^B]t 
-[o^C +a«6(-4«C-25C) + fli^C^-  ZAC) +4»CJ  =so 

SECTION    XXXVI. 

Vto'B,  From  the  given  equation  of  the  third  degree 
j:^  —  -Ar»  +  S*  —  C  =  o 
find  the  equation  on  which  the  function  j/— a^'  depends. 

Solution,  The  function  x^—x^^  contains  the  six  follow- 
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iDg  values,  which  arise  partly  from  the  subititutioni  and 
partly  from  the  transposition  of  the  roots : 

a/-:c^/,  x'-s/'^,  j/'^x"'' 

r//  _  r^     Y  /// T^     r^^/ v^^ 

The  required  equation  is  .  * .  the  product  of  the  following 
six  particular  equations  : 

t  —  (t'  -  y^O  =  0,  f  +  (j/  —  a/^0  =  o 

t  —  (i^^-a^^O  =  0,  /  4"  (j/^-a^''0  =  o 
or,  when  every  two  of  the  opposite  equations  are  multiplied 
together,  the  product  of  the  three  following  equations : 

(^  -  (2^  —  x^y  =  o 

from  which  it  follows,  that  it  only  contains  even  powers 
of  ^     Let.-. 

^  _  j/^  4-  5/(3  _  e  =  o 

be  this  equation ;  then 

A^  =  (x^  -  x^y  +  (a^  -  x'^y  +  {x^^  -  x'y 

=  2(2)  -  2(12) 

+  (1^-1^/0*  (^'-^'0* 

=  (4)  -I"  3(2*)  -  2(13) 

a  =  (j/-a^o'(^-^T(^^-^'0* 

=  (24)  -  2(3^) -6(2^)  + 2(123) -2(1*4) 
Now,  if  we  take  the  values  of  the  numerical  expressions 
from  the  Tables,  after  the  proper  reduction,  we  find 
A^  =  2A^  -  6B 
&  ^  A^--  6J^B  +  9B' 
.  C^  =  A^B^  ~  4S«  -  4A^C  +  IBABC-^YC 
and  .  * .  the  required  equation  is 
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-  (J«JP-4JP  -^  4J3C  +  18^50  -  27C2)=o, 
whose  roots  are  the  differences  of  the  roots  of  the  given 
equation. 

Example.  In  the  equation  i^  —  Sx-  +  igx  —  12  =  o 
^=18,  jB=19,  C=12;  .-.-rf^rrU,  jB^=49,  C^=36, 
and  consequently  the  equation  for  the  differences  is 

t«  —  14«*+  49<*  —  36  =  o. 
The  roots  of  the  first  equation  are  +1,   +3,  +4  ;  the 
roots  of  the  last  are  +I9  —1,  +2,  —2,  +3,  —3,  as 
required. 

SECTION   XXXVII. 

« 

PaoB.  From  the  given  equation 

fi  -  Ax^  +  Bx-  C  =  o, 

find  the  equation  for  the  fraction  —^, 


Solution  1.    The  function  ^,,  by  the  substitution  and 

transposition  of  the  roots,   contains   the  six  following 
values  : 

^    f^    ^    ^      x^    x^ 

|X>  w  M<  M>  lA  t^ 

The  equation  by  which  these  functions  are  expressed, 
is  •  * .  of  the  sixth  degree. 

2.  This  equation  is  represented  by 

consequently  A^  is  the  sum  of  the  functions  given  in  I, 
B^  the  sum  of  their  products,  two  and  two,  O  the  sum  of 
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their  products  three  and  three,  and  so  on.    Henoe,  after 
the  usual  reduction,  we  get  the  following  values: 

_(18) 


+ 


«-  =2+«- ^gr;p 

"^  x'*x"*x"'*  ' 

If  we  proceed  further  with  the  calculation,  we  find  the  same 
expression  for  /y  as  for  B',  and  for  E'  the  same  expression 
as  for  A' ;  further,  P,  as  the  product  of  all  the  abore 
six  functions,  =  1. 

S.  Now,  if  we  substitute  for  the  numerical  expresaons 
their  values  taken  firom  the  Tables,  we  obtain      , 

AB-SC 


A'  =  E'  = 


Bf  =  jy  = 


c 

BP  -  5ABC  +  A'C  +  6C 


^  _  6 ABC  -  70  +  A'B"-  -ZB'-  9A'C 

O 
/^=  1 
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and  these  are  the  coefficients  of  the  assumed  equation 
for  ^ 

Example.    In  the  equation  x^  +  2r  — x  —  2  =o, 
we  have  ^  =  —  2,  i?  =  —  1,  C  =  2.     Hence  we  find 

A'zsE^^  -2,  B^zsiy-^  11,  Cy::x,^X    Consequently 

4  2 

the  required  equation  is 

.      (6  +  2i«-~e*— i^^-— ««  +  2«+  1  =0 

4  2  4 

The  roots  of  this  equation  arc  —  1,  —  1,  —  2,  —  i, 

+  2>  +  i»  which  must  be  the  case,  since  +  1,  —  1,  •—  2 

are  the  roots  of  the  given  equation. 


SECTION   XXXVIII. 

The  equations  for  ^  which  we  found  in  the  fore- 
going §,  and  which  may  be  found  in  a  similar  way  for  all 
other  functions,  may,  in  reference  to  those  which  are 
given,  be  called  transformed  equations.  The  degree  and 
form  of  these  last  depend  upon  the  (unctions  which  we 
assume  for  ^  In  the  Amotions  of  which  we  have  hidicrto 
treated,  the  transformed  equation  has  always  been  either 
of  a  higher  or  of  the  same  degree  as  the  given  mie.  But 
there  ar^  functions  for  which  the  given  equation  is  of  a 
lower  degree ;  and  in  this  case  it  can  sometimes  serve  to 
solve  the  given  equation,  as  will  be  shown  by  the  two 
following  examples  for  equations  of  the  fourth  degree. 

SECTION    XXXIX. 

Prob.  From  the  given  equation  of  the  fourth  degree 
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a*  -  ^j^  +  fii*  -  Cj  4-  /)  =  o 
find  the  value  of  the  function  x!x^^  +  a/' V. 

Solution  1.  Since  in  the  fanction  xV^  +  x^^V^  all 
the  roots  occur  at  (mce,  they  can  only  alter  their  value  by 
transposition.  But  the  four  roots  a/,  a^^,  a/^',  a/*",  may 
be  transposed  in  1  .  2  .  S  •  4  ^  ^4  ways,  and  the  results 
thus  obtained  are 

:r^j^^  +  x^^x^^\  txfxf^*  +  j/^x/',  x^r'*'  +  x^'V 
a'V  +  x''V%  x^'V  +  x'^x^,  x^V  +  x^V^ 
j^V  +  x'V^  x^^V  +  x^V^  x^x^  +  x^^V^ 

x^^V  +  x^V,  x'^V  +  x^'V,  x'V/  +  x^V 

It  is  immediately  seen,  that  eight  of  these  results,  which 
are  in  the  same  vertical  column,  are  always  equal  to  one 
another,  and  that  also  the  function  can  have  no  more  than 
the  three  following  different  values : 

The  trans&rmed  equation  is  consequently  of  the  third 
degree,  and  its  roots  are  the  values  just  mentioned. 

S.  Let  this  equation  be  expressed  by 
|8_^/,«4.jB/|_C'  =  o; 

then,  from  the  nature  of  equations. 
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=  (!') 

=  (1^2) 
=  C2*)  +  (l^S) 

8.  Now  if  we  take  the  values  of  the  numerical  expres- 
sions from  the  annexed  Tables,  and  then  substitute  for 
A^y  B^y  Oy  their  values  found  in  the  assumed  equation, 
we  obtain  the  required  transformed  equation 

<3-jB<«  +  (JC«^4Z>)  «—  (C«-4SD4-^'^2>)  =  o 
I  shall  now  proceed  to  show  what  use  can  be  made  of 
this  equation  in  the  general  solution  of  equations  of  the 
fourth  degree. 

SECTION    XL. 

Let  it  be  assumed,  that  we  can  find  a  root  of  the  trans- 
formed equation ;  let  t^  be  this  root,  .  • .  a^j/'  +  j/^V= /^. 
It  only  remains  now,  from  this  equation,  together  with 
the  others,  which  express  the  known  relations  between 
the  roots  and  the  coefficients,  to  determine  the  values  of 

•  For  this  purpose,  combine,  first,  the  two  equations 
These  give 

=  (^2  _  42) 
j/x^^  -  x'^  V^  =  V  0^2  -  4Z>) 
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Combine  the  two  equations 

(y  +  o/O  +  (^^'  -{-  x^=  J 

These  ^ve 

Now  we  know  the  values  of  x^x^^f  xf  +  a/^j  xf^^jf^y 
y//  ^-  x"'.  From  the  two  first  of  these  values  we  can 
determine  the  roots  x^^  x'\  and  from  the  two  last  the  roots 
x^'^y  x^f  merely  by  the  s^dution  of  quadratic  equations. 

In  this  solution  it  ia  only  sufficient  to  know  one  root  of 
the  transformed  equation. 

8KCTIQK   XLI. 

Prob.  From  libe  ginn  equation  of  the  fourth  dcgsee 
or*  -  wix»  +  £1*  —  Cjt  +  Z)  =  0, 
determine  the  vahe  of  ihe  function  (j/+ j:^^— j/^^— j/*^)*. 

Solution  1.  If  we  proceed  with  this  function,  as  we 
have  already  done  with  the  function  a  V  +  x/^^x^^  we 
shall  thcp  fi^d  no  more  than  the  three  following  different 
values: 

(x^^x^'^x^'^^x^^,        {xf^x/f^-^x^f'-x/y 

^ydi  consequfintly  likewise  4epeBd  mi  an  equation  of  the 
third  dqrree.     This  eqw^tion  we  could  find  in  the  usual 


^4 

way :    the  following  method,  however,  in  this  case,  leads 
much  more  readily  to  the  desired  object.  ^ 

2.  Thus  if  we  put  (i^  +  2/^  ^  x^^^  —  x^f  =  t; 
then  . 

-  2x^^x^^^  —  2x^^j^  +  gx^/'x^ 

+  4(a/x^/+j/^/x^) 
=  [1P-4[1«]  +  (4x/i^/  +  x^^''j^) 
=  -rf«  -  4JB  +  4  (x  V^  4-  x^''^x^) 
and.-, 

x^x^/  +x^''x^= ^-±~^ 

4 

8.  Now  since  x^x^'  +  x^'^x'^  is  exactly  the  function  for 
which  in  §  XXXIX  the  equation 
fi^Bfi-^-  (AC  -  4  D)  ^  -  (C«  -  4,BD  +  AW}  =  o 
was  found,  consequently  in  this  equation  it  is  only  necessary 

to  put for  L     Hence  we  find  the  equation 

642>)  «-(^«-4ii5+8C)2=0, 
whose  roots  are  the  functions  given  in  1. 

Hence  also  we  may  obtain,  as  in  the  preceding  §,  a 
solution  of  equations  of  the  fourth  degree,  which  may  be 
seen  immediately ;  only  it  is  here  assumed,  that  all  the 
three  roots  of  this  equation  are  already  found. 

SECTION   XLII. 

LetY,  V^  f^^^,  be  the  three  roots  of  the  transfiirmed 
equation  in  the  foregoing  §,'then  we  have 
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(«/  +  jfy  -  x^/  -  0/^7  =  ifff 
and  consequently 

If  we  combine  these  three  equations  with 

we  obtain,  merely  by  addition  and  subtraction,  the  follow- 
ing expressions  for  the  roots : 

a/'    = 

a/*-  = 

4 

Instead  of  which  .  * .  we  have,  so  soon  as  we  have  solved 
the  expression  for  t^  the  four  roots  of  the  given  equation. 
But  here  there  appears  an  evident  difficulty.  Thus, 
since  in  the  values  of  a/,  j^',  x^^\  xf^^  there  are  three 
nxjts  \/<^,  ^/tl\  ^tl"^  and  these  roots  may  be  assumed 
to  be  either  positive  or  negative, — the  question  is,  how 
we  are  to  proceed  in  order  to  determine  the  signs.  For  this 
purpose  consider  the  last  term  of  the  transformed  equation. 
Since  this  term  must  be  the  product  of  its  three  roots,  we 
hare 


4 

A 

+ 

^C- 

>/i" 

— 

^t!" 

4 

A 

— 

'Jtf  + 

Vt" 

— 

^t!" 

4 

A_ 

— 

-v/t'- 

+ 

>Jt/" 
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J!^''^AB+SC-^^t^tf^i'^^  =  ^/e.  s/i".  s/t''^. 

Now  if  i^^^AB-k-  8C  be  positive,  then  also  the  product 
tji' .  ^il'  .  ^^'^  must  be  positive,  and  oonsequently  the 
signs  can  only  be  combined  together  in  the  four  following 
ways : 

+    Vt^   -   ^/(^   -    ^fi^" 
-  ^/^   +   ^/t^   -  ^/«^^^ 

and  these  combinations  give  the  above  values  for  x\  xf'^ 

M>         9    **        * 

If,  on  the  other  hand,  A^  —  A^AB  +  8C  be  negative, 
then  the  product  *Ji^ .  ^/^'  •  +<^''^  is  also  negative,  and 
consequently  in  this  case  the  signs  can  only  be  combined 
in  the  four  following  ways : 

and  these  combinations  give  the  foUowing  values  for  ji/, 

I*    ,  wi>     9  **      ■ 


*       -                             4 

^   +     A/t'  -    Vi''   + 

^/H" 

^      -                            4 

^//  _  ^  -  '/*'  +  Vt"  + 

s/tf" 

4 

,,    _  ^  -   a/«/  _    a/£''  - 

^If" 

Example.  In  the  equation  jr*  —  8*^  —  15j*  +  IQj:  -f 
30=0,  ^=S,jB=  — 15,  C=-19;  2>=30.  These 
values,  when  substituted  in  the  transformed  equation, 
give 

fi  -  147r«  +  suit  --i^  55y 
The  roots  of  this  equation  are  1,  25,  121.    Now  since 
here  J?^^AB'\- 8C=  +  55,   positive  consequently,  .  • . 
the  four  first  values  for  j/,  j/^  j/^^,  3^^^  must  be  taken, 
and  these  give  a/=i  5,  a/'=  —3,  a/^^=  —  1,  x'^'s  +  2. 

SECTION   XLIII. 

Prob.  From  the  given  equation  of  the  indeterminate 
nth  degree 

2^  -  AxT-^  +  5jc^  —  C»r«  +  &c.  =  o, 
find  another  equation  for  the  squares  of  its  roots.. 

Solution  1.  Let  the  required  equation  have  the  roots 
a/*,  a/^^,  o/^^,  x'^,  &c.  it  must  consequently  be  composed  of 
the  n  ample  equations  I— jb^=o,  t^o/^aBO,  £— o/^^^sso, 
ftc.  Hence  we  have,  as  in  §  XXXIV,  the  transfermed 
equation 

r  -  (2)r-^  +  (2«)r^~  (23)r"5  +  (2*)  r^)  + 

±  («-')* +  (20  =  0 

The  numerical  expressions  may  either  be  taken  imme- 
diately firom  the  Tables,  or  may  be  found  by  the  method 
given  in  the  two  preceding  chapters. 

2.  But  this  equation  may  also  be  found  by  the  second 
method  in  §  XXXIV.  Put  for  instance,  a:«=l,  .-. 
x=  A/f,  and  substitute  this   value  of  ar  in  the  given 


equation.  Here  there  are  two  distinct  cases ;  viz.  one 
when  n  is  even,  the  other  when  n  is  odd. 

3.  First,  let  n  ==  2m.    Arrange  the  given  equation  thus : 

a*»  +  Bi«— «  +  jD^r*^ + Fjt^"-*  +  &c. 
=  i4  j^—*  +  Cx*^'  -h  jBi*"-«  -I-  Gx^— 7  +  &c. 

Substitute  ^t  for  x ;  this  gives 

r + J?r-* + l>r-« + Fr-3  4- &c. 
=  (ile'*-^+Cr-«+i:r-'+G<"-^+&c.)  >/«; 

or,  when  both  sides  of  this  equation  are  squared,  and  the 
terms  properly  arranged, 
<«•  +  (2JB-^«)  «2— «  +  (2D-2JC  +  JP)  r-— » 
+  (^F-'^AE  +  25Z)-  C^)  i^-^  +  &c.  =  o. 

4.  Let  n=2m+ 1.  In  this  case,  when  Vt  is  put  for 
X,  we  have 

(r+Br-^4-Z)r-»+Fr-«+&c.)  v'e 
= -rfr  +  cr-' + jBr-« + &c. 

and  when  both  sides  of  the  equation  are  squared,  and 
the  tenns  properly  arranged,  we  obtain  the  same  equation 
as  in  S,  except  that  we  get  2iit+ 1,  instead  of  2m. 

5.  For  both  cases  of  the  equation  we  consequently  have 

e+  (2B--4«)<*-»  +  (2Z)-2^c  +  jB«)  r-^ 

+  (2F-2^jB  +  2BD'-C^)  <-«+&c.  =  o. 

Remark.  If  we  had  not  already  known  how  to  find  the 
expressions  (2),  (2*),  (2^),  &c.  by  another  method,  we 
could  have  found  them  immediately  by  these  means,  by 
placing  the  equations  in  1  and  5,  opposite  one  another,  and 
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putting  the  ooefficieiits'  of  the  same  powen  of  t  equal  to 
one  another.     Thus  for  instance  we  obtain 

-  [2]   =  2B  -  J« 

[2«]  =  2D  -  2AC  +  JB« 

-  [2«]  =  2F  -  ftAE  +  2jB2)-  C« 

[2^  SB  2fl^  -  2AG  +  StBF  -  2CF  +  jy 

&c. 
from  which  the  law  is  easily  seen. 

If  we  denote  the  coefficients  of  the  given  equation,  in 
order  to  denote  the  places  which  they  occupy  in  it,  by 

I         S         S        4 

J^  Ay  Ay  Ay  &c  mstead  of  Ay  By  C,  2>,  &c.  the  law 
will  be  still  more  easily  perceived.     Then  we  have 

-  [2]   =  2  A  -  A  J 

4  3     1  9     S 

[2«]  =  2i*  —  2AA  +  AA 

e  5     1  4     9  3    3 

-  [2»]  =  2^  -  flAA  +  ^AA  -  AA 

8  71  69  S344 

[2*]  =  2^  —  ^AA  +  2AA  -f  AA  AA 
and  in  general 

±  [9r]csSiA-2AA+^AA-'2AA+  ... 

M-l»-l  ■   ■ 

"^  AA±  AA 

the  npper  sign  obtains  when  n  is  even,  and  the  lower 
when  If  is  odd. 

Euler  uses  these  formulae  for  finding  the  impossible  roots 
of  an  equation  [Complete  Introduction  to  the  Differential 
Calculus,  transhted  by  Michelsen,  Part.III.  p.  135],  bdt 
he  gives  no  proof  of  them,  but  merely  says,  that  they  may 
be  found  by  the^theory  of  combinations.  A  proof  of  these 
ibrmuls  different  from  the  above,  may  be  seen  in  Klugel's 
Mathematical  Dictionary,  Art.  Combination,  p.  469,  ^ 
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SECTION   XLIV. 

Pbob.  From  the  given  equation 
X"  --  Jj^^  +  J3x^  -  Gr^  +  &C.  =  0, 
find  the  equation  for  the  mth  powers  of  its  roots. 

SoltUiotu  The  roots  of  the  required  equation  are  2^", 
j/^"*,  j///",  &c.  Henoe  we  obtain  in  the  same  way  as  in 
the  foregoing  §,  the  equation 

r-[m]£-*+[»i«]r^-[i»3]r^+[TO4]<-4  - 

±[«»-*l«+K]  =  0 

The  numerical  expressions  here  are  all  of  the  form  [a*], 
and  .  * .  may  easily  be  found. 

SECTION   XLV 

Frob.  From  the  given  equation 

find  the  equation  for  the  differences  of  its  roots. 

Solution  1.  The  number  of  the  different  values  which 
the  function  a/  ^  3/^  contains  by  the  substitution  and 
transposition  of  the  roots,  is  equal  to  the  number  of 
variations  (in  the  sense  in  which  Hindenburg  uses  this 
word)*  of  n  different  things  of  the  second  class,  •*.  =  }&• 
(h— 1).  The  required  equation  is  consequently  of  the 
n  .{n-^  l)th  degree.  Further  it  is  evident  firom  § 
XXXVI,  that  this  equation  contains  only  even  powers 
off,  and  that  .*.,  when  for  the  sake  of  brevity  we  put 
n  .  (n—  1)  =  2iti,  it  has  the  following  form : 

•  Sec  vol.  1.  p.  83,  note. 
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and  the  roots  of  these  equations  are  (jsf  —  a/')",  (ji/  ^xf^'f^ 

The  coefficients  J\  B\  C\  &c.  may  be  determined  in 
the  same  way  as  in  §  XXXVI.  yet  the  calculation  by 
this  method  is  attended  with  many  difficulties,  and  besides^ 
the  law  of  the  terms  cannot  be  easily  discovered.  The 
following  method,  which  will  be  frequently  used  in  the 
sequel,  is  more  simple  and  general. 

S.  For  this  purpose,  put 

&c. 
then  the  expressions  Sly  S2,  SSy  &c.  are  no  other  than 
the  sum,  the  sum  of  the  squares,  the  sum  of  the  cubes 
&e.,  of  the  roots  of  the  equation  for  t. 

8.  Since  the  expressions  Si,  ^92,  Ss,  &c.  are  the  same 
for  the  transformed  equation,  as  the  expressions  (1),  (2), 
(S),  &c.  are  for  the  given  equation,  consequently  the 
formulas  feund  in  §*  IX.  are  equally  applicable  to  the 
coefficients  A^,  Bf^  C\  &c.,  when  throughout  S\,  S%,  SS^ 
Ac.  arc  put  fiir  (1),  (2),  (8),  &c.  and  also  —  -^^  +  B^^  - 
O,  for  A,  B,  Cy  ftc.     Thus  we  have 

A':=^Sl 

&c. 

M 


B'Sx  -  A' Si  +  Ss 

s 
C'Sl  -  B'Si  +  A'SS  • 

-S* 

V   ' 


J 
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If  we  had  calculated  the  expressions  Si,  SZ,  Ss,  &c.,  we 
should  have  foupd,  by  means  of  these  equations,  the 
coefficients  J\  B',  C\  jy,  &c 

4,  If  the  expressions  Si,  SS,  SS,  &c.  are  solved,  we 
obtain 

Si  =  («-l)  (a/s  +  x"*  +  af"*  +  &c.)  -  2  (a/«"  +  a/*"' 

=  (n- 1)  (2)  -  2(1») 

-S2 = («- 1 )  (j/* + x"« + x'-'^H  &c.)  -  *(3^a/'» + ' V + a/j/"* 
+«'»«'" +*'V«+«'«'x"/  +  Ac.)  +  6{«'*x"»  +  x^j/"* 

=  fn  -  1)  (4)  -  4(1S)  +  6(2») 
8i  =  (n-l)  («^«  +  x"'>  +  a'/'*  +  &C.)  -  6  {3/3/"'Jf3/^sl' 
+j/x'''*+x'V'+«'V^'»+ir''V'  +  &C.)  +  I5(*«j/'* 
+««''«  +  a/*!if"^  +  i'V*  +  3^'^x!"*'  +  «"V'»+  &cO 
-  2  0  (j/»j/'» + a/'*'''' + j/"*"'' + &c. ) 

=  (»  —  1)  (6)  -  6  (15)  +  16  (24)  —  20  (8«) 

&C. 

These  values  of  Si,  Si,  SS,  &c.  need  only  be  substituted 
in  the  equations  in  S,  in  order  to  find  the  coefficients 
J',  B,  a,  &e. 

5.  But  these  values  may  at  any  time  be  leduoed,  by 
means  of  the  two  equations 

{a&)  =  («)  {&)  -(«  +  0) 

2  (««)  =  {ay  -  (2a)    . 

to  sums  of  powers  only,  and  then  we  have 
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Si  =  (»-l)  (4)  -  4  [(1)  (8)  -  (4)1  +  6p>'j<*>] 
S3  =  (n-l)  (6)  -  6  [(0(5)  -  (6)1  +  15[(2)(4)  -  (6)] 

&c 
or  after  the  proper  reduction, 
6. 

52=«(4)-4(8)(l)+6^ 

S3  =  n(6)-6 (5) (1)  +  16 (4) (2)  -  20^ 
and  in  general 

2/1.2/Lt— 1.2/Li— 2 fi+l(fif 

1   .       2  .  3 fi         2 

These  fiirmulaB  will  be  of  great  use  in  the  sequel  in  the 
theory  of  imaginary  roots  of  equations. 

RsMABK.  From  Elementary  Books  on  Algebra  it  is 

A 

known,  that  when  in  the  equation  «^— .e^a:^^+&c.,  xH — 

is  substituted  finr  x,  its  second  term  vanishes.  But 
since  by  this  substitutioui  all  the  roots  of  this  equation 
are  diminished  in  an  algebraical  sense  by  the  magnitude 

A 

— ,  .*•  their  difiierences  remain  the  same,  consequently 

also  the  equation  &r  thdr  differences  undergoes  no  change. 
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We  obtain,  however,  this  advantage  by  losing  the  second 
term,  that  the  values  of  the  expressions  (1),  (2),  (3),  &c. 
4^1,  £'2,  SSf  &C.  are  much  more  simple.     Thus  we  have 

(2)  =  -  2jB 

(3)  =  SC 

(4)  =  252  _  4/> 

(5)  =  -  5BC  +  SE 

(6)  =  -  2^  +  SC^  +  6fiZ> 

&c. 
Further,  from  6,  because  (l)  =  o,  we  get 
^l=n(2) 
iS2  ss  It  (4)  +  3(2)* 
SS  =  n  (6)  +  15  (4)  (2)  -  10(S)« 
&c 
These  formulae  nuiy  be  used  with  advantage  in  the 
case,  when  in  the  values  of  Sly  S2y  S3,  &c.>  which  have 
been  found  in  4,  there  are  such  numerical  expressions 
as  exceed  the  limits  of  the  annexed  tables.     If  this  be 
not  the  case,  it  will  be  better  to  retain  the  former  fermuhe. 

SECTION   XLVI. 

Prob.  From  the  given  equation 

find  the  equation  for  the  sums  of  every  two  of  its  roots. 

Sotiaion  1.    The  required  equation  must  have  the 
following  roo:s : 

and  the  number  of  these  roots  i&  equal  to  the  number  of 
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oombinationa  of  n  things  taken  two  and  two,  consequently 

=  — ^ — ^^,  for  which,  for  the  sake  of  brevity,  I  shall  put 

m.     The  required  equation  will  consequently  be  of  the 
mth  d^ree ;  it  may  be  represented  by 

r-^^r-^+iJ^T-^-C^r-^+ftc.  =  o. 

The  coefficients  A'^  B\  C\  &c.  may  be  most  easily  de- 
termined from  the  method  used  in  the  foregoing  §« 

2.  For  this  purpose,  then,  put 
51  = 

firs= 

&C. 

80  that  the  expressions  S\j  S2,  Ss^  &c.  denote  the 
sums  of  the  first,  seeond,  third,  &c.  powers  of  the 
roots.  If  we  have  detenpined  the  values  of  these  equa- 
tions in  any  way,  then  the  coefficients  in  3  of  the  fore- 
going §  give  the  coefficients  A^j  jff^,  C^,  &c. 

S.  if  we  solve  these  expressions^  we  get 

S2  =(w-l)(2)  +  2(1«) 
SS  =  (»—  1)  (3)  +  3(12) 
S4i  =  (»~1)  (4)  +  4(13)  +     6(2«) 
S5  SS  (n-l)  (5)  +  5(14)  +  10(23) 

&c. 
whence  the  law  may  very  easily  be  discovered. 


tmm^ 
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4.  If  we  wisli  to  leptesent  the  values  of  the  expressions 
Si,  Si,  SS,  &c.  immediately  in  sums  of  powers,  we  onljr 
need  proceed  as  in  5  of  the  forcing  §.  We -then 
obtain 

^1  =  (n-1)  (1) 

-^,  =  („_x)(«)+.    [(i^)] 

SS  =  (»-!)  (S)  +  3[(l)  (2)-(S)] 

^4  =  (n-l)(4)  +  4[(l)(3)-(4)]  +  6[^-?^^^] 

S5  =  (n-l)(S)  +  5[(lX4)-(5)]  +  10[(2)(3)-(5)] 

&c. 
or  after  the  proper  reduction 
^1  =  (n-l)  (1) 

^2  =  (11-2)   (2)  +  2^^ 

S3  =  (n-2»)(8)  +  3(2)  (1) 

S*  =  («-2»)  (4)  +  4(3)  (1)  +e^ 

S5  =  (n-2*)  (5)  +  6  (4)  (1)  +  10  (3)  (2) 

&e. 
and  in  general 

Sii=in-»^-')  (/tt)  +  M  0*-l)(l)  +^/~*(/^g)(g) 
and  the  last  term  of  this  series  is  either 


3 


2 


I  k«i. 
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or 


Z-^  (&±i)  (^) 

1.2.3 2 

according  as  m  is  an  even  or  an  odd  number. 

The  abbreviations  in  the  note  to  the  preceding  §,  may, 
moreover,  be  also  applied  here. 

SBCTION    KLVII. 

Frob.  From  the  given  equation 

ar  —  JoT-^  4-  Bjf^  ~  CxT^  +  &c.  =  o  . 

find  the  equation  fi)r  the  function  {ax^  +  bx^^^ ;    when  p 
is  a  whole  positive  number. 

Solutionis  Since  in  the  function  (aji/+ij/0%  we  can 
put  every  other  root  of  the  given  equation  for  the  roots 
d/,  y^,  consequently  the  number  of  the  values,  which  the 
function  can  contain,  =  n  .  n  —  1,  for  which  I  shall  sub- 
stitute m.  The  required  equation  is  consequently  only  of 
the  mth  dqpree^and  may  •- .  be  represented  by  the  equation 

r  -  A^tr-^  +  B^r^  —  Cf^  +  &c.  =  o. 

S.  The  method  which  has  been  made  use  of  in  the  two 
preceding  sections,  for  determining  the  coefficients  A\ 
jB^,  (y,  &c.  may  likewise  be  applied  here.  Thus,  if  we 
denote  by  jS^I,  ^$'2,  SS,  &c  the  sums  of  the  first,  second, 
third,  &C.  powers  of  the  roots  of  the  transformed  equa- 
tion, we  have 
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S3  =  (a:r^+6yO^+(aT/^  +  6iO^'  +  (ai^  +  6x^'0'^+... 

Having  detennined  these  equations,  the  equations  in  3, 
§  45^  give  the  values  of  the  ooe£Scient8  A\  B^,  C\  It  is 
now  only  necessary  to  determine  the  expression  S\  \ 
having  found  this,  we  then  obtain  the  remaining  ones, 
Sstf  SS,  &C.  when  we  successively  substitute  Sp,  Sp,  &c, 
{orp. 

To  find  Si  9  we  shall  arrive  most  readily  at  the  object  in 
the  following  way. 

8.  Make  the  new  expression  (0) 

S = (oa^ + 6«y + (,ar^^ + 6«y  +  (oj/^^  +  fey + (oj^'^ + A^)^ -f 
&c. 

in  which  z  denotes  any  unknown  magnitude  hitherto  unde- 
termined.    If  we  solve  this  expression  by  means  of  the 
binomial  theorem  according  to  the  powers  of  jbt,  we  obtain 
S  =  a^  (i^'  +  3/^^  +  s/^'^  +  ^'  +  &c.)  + 

pcT-^bij/^^  +  j//^^  -f  x^^^^^  4  x"""^^  &c.)  z 
+  &c. 

or (i^) 

+  &c 

This  equation  must  always  be  true,  whatever  we  substitute 
for  «. 

4.  Now,  if  we  successively  put  j^,  3/^,  a/^^,  a/%  &c.  fbr 


89 

z,  and  denote  that  which  2  becomes  by  these  means,  by 
2^  2'^  ^"y  1."^  ftc,  we  have  b  the  first  place  from  the 
equation  (^) 

S'  =(aa/+4a/'y+(a+J)'a/"+(/u/'/+ir//y  +  &e. 
-Si"  =(a3/+Ar"0'+(ar''+4j"0'+(a+i)V'"+  &c. 

Hence  it  follows  that 

S/  +  a//  +  s"'  +  &c.  =  (a  +  iy[p]  +  51 

Further,  firom  the  equation  (i^)  we  obtain 

2'  — 

«»'|>]+1W^'A|>-1].*'    +7-^a^«*»I>-8],*^  +&a 

If* 
and  hence 


5.  If  ime  pfit  ^he  two  ¥alue8  Ibund  Ibr  2^+  £^^4  2^^^&e. 
equal  to  one  another,  ^e  obtain 


1.2.    3 p    *■  ^  "^^ 
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and  hence 
^1  =  [nc^-da+by]  [p]  +  pa'-'A  [p-l]  [l]+ 

/>  — 1  .  p  — 2...1 

6.  If  in  this  expression  for  Si,  we  combine  the  first 
and  the  last  terms,  the  second  and  the  last  but  one,  and 
generally  every  two  terms,  of  which  one  is  as  distant 
from  the  first^  as  the  other  is  from  the  last,  and  at  the 
same  titne  keep  in  mind  that  [O]  =  a/°+a^^^+J^^^°+&c. 
sit,  we  then  obtain 

-Si  =  (»(a'  +  i^)  -  (a  -f  by)  [p]  + 
p  {aT^h  +  ab^^)  |>-l]  [l]  + 

^•^~\a^-'y  +  (fb^)  [p-2]  [2]  + 

&c. 
The  last  term  of  the  expression,  when  p  is  an  even  num- 
ber, is 

ii.p-l......|-  +  1    ^  . 

? ^ .  b^.  LiJ 

1-2 L 

2 
But  if  p  be  an  odd  number,  then  the  last  term  is 

p  •  p    I— —g—  H-i     ^1     /-I     t±i\  r^+n  rj!=!i 

p— 1^ 
2 

7.  If  in  the  expression  for  «Sl,  we  substitute  for  /i, 
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2pf  Spy  4p,  &c.  successively,  we  obtain  the  values  of  the 
expressions  iS%,  SSy  S4iy  &c.  and  the  substitution  of  these 
values  in  the  formulae  in  8,  ^  45,  gives  the  values  of  the 
assumed  coefficients  A/  B\  (7,  8cc. 

SECTION    XLVIII. 

Paob.  From  the  given  equation 

jt'— Jj->  +  5T^-Cjr"-H&c.  =  0 
find  the  equation  for  the  function  {(u/  +  bi/^)''%  when  p  is 
a  whole  positive  number. 

S(Uutt(m,  From  the  equation  found  in  the  preceding  § 
for  *,  which  has  the  roots  (aj/  +  6j/')%  (or^^  +  fcj//, 
(ax^+bj/^^y,  &c.  another  may  be  derived,  which  has 
(§  10)  the  reciprocal  roots  (aJ/  +  iJ/0"^  (aj/^  +  bx^y^, 
(ju/  -f  bxf'^y^y  &c.  and  this  will  be  the  equation  which  is 
here  sought. 

SECTION   XLIX. 

From  the  forgoing  problems  it  is  sufficiently  seen, 
what  must  be  done,  in  order  to  find  the  equation  on 
which  a  given  function  of  the  roots  of  an  equation  depends. 
By  these,  then,  we  arrive  merely  at  the  two  following 
points: 

1.  To  find  all  the  possible  values  of  which  the  given 
function  is  capable. 

%  From  these  values  to  fcnrm  the  required  equation.  I 
dial!  b^n  with  the  first. 

In  order  to  find  all  the  possible  values  of  a  function, 
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we  must  transpose  its  roots  in  as  many  different  ways  as 
possible  with  the  other  roots  of  the  given  equation,  and 
with  each  other ;  and  of  all  the  results  or  values  thus 
obtained,  we  only  retain  those,  which  are  actually  different 
from  one  another. 

If  all  the  roots  of  a  given  equation  are  in  a  function,  it 
is  only  necessary  to  permute  these  roots  in  all  possible 
ways.  Consequently,  if  the  given  equation  be  of  the  nth 
d^ee,  then  a  frmction  of  this  kind  generally  contains 
1  .  2  .  3  ...  n  values,  because  n  things  can  be  permuted 
this  number  of  times.  But  if  the  form  of  the  function  is 
such,  that  more  permutations  than  one  generate  equal 
results,  then  the  number  of  the  values  is  often  less ;  and 
if  all  the  values  be  equal,  then  the  function  is  symme- 
trical. 

If  in  the  function  there  is  only  a  number  fi  of  the  n 
roots  of  the  ffvea  equation,  then  these  n  roots  enter  into 
the  fiinction  in  as  many  different  ways  as  there  are  com- 
binations in  n  things  taken  jn  and  jn ;  and  the  number  of 
these  combinations 

—  ^  •  »  —   1  .  n  -^  2 n  —  /Lt  -t-  1 

"■1.2.         3  fi 

Every  such  combination,  however,  allows  of  1  .  2  •  3  ...  /bi 
permutations  of  the  roots  it  contains ;  consequently  the 
number  of  the  values  which  such  a  function  generally 
contains  is 

i=n,n—  l.n  —  2  n  —  /it  +  1 

.  * .  it  is  equal  to  the  number  of  the  variations  of  n  things 
taken  /i  and  ju«  But  if  amongst  these  there  are  equal  values, 
then  this  number  will  often  be  much  less ;    although  in 


J 
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the  assumed  case  they  never  can  be  less  than  »,  because 
the  number  of  variations  never  can  be  less  than  the 
number  of  elements.  Consequently  the  transformed 
equation  in  this  case  can  never  be  of  a  lower  degree  than 
the  given  one  itself. 

In  the  general  inquiry  respecting  functions,  it  is  always 
aUowable  to  assume,  that  all  the  roots  of  the  given  equa- 
tion are  contained  in  them,  because  in  the  contrary 
case,  only  each  of  the  roots  which  are  wanting,  considered 
with  a  coefficient =0,  can  be  added  to  the  function. 

SECTION  L. 

Explanation  1.  Functions  are  said  to  be  homo- 
geneous, when  they  contain  the  same  roots,  and  when  in 
all  the  transpositions  of  these  roots,  they  either  at  the 
same  time  change,  or  remain  the  same. 

Let,  for  instance,  the  functions 

and  likewise  the  functions 

be  homogeneous.  Then  the  first  two  have  no  more  than 
the  followmg  6  different  and  corresponding  values : 

3/'     +  3/^f^sf  --jf^y   X^V^'  —  Sfjf^ 
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and  the  two  last  no  more  than  2,  viz. 


2.  The  letter /prefixed  to  the  roots  of  an  equation,  or 
even  to  other  magnitudes,  in  the  sequel,  always 
denotes  a  rational  function  of  these  roots  or  magnitudes. 
Thus  f:  {%/)  denotes  a  rational  irinction  of  x' y  f:  (r') 
(j/^  a  rational  innction  of  j/  and  x^\  and  in  general/: 

(a/)  (j/0  (^'0  (•^'') (^**0  a  rational  function  of 

a/,  3/^  xf"^  a/*", x("),  and  so  in  like  manner  of  other 

magnitudes.  In  order  to  distinguish  the  functions,  some- 
times also  the  letters  F^  0, 1/^  are  made  use  of  instead  of/. 
In  this  notation  of  the  {unctions,  it  is  preferable  with 
each  set  of  brackets  (  ),  which  follows  the  letter  f^  to 
attach  a  definite  representation  of  the  manner  in  which 
the  magnitudes  contained  in  it  are  combined  with  the 
others ;  so  that  when  any  permutation  of  these  magni- 
tudes under  the  symbol/  is  intended,  one  of  the  permu- 
tations corresponding  to  it  in  the  expression  represented  by 
it,  must  be  denoted. 

Thus,  if/:  (^0  (^0  (^'0  =  (^^''  -  ^''0  (-i''-^)* 
we  then  have 


/ 
/ 
/ 
f 
f 


{?/')  ix')  Qc"')  =  \x"x'-x"')  {x'-x") 
{x")  {x"')  {]/)  =  {x"x/"-x')  {x"'-x") 
{x"')  (x')  (x^O  =  i.x"'x'--x")  lx/-x"') 
{x/")  {x")  {x')  =  {x'"x"-x')(x''~x'") 
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9.  In  order  to  distinguish  the  values  which  a  given 
iiiBCtion  contains  by  the  permutation  of  its  magnitudes, 
fitom  the  symbols  by  which  this  permutation  is  denoted,  I 
shall  call  the  latter  types*  Thus,  the  function/;  (j/) 
(j/0  (^^Olwfi  «x  types,  viz.  if:  (^3/)  (x^O  (^^0>/-  (^) 
(^0  (^0»/.(*'0  (^0  (i^'O*  /:  (^'0  (^O  (^). 
/:(x^O(:tO  (0»/-(0  (-I'O  (^Ova»d  generally 
there  are  always  as  many  tyt>es  of  a  function  as  permuta- 
tions of  the  m^^nitudes  undeir  the  functional  symbol. 

The  types  are,  as  it  were,  the  representatives  of  the 
values  which  a  function  contains,  and  in  general  inves- 
tigations of  functions  may  be  used  with  very  great 
advantage.  If,  for  instance,  we  wished  to  show  that  any 
particular  function  had  such  a  form,  that  the  values  arising 
firom  these  or  those  ttatispositions  were  equal  to  one  another, 
lAsteAd  of  factually  expressing  these  permutations,  which 
would  of^  be  attended  with  a  great  deal  of  trouble,  it  is 
only  necessary  to  give  the  types,  whidi  correspond  to  the 
equal  values. 

SECTION   LI. 

When  a  function  has  such  a  form,  that  any  two  of  its 
values  are  equal  to  one  another,  then  the  function  must 
always  necessarily  have  more  than  two  equal  values. 
Thu%  if  the  function  be  such,  that 

/:  (xO  (j/0  (^'0  =/••  (^)  ('"O  (I'O 

tbeii  also  must 

/;  {I'O  (<0  i^")  =/••  (*'0  ('''O  (*0 
/;  (j/'O  («0  (^'O  «=/•  (^''O  (^0  (^ 

-H  N   4 
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For  the  first  equation  shows,  that  the  value  of  the  type 
f  I  (j/)  {3/')  {yf'^)  remains  unchanged,  when  the  roots  of 
the  two  last  sets  of  brackets  are  transformed,  .*•  the 

types/;  (i^O  (J^)'(^^0>  /:  {^^")  (^)  (^^0  in  the  same 
transformation  of  the  brackets,  must  remain  unchanged, 
because  the  equality,  in  the  sense  in  which  it  is  here 
taken,  by  which  is  meant  no  more  than  identity,  is  not 
derived  from  the  numerical  nature  of  the  roots,  but 
merely  firom  the  nature  of  (heir  combination,  consequently 
from  the  form  of  the  functions. 

SECTIOK   LII. 

AuxUiarjf  Ruk,    If  we  combine  a  series  of  elements 

a,  &,  c,  d,  e, p,  with  as  many  numbers  1,  2,  3,  4, 

5 IT,  arranged  in  any  order  according  to  a  cipher,  for 

instance,  as  follows : 

S2164578  9 V 

abed  t  f  g  h  i .p 

after  this,  permute  the  elements  in  the  manner  denoted  by 
the  ciphers  placed  over  them, .  and  fironi  the  permutation 
thus  obtained,  derive  another,  from  this  again  another, 
and  generally  from  every  permutation  last  found,  derive  a 
new  one,  always  observing  in  the  transposition  the  law 
denoted  by  the  ciphers :  now  I  affirm,  that  by  continual 
permutation,  we  must  necessarily  return  again  to  the  first 
permutation. 

583214796 
Thus  we  obtain  from  the  permutation  Ji=:a6cde/gthi 

for  the  figures  placed  over  it  no  more  than  9  permutations 

Agy  A^,  Af,  A^,  A^,  Aff  As,  Ag,  Aio 
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583214796 

Ai   =  ah  c  d  e  f  g  hi 

Ag  =s.  tk  c  b  a  d  g  if 

A^   =z  aic  h  eh  g  fd 

A^  =  tfc  i a  h  g  dh 

Ai   =.  ad  cf  e  i  g  h  k 

A^  =  e  bcdaf  g  hi 

A^  =^  a  h  che  d  g  if 

Ag  =e  iehab  gfd 

A^  zss  a  fc  i e  h  g  dh 

Aio  =  e  d  cfa  i  g  h  h 
If  we  proceed  with  the  last  permutation  in   the  same 
manner  as  we  did  with  the  preceding  ones,   we  again 
obtain  the  first. 

Proof.  Let 

•"!>  -"2*  "^39  -^Af ••••    ■"!*» -"r*   • 

denote  the  permutations  which  may  successively  be  de- 
rived  from   the    expression   Ai,    =  abcdef p 

according  to  the  law  of  any  one  cipher. 

Since  the  number  of  transpositions,  which  an  expression 
can  generally  contain  is  always  limited,  we  must  .*. 
necessarily  once  come  to  a  permutation  A^,  which  is 
equal  to  one  of  the  preceding  j^^.  But  if  A^  =  ^^, 
consequently  also  A^i  =  Af^i ;  for  if  the  permutations 
A^i,  A^j^i,  were  not  equal  to  one  another,  then  also  the 
permutations  A^  A^j,,  could  not  be  equal,  since  A  arises 
from  A^i  by  the  same  transformation  of  the  elements  as 
A^^  arises  from  Afj^i*  In  the  same  way  we  may  further 
condnde  from  A^i  =  A^u  that  also  A^^  =  -i^,,  an4 
hence  again,  that  A,^^  Afj^,  and  so  on.     Consequently 

o 
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^,-(^-i)=-<^^-o^_i)  =  ^i.     We  have  .*•  a  pennutatioa 
A^^J^^)  which  is  equal  to  the  first.    Q.  E.  D. 

The  contents  of  all  the  permutations  obtained  accord- 
ing to  a  given  rule  of  transposition,  are,  for  the  sake  of 
shortening  the  expression^  called  a  period,  because  we 
always  obtain  the  same  permutations  again,  however  long 
we  continue  the  transposition. 

SECTION   LIII. 

From  the  foregoing  §  we  deduce  the  following  propo- 
sitions. 

I,— That  all  the  permutations  of  a  period  are  di£Perenc 
from  one  another. 

For  if  in  the  period  A^,  A^,  A3,  A^ A^ J, 

^»  there  are  two  equal  permutations  A^,A^,  then 

also  must  A^i  =  A^t,  A^^  =  A^,,^  and  so  on ;  con- 
sequently also  A^^^i^  rs  Af,,.,^^J^l^  =  Ai ;  but  in  this  case 
A^  could  not  be  the  last  permutation  of  the  period. 

II.— Let  B  denote  any  permutation  different  from  u^„ 

now  it  may  belong  to  the  period  -^j,  A^,  A3, A^  or 

not ;  further,  let  B^  B3,  B„  &c.  be  the  permutations 
derived  from  £|,  according  to  the  same  rule  of  transpo- 
shion  by  which  A^,  A3,  A^,  &c.  was  derived  from  A^^ ; 
I  affirm,  that  in  this  case  the  two  periods  arising  from 
Ai  and  B,  consist  of  the  same  number  of  permutations. 

For  since  the  rule  of  transposition,  which  is  denoted  by 
the  figures,  does  not  refer  to  the  elements  themselves,  but 
only  to  their  places,  so  it  is  quite  the  same«  in  re- 
ference to  the  number  of  the  permutations  of  which  a 
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period  consists,  which  elements  are  in  the  different  pkoes 
of  the  first  permutation. 

III« — If  B^  is  equal  to  any  one  of  the  permutations 

j^i,  A^  Ai A^  of  the  first  period^  then  the  two 

period  consist  of  the  same  permutations. 

This  proposition  is  an  immediate  consequence  of  the 
forgoing  §. 

IV.— If  B^  be  not  equal  to  any  of  the  permutations 
Ag,  At,  A^ A^  of  the  first  period,  then  the  per- 
mutations of  the  two  periods  are  all  difierent  firom  one 
another. 

For  if  in  the  period  J?„  B^  B^ 5. B^ 

there  be  any  permutation  ^.,  which  is  equal  to  a  permuta- 
tion A^  of  the  period  Ai,  A^,  A^ Ay, A^,  then 

likewise  must  j8.^,  ==  ^«^i»  because  tf.^i  is  derived  firom 
jB,  by  the  same  rule  as  A^i  is  from  A^, ;  and  when  we 
further  conclude  in  this  way  that  i?.^,  =  A^^^  B^+y  =3 
Af^^i,  and  so  on,  lastly  B^i  :«  ^|U^»-«+i*  But  since 
B^t  =  Bi,  Af^i^^^^isz  Af,^+i,  then  must  BissA,j^^i, 
which  is  contrary  to  the  supposition  that  Bi  is  different 
firom  all  the  permutations  contained  in  the  first  period. 

SECTION    LIV. 

Paob.  Let  a  function  be  such,  that  any  two  given 
types  aie  equal  to  one  another :  find  all  the  equal  values 
of  the  function  which  arise  firom  this  supposition  (^  51). 

SoUUion.  For  l^e  sake  of  perspicuity,  I  shall  confine 
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myself  to  a  single  case,  because  it  will  be  sufflcientij 
clear  from  it  how  we  are  to  proceed  in  every  other  one. 
1.  Let 

/:  (:t^)  (j/0  (^'0  a^")  (^0 
denote  any  function  for  which  the  two  types 

-^1 /:  (^0  (^0  (^^0  (^^0(^0 

J^ /:  (x^^O  (^0  (^0  (^^)  (^'0 

are  equal  to  one  another.  Compare  these  types,  and 
observe  how  the  roots  are  transposed  in  the  first, 
second,  third,  fourth,  and  fifth  brackets,  when  ^^  is  de- 
duced firom  ^|.  If  we  retain  this  transposition  in  our 
memory,  and  then  derive  firom  A^  a  new  type  by  the  same 
rule  by  which  A^  was  generated  firom  ^i,  from  this  last 
derive  another,  and  continue  this  proceeding  till  we  return 
again  to  the  first,  we  shall  obtain  the  following  period, 
consisting  of  five  types : 

A,  .........  f:  (y)   {x^O  (^^'0  (^0  (^0 

A /:  (^(^^0(^0    (^0   (^O 

A, /;(xO   (aO  (^0   (^^0(0 

A /;  (x^O  a^'^O  (^")  (^0  (^) 

A, /:  (xO  (xO   (/)  (1^0  (^'0 

2.  These  tjrpes  must  necessarily  be  all  equal,  because 
they  have  all  been  derived  from  one  another  by  the  same 
rule.  Now,  since  the  fiinction  /:  (j/)  (j/0  (^O  (^^0 
(x^)  has  exactly  as  many  types  as  there  are  transpo- 
sitions in  five  magnitudes,,  consequently  120  types,  it 
only  remains  that  we  take  from  the  remaining  115  those 
which,  under  the  hypothesis  that  Ai  =  A^,  are  equal  to 
one  another. 
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S.  But  this  can  be  done  very  easily.  For  we  only 
require  to  take  away  from  the  remaining  types  any  one 
n^hatever,  and  from  this  derive  a  second  period  by  the 
same  rule,  then  again  from  the  110  types  which  still 
remain  take  away  another,  and  by  the  same  rule  form  a 
third  period,  and  continue  this  till  there  are  none 
remaining. 

4.  In  this  way  we  obtain  24  periods,  each  of  which 
consists  of  five  equal  types.  But  if  these  be  already 
found,  then  also  the  equal  values,  as  soon  as  they  are 
known,  of  the  function  itself  corresponding  to  them,  can 
be  found. 

Example.  Suppose  we  have  observed,  that  the  function 

remains  the  same,  when  in  the  terms  in  which  the  roots 
x\  j/'y  0^"^  j/^y  x^  are  found,  we  put  the  roots  j/^^,  j/% 
ar'',  j/,  a/^  respectively,  or  more  briefly y.-  (j^)  (j/^)  (o/^'O 

is  exactly  the  equation  which  was  used  in  the  solution  for 
the  illustration  of  the  operation,  it  is  .*.  certain,  that  the 
function  has  24  times  five  equal  values.  Thus  the  period 
in  1  contains  the  five  following  values : 

f:  (?/")  (x")  (x")  (x')  (x'O  = 

f:  (x'')(x')(x/0(^'0(O  = 
.  f:  {x")  (x^'O  (x'")  (xO  (^)  = 
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f:  (j/^)  (xO  (j/)  (a/0  (^''0  = 
x^^'x^x^  +  :tV^j^^^  +  x^/V^j^  +x^x^x^^  +  i/V'/«jr'^ 
which  are  evidently  all  equal. 

SUCTION    LV. 

Frob.  Let  there  be  a  function  such,  that  more  than 
two  of  its  types  are  equal :  find  the  equal  values  of  this 
function. 

Solution.  Let  J,  £,  C,  2),  &c.  denote  the  types, 
which,  according  to  the  hypothesis,  are  equal.  In  order 
from  hence  to  find  the  equal  values,  proceed  as  follows. 

1.  First  permute  the  type  J.,  or  even  any  other,  ac- 
cording to  the  rule  of  transposition,  that  ji  =  fi,  as  was 
shown  in  the  foregoing  §•  If  the  period,  which  we 
obtain  firom  this,  consist  of  fi  types,  then  we  have  at 
once  fi  equal  types. 

S.  Then  permute  each  of  these  ft  types  in  particular  by 
the  rule  A=:C.  I  shall  assume  that  there  are  j/  types ; 
then  we  have  generally  /u/u^  types,  which  are  all  equal. 

3.  !Permute  agam  each  of  the  fif/  types  obtained  by 
the  rule  A^D,  which  may  give  pif^  types ;  then  we  have 
in  all  fif/fif^  equal  types. 

4.  In  the  same  way  we  proceed,  when  we  successively 
make  use  of  the  rules  A=E,  A^F^  &c  jB=C,  i8=2>, 
&c.  C=  DyC^Ey  &c  or,  in  short,  when  we  put  the  given 


103 

^pes  A,  Bf  Cj  &c.  taken  two  and  two  in  all  possible 
ways,  equal  to  one  another. 

5.  Let  the  number  of  types,  obtained  according  to  the 
directions  in  1,  2,  3,  4,  =  v.  Take  now  from  all  the 
types,  which  arise  from  all  the  possible  transpositions  of 
a/jpcf'yL^^'j  &C.  any  other,  which  is  not  amongst  ^hose 
already  found,  and  proceed  with  this  according  to  the 
same  directions,  then  we  obtain  v  equal  types.  If  we  con- 
tinue this  proceeding,  till  all  the  types  are  exhausted, 
we  at  length  obtain  a  number  of  divisions,  each  consisting 
of  V  equal  types.  But  that  the  types  in  every  such 
division  are  different  from  the  types  in  all  the  other 
divisions,  is  an  immediate  consequence  of  §  53.  IV. 

.  CaroUary,  It  follows  from  this  solution,  that  the 
number  of  the  different  values  which  a  function  can  con- 
tain, is  always  a  sub-multiple  of  the  number  of  all  the 
values,  which  arise  from  all  the  transpositions  of  x^,  s/^y 
a/'\  &c. 

Example  I.    Let  there  be  a  frmction  such,  that 

/.-    (4/)  {X")  {X'")  (j/O   =/;    (^0  (x^'O   (lO  (*^0 

=/.•  (j/0  (^'0  (^0  (^ : 
lequind  to  find  its  equal  values. 

Fiom  the  equation  il= JB,  or  /;  (:rO  (I'O  (*"0  (*") 
=/•  (^0  (^'0  (*0  (*")>  »«  obtain,  in  the  first  plaot,. 
the  period 

/..  (*o  (^'O  (O  (O  =/••  (^0  {'"')  (^  (*") 
=/;  W")  {^)  {/')  in 
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Fiont  eaeh  of  these  three  types  we  obtain,  hj  the  appli- 
cation of  the  equation  A=C,  or/;  (r^  (i/O  (a/'O  (j/*) 
=  /••  (^0  (*"0  (^'0  {^)»  »  Pen«>d  of  four  equal 
values,  .'.  in  all  twelve  equal  tjpes,  viz. 


(VO  (z"0  (i"^  (O  = 

(aO  (^')  (^0  (jf^'O  = 

(x/)  (x'O  (x"^  (a/'O  = 
(i^")  (x^'O  (rO  (a/0 


/:  (xO  (a'O  (^"0  (^0  =/■ 

/;  (a/'O  (a/)  (a:'0  Un  =/. 

/:  (a/O  (^'0  (O  (^)  =/^ 
/;  (:i''0  (arO  (I'O  (^")  =/• 

/:  (t'O  (^0  (^'0  (^  =/• 
At  length  we  obtain  from  these  twelve  types,  by  means 
of  the  equation  J?=  C,  or/;  (i^O  (-^^^O  (^0  (^^^  = 
f:  (a/0  (j/''^)  (J^'^*')  (JT^),  consequently  by  the  permutation 
of  the  roots  in  the  two  last  brackets,  twelve  other  types, 
which,  together  with  the  former,  give  all  the  twenty-four 
types  of  the  function y*:  (j/)  (i^'')  (x^^^  (^^0-  Hence  it 
follows,  that  a  function  of  the  supposed  nature  must 
necessarily  be  symmetrical. 

Example.  II.    Let  a  function  be  such,  that 

/;  (xO  (i'')  (x"')  (x'")  =  /;  {x")  (x')  {x'")  (a/')  = 
/:  (j/yix")  (x'O  (x^'O  =/-•  {x>")  (i")  (xO  {x/'): 

required  to  find  its  equal  values. 

The  equation  Az=zB,  or/:  (a/)  (x^^  (^c^^O  (y"")  = 
/:  (j/0  (a/)  (a/^0  (^0  gives  no  more  than  these  two 
equal  types.     If  to  these  we  apply  the  equation  ^=C, 

or/;  (xO  (a/0  (^O  (^0=/.-  (^0  (^  (^''O  (^''0»  ^e 
obtain  the  four  following  equal  types : 

/••  (^)  (^0  (a:''0  C')  =/.•  {x/)  {x/')  (x"^  {y")  = 

/••  (^0  (^)  (^'0  (^0  =  /••  (*'0  C*')  (x^O  (.x"')  = 
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From  these  ve  again  obtain,  by  means  of  the  equation 
A^D.  or/:  (lO  {x")  {x"')  (t")  =/;  {x"')  {x")  {xf) 
{x")  the  following  eight  equal  types : 


{x"')  (z^^  {x")  (xO  = 
(x")  (a/'O  (i")  (x')  = 


/••  (^  (x'O  (^'0  (JC")  =/^ 
/••  (^  (i'O  (*")  (^'0  =/^ 
/.•  (x^O  (^)  (i^'O  (^0  =/: 

•  /-•  (x^o  ('O  (^')  (x^'O  =/■ 

The  equations  J7=s  C,  B=D,  C=s.D  always  again  give 
the  same  types.  The  type/.-  {3/)  (a/0  (x"0  (3/^)  con- 
sequently contains  no  more  than  seven  equal  types. 

If  now  we  take  any  other  type  of  the  remaining  six- 
teen, viz./:  (x"')  (xO  (j/O  (^0  w»d  proceed  with  it  as 
we  previously  did  with/.-  (a/)  {i/^)  {xf")  (x"),  we  again 
obtain  eight  equal  ^pes,  viz. 

/:  (a/'O  i^)  (^0  (^0  =/••  (J^')  (x")  (o/^O  (a/)  = 

/.-  (x"0  (x')  (x'O  (x")  =/.-  (x^O  (x")  (x"0  (x')  = 

/.-  (y)  (xW)  (x^O  (x^O  =/:  (x'")  (x")  (1^)  (x/'O  = 

/.-  (xO  (x'^O  (x'O  (x'")  =/.-  (x^O  C^'")  (^)  (^'0  = 

If  from  among  the  eight  remaining  types,  we  select  any 

one,  for  instance,  /:  (ar^^)  (x^^^)  (j/^)  (j/),  and  proceed 

with  it  in  the  same  way,  we  obtain  them  aH. 

Hence  •*•  it  follows,  that  the  fiinction  of  the  supposed 
kind  can  have  no  more  than  three  different  values,  viz. : 

(j/'O  (j/^)  (j/),  and  that  consequently  such  a  fonction  will 
not  lead  Co  any  equation  higher  than  the  third  degree* 
Of  this  nature  are  the  functions  {1/ +0/^—3/^^—3/^)% 
x/x/^+x'^'j/^^  and  innumerable  others;  the.  method  to 
find  which  will  be  given  hereafter.  But  if  we  wish  ,to 
use  a  fonctUKi  of  this  kind  to  solve  equations  of  the  fourth 

p 
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degree,  it  is  not  sufficient  that  the  transformed  equation 
should  be  of  a  lower  degree  than  the  given  one ;  but  we 
must  likewise  be  enabled,  from  the  known  values  of  such 
a  Amotion,  to  determine  the  roots  j/,  j/^  7/'\  s!^  by 
equations  of  a  lower  degree  than  the  fourth,  because 
otherwise  the  transformation  of  the  equation  will  be  of  no 
use.  In  the  functions  orV'' + a/^V,  (j/  -f  3/' -^3/^^—3/^)% 
this  is  actually  the  case,  as  we  have  already  seen  in  ^  41 
and  42.  In  the  sequel  the  conditions  will  be  given, 
under  which  it  is  generally  possible,   from  the  known 

value  of  a  function/;    (:r^)  (x'O  (^'0 (^'*0  *<>  ^"^ 

the  values  of  the  roots  x\  3/\  j/^^, ...  jK**)  by  equations  of 
a  lower  degree  than  the  mth. 

SBCTION   LVI. 

Pbob.     Determine  the    degree  of  the  equation    on 
whidi  a  given  function  depends. 

Solution  1.  If  in  a  function/:  (a/)  {x*')  {x^^^ (x<^)) 

there  are  all  the  roots  of  the  given  equation,  and  if  this 
function  be  such,  that  m  each  transposition  of  its  roots  it 
changes  its  value,  then  the  transformed  equation  Is 
necessarily  of  the  degree  1.2.  3 ^i. 

S.  If  the  function  be  such  that  a  number  of  types 
-rf>  ByCfD^  &e.  are  equal,  and  if  the  number  of  the 
equal  types  which  can  in  general  be  derived  from  them, 
by  the  directions  given /in  1,  2,  8,  4,  of  the  foregoing 
§,  =v,  then  the  number  of  the  diflferent  values,  of  which 
sttdi  a  function  is  capable,  or  the  degree  of  the  trans* 
formed  equation. 
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3.  If  the  function  remain  the  «ame,  when  m  roots 
change  their  places  in  all  possible  ways^  then  the  degree 
of  the  transfimned  equation 

=-T— 3 — :r"^='^'^'"* "*"^  ^ 

4.  If  the  function  still  remain  the  same,  when  mf 
other  loots,  and  again  mf^  other  roots,  and  so  oo,  diange 

sir  plaeea,  then  the  degree  of  the  transformed  equation 


1.2.3 


1  .  2...jn  X  1  .  S.-.m'  X  1  .  2...m^'x  &c. 

6.  If  the  function  be  such,  that  each  time  its  value 
remains  unchanged,  when  m  roots,  and  again  mf  other 
roots,  &c  change  thdr  places  in  all  possible  ways,  and  if, 
besides,  a  number  of  types  J^  JB,  C,  2>,  Ac.  are  equal, 
then  the  ^degree  of  the  transformed  equation 

_1  .  g  .  8 fi 

""l  .  2...ifixl  •  2...ffi^xl  •  5L...w!'  X  Ac  XV 

when  V  retains  the  signification  it  does  in  2. 

6.  If  aU  the  roots  of  the  given  equation  be  not  in  the 

fimctkm/:  (jfO  («^0  («'^O—(^''*0>  ^^  ^  ^'^  equation 
be  of  the  jith  d^ree,  then  all  the  formulae  given  in 
ly  2y  5,  4,  5,  must  be  multiplied  by  the  foetor. 

n  .  n—  1  .  11  —  2 n  — /i+l 

^^^^^■^^»»'^»^— — — ^»^— ^i^i^—- — ^— »— »— ^— ^»  ■■ 

1  .     2*       3 ••••.••.••...••.u 
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The  reason  of  all  this  is  sufficiently  evident  from  what 
goes  before. 

SECTION    LVII. 

Peob.  From  the  given  equation 

find  the  equation  on  which  the  function y*;  (a/)  (j/^^ 
(j/^^...(j>>)  depends. 

SohUion  1.  Seek  first  all  the  difierent  values  which  this 
function  ocmtains,  both  by  substituting  for  its  roots  the 
other  roots  of  the  given  equation,  and  by  their  permutation. 
Let  these  difierent  values  be  denoted  by  y,  y^  y, 

y" y'>. 

9.  Then  form  the  equation 

and  actually  multiply  the  fiictors  in  the  first  part.     Then 

f  -^A'tr-^  +  B^r"^ -- Cf^  +  to.  =  o 
is  the  equation  obtained  finom  this  operation,  •  * .  ^ 

j/rry-fyz+y/z+y^+ftc. 

a = j/3/Y'  -^s/i^'s^^  +3/y''y'' + ^ 

3.  The  functions  A',  B\  Cy  &c.  are  symmetrical  in 
relation  to  y,yz,yzZy  --y*^)  and  consequently  no  trans- 
position of  these  magnitudes.can  efiect  any  change  in  the 
values  of  the  former  fiinctions.  But  the  magnitudes  y, 
y^  y^^,  ....y')  are  themselves  again  functions  of  the 
roots  i^  s/'y  x'^'y  &c.  and  such  too  as  merely  transform 
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into  one  another,  when  the  roots  are  transformed  and 
permuted  in  every  possible  way.  Consequently  no  further 
change  takes  place  by  transforming  and  permuting  the 
roots  in  the  above  expressions  for  A\  B'y  C^  &c.  than 
^A^  y>  y^9  y^^  ^  change  their  places.  Now,  since  this 
effects  no  change  in  the  values  of  A\  B\  C\  &c.  con- 
sequently these  values  remain  unchanged  by  the  trans- 
formation and  permutation  of  if^  a/'y  3/'\  &c.  Therefore 
the  coefficients  A\  Bfy  Cy  Ac.  are  necessarily  symmetrical 
functions  of  the  roots  a/,  x'\  vf'\  ftc.  * 

■ 

4.  In  the  two  first:  sections,  however,  it  was  shown, 
that  every  symmetrical  function  of  the  roots  of  an  equa- 
tion, may  always  be  expressed  rationally  by  the  coeffi- 
cients of  this  equation.  Therefore  also  the  coefficients 
A'y  Bfy  C\  &c.  may  always  be  expressed  rationally  by 

Ay  By   Cy  ftC. 

6.  Consequently  an  equation  may  always  be  found,  on 
which  depends  a  ^ven  function  of  the  roots  of  another 
equation,  and  the  coefficients  of  the  former  will  always 
be  rational  functions  of  the  coefficients  of  the  latter. 
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IV. — On  elimination,  togethee  with  its  afi^li- 

CATION  TO  THE  SEDUCTION   OF  EQUATIONS. 

SECTION   LVIII. 

Frob.  Let  there  be  n  equations  of  the  first  degree 
given,  which  contain  as  many  unknown  magnitudes : 
required  to  reduce  their  solution  to  the  solution  of  n  —  1 
equations  of  the  first  degree  only,  which  contain  but  n— 1 
of  these  unknown  magnitudes. 

i^hhftumTi.  Let 

ax    +  6^    +  c»  +  +  kv    +  /»  =a  -4 

fli^^  +  itjf  +  c^z  + +  *?!»  +  lito  =s  Ji 

a^x  +  b^y  +  c^t  + +  fcat>  +  l^w  r=z  J^ 

a;,.ix+i^,y+c^it+ +fti.-it)+lLiW=-'»-i 

be  the  n  given  equations ;    x^y^  z o,  w^  the  n  uif- 

known  magnitudes ;   a,  b,  e, k,  I;   a^,  bi,  c^,  •••  ki, 

'i«  9  <h9^*»  Cn,  ••.  ^29  4*  ^* ;  likewise  Ai,  A^,  Ai,  &c. 
the  given  magnitudes. 

2.  Assume  IIi,  lis,  lis, n«^iasn^l  magnitudes 

hitherto  unknown',,  and  multiply  the  second  equation  by 
III,  the  third  by  lis,  the  fourth  by  lis,  and  so  on ;  lastly, 
the  last  by  U^x ;  then  add  all  these  products  to  the  first 
equation  ;  hence  arises  the  equation 


+(/  +  ^n,  +  yi,  + +  dn^O^ 

9.  Now  we  try  to  detennine  the  ftctors  IIi,  U^  Ila^ ... 
n».i,  in  such  a  way,  that  the  coeflScients  of  all  the  un- 
known magnitudes  x,  ^,  jbt, t?,  tr,  those  excepted 

which  we  wish  to  find  vanish.     If,  for  instance,  we  wished 
to  find  X,  we  put 

b  +  6.n,  +  A,n,  + +  6^,n^i  =  o 

e  +  Cilli  +  CjITa  +  ......  +  c^ill^i  =  o 

I  +   liUi  +  IJli  +  +   t-iH^,  =  o 

4.  Henee  the  equation  in  2  is  reduced  to  the  foUow- 
ingone: 

ji  +  JjJi  +  AJJ^  +  +  ^.^-in^i  = 

(a  +   ajlli  +   Ogllj  +  +   a»-in^)  x 

and  this  gives 

^_.^  4-  JiUi  +  AjHt  +  4-  A^Jl^i 

a  +   ajl,  +   0,11,  +  +    a^Jl^i 

and  the  determination  of  the  assumed  magnitudes  Hi*  11,, 

lis* Hm^u  depends  upon  the  solution  of  the  equations 

in  5. 

ff.  In  order  •*•  to  find  the  value  of  x,  we  must  solve 
the  n—  1  equations  in  8,  firom  it  detmnine  the  n—  1  mag- 
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nitudes  IId  Ila,  lis, n«_i,  and  theu  substitute  their 

values  in  the  expression  found  for  ^r. 

6.  If  both  in  3  and  4  we  substitute  a  for  &,  we  shall 
find  ^9  and  in  the  same  manner  we  find  z^  when  in  S  and 
4  we  substitute  a  for  c,  and  so  on. 

Remark.  The  reduction  of  equations  here  given,  may 
sometimes  be  used  with  advantage,  as  will  be  seen  by  an 
example  given  further  on  in  this  work.  But  if  we  intend 
merely  to  solve  the  given  equations,  we  shall  by  these 
means  attain  our  object  but  very  slowly ;  in  this  case  the 
method  in  the  following  §  is  preferable. 

SECTION  LIX. 

Pros.  Let  the  following  n  equations  of  the  first  degree 
be  given : 

a^x  +  h^y  +  c^z  -f  +  k^v  +  lito  =  wii 

a^x  +  h.iy  +  c^z  +  +  K^  +  h^  =  m^ 

a^x  +  b^y  +  (hz  +  ......  +  hv  +  4^  =  »»3 

a,r  -f  b^y  +  c^z  +  •+•  k,v  +  /.w  =  m, 

in  which  there  are  n  unknown  magnitudes  x^y,  z, 

V,  to :    find  the    values    of  these  magnitudes  directly, 
and  without  any  substitution  or  any  other  calculation. 

Soluti(m  1.  If  we  merely  had  the  two  equations  with 
two  unknown  magnitudes 

OiX  +.  biy  =  ifi| 
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we  should  have  found  them  in  the  usual  way 

2.  If  we  had  the  three  equations  with  the  three  un- 
known magnitudes 

«*r  +  ivy  +  e^ar  c=  m^ 

we  then  should  find 

ffiiOjCs  —  9111O3C3  —  mjk^c^  —  tnJb^Ci  +  fn^OjCj  —  tnjb^y 

^i^i^ij —  aib^ffii  —  a2&t9n3  +  dfi-jnTix  +  ajbim^  ^^ajbjrii 


z  = 


3.  From  the  formula  in  1  and  2,  the  rules  for  the 
solution  of  the  above  general  equations  follow  by  induc- 
tion. In  order  to  abbreviate  them,  I  shall  call  the  num- 
bers which  are  affixed  to  the  letters  m,  a,  6,  &c.  symbo* 
lical  numbers. 

(a)  Take  the  product  Qib^c^ ^ii-i4;  ^hen  per- 
mute the  symbolical  numbers  in  all  possible  ways, 
while  the  letters  themselves  are  not  changed  ;    the 

aggregate  of  all   these    1.2.3  n  products, 

th^  gives  the  common  denominator  in  the  values  of 
X,  y,  z o,  t0. 

f 

(£)  In  order  to  find  the  signs  of  every  one  of  the  terms. 
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of  which  the  denominator  consists,  try  how  often  in 
such  a  term  a  lower  symbolical  number  follows  a 
higher  one,  mediately  or  immediately.  If  the  num- 
ber of  these  successions  be  even  or  O,  then  the 
sign  of  the  term  is  4- ;  if  it  be  odd,  the  sign  is — • 

(c)  If  the  common  denominat6r  be  found,  we  obtain 
from  it  the  numerator  in  the  value  of  t,  merely  by 
substituting  m  for  a  ;  the  numerator  in  the  value  of 
y^  by  substituting  m  for  b ;  the  numerator  in  the 
value  of  r,  by  substituting  m  for  c;  and  so  in 
like  manner  with  the  other  unknown  magnitudes. 

Thus  the  denominator  in  the  values  o(x,y^  z,  is  merely 
the  product  a^  b^e^j  with  the  I  .2.3  permutations  of  the 
symbolical  numbers  ;  and  with  respect  to  the  signs,  if, 
for  instance,  the  term  Oib^c^y  has  the  sign  +,  because  it 
contains  two  successions  of  a  lower  symbolical  number  to 
a  higher,  viz.  21,  31 ;  but  in  the  term  a^biCi^  there  are 
three  such  successions,  viz,  32,  31,  21,  and  this  term  con- 
sequently has  the  sign  — .  Likewise  the  numerators  are 
formed  in  the  manner  given  in  (c). 

Example.  From  the  four  equations 
a^x  +  biy  +  c^z  +  d^u  =  m, 

^4^^  H"  biy  +  CtZ  +  d^u  =  wi< 
we  obtain  for  the  common  denominator  in  the  values  of 
f ,  ^,  Zf  u,  the  following  expression : 


115 

4-  a^^c^  —  ajbfi:^d^  —  aJf^Cs^d^  +  ajbiC^d^ 
4-  ajb^Cidi  —  ajb^^di  —  aJb^jCid^  +  aji^c^^x 
+  ajb^c^^  ■—  aJbyC^di  —  ajk^Cid^  +  dJkiC^di 
4-  aJf^Cidf  —  ajb^c^di  —  afi^c^^  +  ajb^cji^ 
+  ajb^yd^  —  ajf^idi  —  ajb^^d^  +  ajb^cjii 

SECTION    LX. 

Since  the  values  of  the  unknown  magnitudes  in  the 
solution  of  the  foregoing  §  always  appear  in  the  form  of 
fractions,  it  may  sometimes  happen,  that  the  common 
denominator  =  o,  as,  for  instance,  in  the  two  equations 
016,-0^61=0,  and  the  three  equations  OiftjCs  —  OiJ^c, — 
fljii^  +  fljis^^i  +  Os^iCa  —  0362^1  =  0.  In  this 
case,  if  also  the  numerator  =  o,  then  we  arrive  at  expres- 
sions of  the  form—.   Such  a  form  as  this  merely  indicates, 

0 

that  the  conditions  given  in  the  equations  are  not  sudi, 
that  the  values  of  the  unknown  magnitudes  can  be  deter- 
mined by  their  means  alone.  Thus,  if  we  had  the  two 
equations  Sr  +  5y  =  1 6,  6jr  +  lOy  =  32,  then  would 
a,  =  3,6,  =  5,  fl,  =  6,  bi  =  10, mi  =  I6, m,  =32,  and 
consequently  from  the  formulae  in  1  of  the  foregoing  §, 
_  16  .  10  -  32  .  5  _  o^  _  3  .  32  —  6  .  16  -0^^ 
•^  ""  3  .  10  -  6  .  5  "■  o''''  3  .  10  —  6  .  5  o' 
the  values  of  x  and  y  r .  would  remain  undetermined. 
But  we  immediately  see  why  they  must  continue  to  be 
undetermined.  For  if  we  divide  the  second  equation  by  2, 
we  obtain  the  first ;  consequently  the  latter  is  contained  in 
the  former,  and  we  have  ••.infact  no  more  than  one 
equation,  from  which  neither  j;  nor  j^  can  be  determined. 
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But  if  the  given  equations  be  such,  that  the  denomi- 
nator vanishes  in  the  value  of  an  unknown  magnitude, 
but  not  the  numerator,  consequently  that  we  arrive  at 

an  expression  of  the  form  —  =  od  ;  then  this  result  always 

indicates,  that  the  relations  expressed  by  the  equation  are 
contradictory,  and  caunot  obtain  at  the  same  time,  while 
the  unknown  magnitudes,  as  is  always  assumed  here, 
have  only  finite  values.  Thus,  suppose  we  have  the  two 
equations  Sr  +  5y  =  l6,    6r  -f  lOy  =  20,  we  obtain 

from  1  of  the  foregoing  §,  a:  =  — ,  y  = ;      conse- 

o  o 

quently,  as  we  are  convinced  that  there  can  be  no  other 

values  but  these,  there  must  be  contradictory  relations  in 

the  given  equations.    This,  indeed;  is  really  the  case ;  for 

if  we  multiply  the  first  equation  by  2,  we  get  6r  +  1  Oy 

=  32,  whereas,  firom  the  second  equation  6j  +  10y=20. 

SECTION    LXT. 

The  problems,  ^  LVIII.  and  LXIX.  contain  all  that 
relate  to  the  elimination  of  equations  of  the  first  degree.  I 
shall  now  direct  my  attention  to  the  elimination  of  equations 
of  higher  degrees ;  and  I  shall  first  assume,  that  there 
arc  no  more  than  two  equations  given  with  two,  or  even 
more  unknown  magnitudes.  Here  two  cases  must  be 
considered:  first,  when  the  first  equation,  in  reference  to  the 
magnitudes  to  be  eliminated,  is  of  the  first  degree,  and  the 
second  of  a  higher ;  secondly,  when  both  equations  are  of 
higher  degrees. 

There  is  no  difficulty  in  the  first  case ;    for  we  only 
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require  to  find  from  the  first  equation  the  value  of  the 
magnitude  to  be  eliminated,  and  substitute  this  value  in 
the  second,  when  we  obtain  an  equation,  in  which  this 
magnitude  does  not  occur. 

In  the  second  case,  by  multiplying  by  proper  factors, 
and  by  the  requisite  combination  of  the  results  thus  ob- 
tained, we  always  try  to  reduce  the  degree  of  the  equations 
in  reference  to  the  magnitude  to  be  eliminated,  till  we 
come  to  an  equation,  which  contains  only  the  first  power 
of  this  magnitude;  If  firom  this  equation  we  find  the 
value  of  the  magnitude  to  be  eliminated,  and  substitute 
it  in  that  equation  in  which  it  occurs  in  the  lowest 
power,  we  shall  obtain  the  required  final  equation. 

The  following  problems  will  sufficiently  elucidate  the 
foregoing. 

SECTION   LXII. 

Pros.  Let  |i,  y,  r,  f/^  9^,  r^,  be  functions  of  j^ ;  further, 
let  the  two  equations 

I.    p    +  f x  +   r«*  =  o 

11./  +  ?^x   -fr^.1^  =0 
be  given  between  x  and^ :  find  the  equation,  which  arises 
from  the  elimination  of  X. 

Solution  1.  Multiply  the  first  equation  by    p^,    the 

second  by  p,  then  subtract  the  results  thus  obtained  firom 

one  another,  and  divide  by  x  ;   hence  arises  the  equation 

pq^  —  P^^  +  (^pr^-'P^r)  x  =  o 

and  this  gives 

^  ^p^q-pq" 
pr^  —  p^r 
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2.  Further,  multiply  the  first  equation  by  r^,  and  the 
second  by  r,  and  subtract ;   then  we  have 

•pr^  —  ipfr  4-  isp'  •"  9^0  ^  =  o 
If  in  this  equation  we  substitute  for  x  its  value  obtained 
from  1^  we  get  the  equation 

(^)  .-  (V^-V'rf  +  (.p^q-pqf)  Cqr'-q'r)  =  o 
which  only  contains  ^,  and  which  consequently  is  the 
final  eqifation  sought. 

3.  If  we  had  immediately  substituted  the  value  of  x 
from  1,  in  one  of  the  given  equations^  for  instance  in  I, 
we  should  have  found 

and  if  we  multiply  by  {pr^  — 1^»*)">  ^'^^  ^^^  divide  by  p, 
we  get  the  same  equation  as  in  2. 


SECTION     LXIII. 

Pbob.  From  the  two  equations 

1.   p    '\-  qx   +  rx^   =  o 

Il.y  -f  q^x  +  r'x^  +  ^r»  =  o 

eliminate  x^  supposing  that  p,  q^  r,  p\  qf^  r^,  afy  are 
such  expressions'  as  do  not  contain  x. 

Solution  1.  Multiply  the  first  equation  by  p\  the 
second  by  p,  and  subtract  the  results,  and  we  get  the 
equation 

Pq^  —  p^q  +  (pr^  -  p^r)  X  -{'  ps^x^  =  0 

2.  If  we  combine  the  equation  I.  with  this  one,  the 
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case  in  the  preceding  §  enters  here;  only  that  pq'—p'q^ 
pr' — 'p^r^  p«^,  are  here  what  p^y  q'^  r^,  were  in  the  former. 
We  only  require  .  * .  to  substitute  the  former  values  for  the 
latter  in  the  equation  ^i)  of  the  foregoing  ^.  If  this  be 
actually  done,  we  obtain  the  equation 

(p*5^ + qrp/  --pTtff  +  {pqs!  —prr^ + i^f')  x 
{pq^—^—p^r^-^prp^)  =  o 

3.  If  we  solve  this  equation,  and  then  divide  by  p^ 

we  obtain 

p^8^  +  frr"^  +  pi^fp  +  f^"^  -  ^r-pY  -f 
(  9» -  2pr)  {rp^r^  -^pqf^)  +  {Spqr -  f^pfs'  - 
pqrqfr^—p^qr^sf^^o 

an  equation  which  does  not  contain  x. 

SECTION   LXIV. 

Prob.  Again,  let  pj  9,  r,  *,  y,  j^,  r,''  *^,  be  functions 
which  do  not  contain  x :  find  the  result  of  the  elimination 
of  X  from  the  two  equations 

I.  ji   +  jx    +  rx*    4-  w'   =0 

II.  //  +  ^x  +  r^x«  +  «^x^  =  o 

Solution  1.  Multiply  the  first  equation  by  j/,  the 
second  by  p^  and  subtract  the  results ;  after  dividing  by 
X,  this  gives 

'  P/  —  «P^  +  (P^  —  rpO  a:  +  (X  —  «pO  ^  =  o 

2.  Further,  multiply  the  ftpt  equation  by  ^,  the  second 
by  «,  and  again  subtract ;  this  gives 

sp/  —  ps/  4.  (5^  ^  ^•)  a:  +  (^  -  r«^)  X*  =  o. 
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3.  It  is  not  necessary  to  continue  the  reduction  further ; 
for  since  the  equations  found  in  1  and  2  are  similar  to 
the  equations  I  and  II,  in  §  62,  for  which  the  result 
of  the  elimihation  was  there  found,  it  is  only  necessary 
in  the  equation  (;//)  of  that  section,  to  make  the  follow- 
ing substitutions : 

p^—qp^  for  p,  sp^—psf  for  p^ 
pr'—rp'  for  j,  8(j[  —  qsf  for  ^ 
ps^  —  sp^  for  r,  sr^-^rs^  for  r^ 

4.  By  this  substitution  we  obtain,  after  the  proper 
solution, 

(P^  -  qpy  {sr^  -  rf/y  —  2(p^  -  qp^)  {ps'  —  sp') 
{sp^  —  ps/)  (sr*  —  rs^)  +  (ps^  —  5p0*  (.^Z  —  ps^)* 
+  (pr'  —  rj/y  (sp^  —  psf)  (sr^  —  rs^)  —  (p^  —  gp^) 
(pr^  —  ty^)  (55/  —  qs^)  {sr^  —  r«^)  —  (pr^  —  r/>^) 
(pj'  -  «p^)   (5p^  —  p/)   dsq^  -  ys^)  +  (p?'  -  ypO 

5.  The  first  part  of  this  equation  consists  of  seven 
terms,  of  which  fivef  are  divisible  by  sp^  —  ps^.  The 
other  two,  viz.  the  first  and  fifth,  taken  together^  give 

(pq^  —  5P0  (^  "*  ^O  X 
[(pq^  ^  qp^)  (sr^  -  rs^)  ^  (pr^ -^  rp^)  Qsq^  -  qs^)] 

=  (pq^  —  qp^)  {sr^  —  rsf)  [pqr^s/  '^Tsp'ql-^pTq'sf^qspfr') 

=  (p^— 9P^)  («/— rO  («p'— pO  (r?^— ?0 

and  consequently  the  sum  of  these  two  terms  is   also 
divisible  by  tpf-^pj. 

6.  If  .  • .  the  equation  in  4  be  divided  by  spf-^ptf^  ve 
at  last  obtain  the  equation 
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(«^  —  rs^)  +  (pr^  -^  rp^)  (sp^  —  psf)  {sqf  —  ^f*^)— 

^      SECTION    LXV. 

Prob.  From  the  two  equations 

I.  p  +  5fx  +  ri^  +  *j^  4-  ix^  =  0 

II.  y  +  5^T+  r^x*  +  a^a:^  +  <  V  =  o 
duninate  the  magnitude  x. 

Solution  1.  Multiply  the  first  equation  by  j/,  the 
second  by  p,  and  subtract ;  after  dividing  by  Xj  this  gives 

+  (pi'—*/)  ^3  =  0 

2.  Further,  multiply « the  first  equation  by  tf,  the 
second  by  t,  and  again  subtract ;  this  gives 

+  (**'— to')  ac«  St  o 

3.  Since  the  equations  in  1  and  2  are  both  of  the  third 
degree  in  order  to  save  the  trouble  of  carrying  on  the 
operation,  we  need  only  use  immediately  the  equation 
found  in  6  of  the  foregoing  §,  when  we  make  the  following 
aubstitutioDS  in  it : 

pfj[  -^  qpf  hx  p,  p^  —  tp/  for  pf 
T^  —rp/  hx  q,  qi'  -- tqf  tat  qf 

ptf  ^  8pf  ht  r,  Tt'  —  «/  for  r^ 
pif^tp^{ars,slf  —  t8^{ot9( 
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and  the  result  of  this  substitutiou  is  the  final  equatioD 
sought. 

SECTION  LXYI. 

Pbob.  From  the  two  general  equations 

I.  />   H-  ^j:    +  ri*    -f  tfx^    + +  «?J^'"=  © 

II.  j/  +  5^x  +  r'x^  +  9/:i?  + -f-  t/y=  o 

eliminate  x. 

Solution  1.  I  shall  assume,  that  m  <  n.  Multiply 
then  one  equation  by  the  first  term  of  the  second,  t.  e. 
by  j/y  and  the  other  by  the  first  term  of  the  first,  t.  e. 
by  p ;  then  subtract,  and  divide  the  remainder  by  x  ;  we 
then  obtain  an  equation  of  the  form 

III.  J+JiX+J.x^+J3xr^+ +  J^ixr'^=zo 

2.  If  again  III  <  n— I,  we  proceed  with  the  equations 
I  and  III,  exactly  as  we  did  befiire  with  the  equations 
I  and  II. 

S.  In  this  way  we  continue  to  diminish  the  degree  of 
the  resulting  equation,  till  we  arrive  at  an  equation  of 
the  mth  degree.     Let 

IV.  jB  +  J?,x  +  B^x'  +  -832^  + +  B  «•=» 

be  this  equation. 

4.  Combine  the  equation  IV  with  the  equation  I  in  « 
two- fold  way,  viz.  1,  when  we  multiply  the  first  by  p,  the 
second  by  B;  subtract  the  results,  and  divide  the  re- 
mainder by  X :  2,  when  we  multiply  the  first  by  t;,  the 
second  by  B^,  and  again  subtract  the  results  from  one 


123 

mxoiher.     By  this  operation  we  obtain  two  equations  of 
the  w—  ith  degree. 

V.     C  +  C,x  +  C,j:«  +  C3x3  +  +  C^,:r^'=o 

VI.  z>+A^+Aj^*+A^+ +  A-,:r-'=o 

6.  If  we  proceed  with  the  two  equations  so  obtained, 
in  the  same  way  as  we  did  before  with  I  and  IV,  we  shall 
again  obtain  two  equations  of  the  wi— 2th  degree.  In 
this  manner  we  reduce  the  d^ee  of  the  equations  less  and 
less,  till  we  arrive  at  two  equations  of  the  first  degree. 
Let 

K  +  KiX  =  0 ,  L  +  LiX  =  o 
be  these  two  equations ;  then  we  have 

K  L 

and  consequently 

ITLi  —  LKi  =  o 

and  this,  since  it  does  not  contain  x,  is  the  final  equation 
sought. 

6.  Butit  18  bynomeans  necessary  to  continue  throughout 
the  elimination  to  equations  of  the  first  degree ;  thus,  if  we 
have  already  found  the  results  of  the  elimination  for  equa- 
tions of  a  certain  d^ee,  then  it  is  sufficient,  as  we  have 
shown  in  the  forcing  §,  to  continue  the  reduction  to  this 
d^ree  only. 

SECTION   LXVII. 

The  method  of  elimination  which  has  been  applied  in 
the  fixr^ing  §§,  which  Euler  makes  use  of  in  the  19th 
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chapter  of  the  2nd  Book  of  his  Introduction^  is  perfectly 
general,  but  is  essentially  deficient  in  this  respect,  that  it 
does  not  always  give  the  final  equation  in  its  simple  form. 
Thus,  for  instance,  the  equation  in  2,  ^  LXIII,  ivas 
divisible  by  p,  and  then  gave  the  equation  in  3 ;   in 
the  same  way,  after  dividing  the  equation  in  4,  ^  LXIV, 
by  sff—ff/  we  obtained  the  equation  in  6.     This  also 
obtains  in  the  higher  equations,  and  the  divisors  in  thi^case 
are  difficult  to  find.     We  shall  however  see,  in  the  sequel, 
that  these  divisors  are  actually  superfluous,  and  by  no 
means  belong  to  the  final  equation.     Should  we  not  /. 
probably  be  able  to  find  such  a  divisor,  we  should  have  to 
solve   not   only  a  higher   equation  for  ^,  than  was  ac- 
tually required,  but  there  would  be  also  amongst  its  roots 
such  as  do  not  belong  to  the  equations  I  and  II  of  the 
foregoing  ^,  consequently  which  were  not  so  constituted, 
that  we  were  enabled  to  find  the  corresponding  values 
of  X,  which  at  the  same  time  verify  the  two  equations 
just  mentioned. 

Since  the  elimination  of  x  from  two  equations  between 
X  and  y  has  only  this  aim,  to  give  one  or  more  such 
values  &r  y^  that  it  may  be  possible  to  find  one  or  more 
corresponding  values  for  x,  which  are  common  to  both 
equations,  consequently  every  method  which  serves  to 
attain  this  object,  may  also  be  applied  to  the  elimination. 

If .  * .  we  denote  one  of  the  values  of  x  by  a,  which  is 
common  to  both  equations,  then  x—a  must  be  their 
common  divisor ;  consequently  it  is  merely  necessary  to 
find  the  conditions  on  which  the  possibility  of  a  divisor 
of  this  kind  depends.  To  effect  this,  we  only  require 
to  proceed  with  the  given  equations,  exactly  as  tKough  we 
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sought  their  oommon  divisor ;  the  last  remainder,  which  we 
get  by  the  successive  divisions,  and  which  does  not  contain 
Xj  if  it  contains  such  a  divisor,  must  necessarily  vanish. 
If  we  put  this  remainder  =  o,  we  then  obtain  the  re- 
quired conditional  or  final  equation.  The  following  pro- 
blem will  be  sufficient  to  elucidate  what  has  been  said. 
The  method  to  find  the  common  divisor,  is  assumed  to 
be  known. 

SECTIOK   LXVIII. 

Pkob.  From  the  two  equations 

I.  r^  +  Sx^y  4-  Sxf  —  98  =  o 

II.  j:*  +  4iy    —  2f    —  10  =  o 
eliminate  x  by  the  method  of  the  common  divisor. 

Solution.  The  calculation  is  as  follows. 

1.  Dividend  x^  +  3j^y  +  3xf  —  98 
Divisor  x^  +  4ry  —2^—10 
Quotient   x   —  y 

First  Remainder  (9^«  +  10)  x— 2^—10^—98 

2.  Dividend  x*  +  4jty  —2^—10 

or  rather   (9^  +  10)  x*  +  S6xt^  +  Wxy  — 

'    18^  —  lioy  —  100 

Divisor     (9j^  +  10)  x  —  2^  —  10^  —  98 

^      .     ,         .  S8w»  +  50y  +  98 
Quotient  x  +     '     ^  »   .\^ 

Second  and  last  Remainder 

-i8y-iioy-ioo+<^<y'+^Qy-'-»«X38y+goj^+98) 

Jf         ^  -^  9y*+io 
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S.  If  this  remainder  be  put  =o,  and  then  multiplied 
by  Sty*+ 10,  we  obtain 

_86y  —  6901/^  +  392Cy  —  1500/  +  5880j^  +  8604=0 

or,  when  we  divide  by  two,  and  change  all  the  signs 

43/  +  345/  —  1960/  +  750/  -  2940j^  —  4302=0 

and  this  is  the  conditional  or  final  equation  sought. 

Remark.  Having  found  a  value  of  y  from  the  con- 
ditional equation,  we  can  find  the  value  of  x,  which  cor- 
responds to  it,  by  substituting  that  value  in  the  two  equa- 
tions I  and  II,  and  then  seeking  the  common  divisor. 
Thus  we  shall  find,  that  ^=3  verifies  the  final  equation ; 
if  .  *.  we  substitute  this  value  in  I  and  II,  we  obtain  the 
two  equations  j:^-f-9J:^*  +  27i'— 98=o,  a^+lSr— 28=0, 
whose  common  divisor  is  x—2.  Accordingly  x=:2  is 
the  value  of  or,  which  belongs  to  j^=3. 

But  we  could  also  have  found  this  value  of  x  directly ; 
for  we  know  already,  that  always  when  amongst  the 
remainders  obtained  in  the  divisions  for  finding  the 
common  divisor,  that  remfdnder  which =0,  is  considered  as 
the  last,  the  preceding  remainder  is  the  required  divisor. 
If  we  apply  this  to  the  present  case,  then  {9j^-\- 10)  x 
—  2/— 10^— 98  is  this  divisor;  and  if  weputy=3, 
then  this  divisor  is  9IT— 182,  or  x — 2,  which  agrees  with 
the  foregoing. 

But  hence  it  follows,  that  we  must  also  have  obtained 
the    final  equation,   if   we  had    substituted  the   value 

X  =       Q^X-\(\ — '  ^l^ich  we  obtained  firom  the  equation 
(Sty*  +  10)  j:  —  2/—  10^—98=0,  immediately  in  the 
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equation  II,  as  tbe  lowest  of  the  two  given  ones,  ^ut  if 
we  make  the  same  substitution  in  the  equation  I,  we 
arrive  at  an  equation  of  the  ninth  degree,  which  con- 
sequently contains  one  factor  more  of  the  third  d^rea 
But  we  shall  see  in  the  sequel,  that  this  factor  is  actually 
superfluous,  and  that  • ' .  the  equaticm  in  3  is  the  complete 
final  equation. 

Since  the  final  equation  is  of  the  sixth  degree,  there 
are  .*.,  besides  the  value ^=3,  five  other  values  of  y,  for 
each  of  which  there  is  a  corresponding  value  of  x.  Con- 
sequently it  verifies  the  equations  I  and  II  in  six  ways. 
The  same  equation  of  the  sixth  degree  we  could  also  have 
obtained  firom  the  equation  in  5,  §  LXIII,  if,  as  the 
present  case  requires,  we  had  putp=  — 2j^-— 10,  qss^y^ 
r=l,|/=— 98,  j'rsrSy,  r^=Sy  and^sl. 

SECTION   LXIX. 

From  the  method  of  the  common  divisor,  we  may 
derive  another,  which  Euler  gives  in  the  work  above 
mentioned. 

Let 

I.  X*  +  pi*-^  +  gx^^  +  rx"^  +  &c.  =  o 

II.  x^  +j/3f''  +  q^oi^^  +  r^x^^  +  &c.  =  o 

be  the  two  equations,  from  which  x  is  to  be  eliminated. 
If  it  happen  that  these  two  equations  have  any  common 
divisor  x— a,  we  can  then  put 

III.  x"  +  px"-^  +  qjT-^  +  &c.  =  (x-a)  n 

IV.  x"  +  j/x^^  +  q^jT^  +  &c.  =  (x-a)  n^ 

and  then  11,  11^  are  the  quotients,  which  arise  from  the 
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division  of  the  first  parts  of  the  equations  I,  11  by  x— tf. 
It  is  not  necessary  here  actually  to  know  these  quotients ; 
it  is  merely  sufficient  to  obserre,  that  they  must  neces- 
sarily have  the  following  form : 

n  =  J^*  +  Af^^  +  Si^»  +  CjT-^  +  &c. 

n^  =  a-^  +  A'^^  +  B':!^^  +  CsT-^  +  &c. 
and  that  the  first  contains  m—  1  undetermined  magnitudes 
A^  B9  C,  &c.)  and  the  second  n-- 1  undetermined  mag- 
nitudes A^,  B\  C\  &c. 

Now,  if  we  eliminate  x — a  from  the  two  equations 
III,  IV,  we  then  obtain  the  identical  equation 

^*^  (x"  +  pV-i  +  ^x*-«^+  r^j^  +  &c.)  n 

If  we  actually  perform  this  multiplication,  after  having 
substituted  for  11,  II'',  their  assumed  values,  and  then  put 
the  coefficients  of  the  same  powers  of  x  in  the  two  parts  of 
the  resulting  equation  equal  to  one  another,  we  then  obtain 
1ft +n— Inequations  between  the  magnitudes  p,  9,  r,  &c* 
f/,  j',  r^,  &c.  A^  j»,  C,  &c.  A'y  Wy  C\  &c.  which, 
in  reference  to  the  unknown  magnitudes  A^  B,  C,  &c 
A\  B^9  C\  &c.  are  all  of  the  first  degree  only.  Since  • ' . 
wehavem+n— 1  equations,  and  only  m+n— 2  unde- 
termined magnitudes  A^  Bf  C,  &c.  A\  B\  C\  &c.  these 
can  always  be  eliminated,  and  by  this  elimination  we  shall 
obtain  an  equation  which  contains  no  other  magnitudes 
but  the  known  functions  p,  5,  r,  &c.  y,  q^,  r^,  &c.,  and 
which  consequently  will  be  the  required  conditional  or 
final  equation. 

The  following  prdblems  will  elucidate  what  has  been 
said. 
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SECTION   LXX. 

Prob.  From  the  two  given  equations 

I.  J*  +  />x  -f  9  =  0 

II.  x^  -h  f/a^  +  ^x  +  r^  =  o 
eliminate  x  by  the  method  in  the  foregoing  §. 

Solution.  Since  here  m=2,  and  ft=:S,  then 
n  =  X  +  J,  n^  =  a*  +  -rf^x  +  JS^  . 
The  equation  (ip)  of  the  foregoing  §  will  .* .  be 
(x'^  +  px  +  j)  (x*  +  A^x  +  B^  = 
(x»  +  p'x^  +  j'x  +  rO  (x  +  ^) 
Henoe,  by  actual  multiplication  and  equating  the  coeffi- 
cients, we  obtain 

^'  -f  it?  =  ^  +  />^ 

pB'  4-  qA^  -q'A-\-r^ 

qB'  =  r'A 
Since  there  are  four  equations  here,  and  only  three 
undetermined  magnitudes  Aj  A\  B'^  we  can  .  * .  eliminate 
these  magnitudes,  which  only  occur  in  the  first  power,  and 
we  shall  then,  after  the  proper  reduction,  obtain  the  same 
equation  as  in  §  LXIIT,  by  substituting  1,  jt>,  9,  I9  j/, 
<fy  r',  for  r,  q^  p,  tf^  r',  j',  p/ ^  respectively,  as  the  form 
ofthe  equations  here  given,  compared  with  the  others^ 
requires. 

SECTION  LXXI. 

Prob.  From  the  given  equations 

I.  x'  +  px*  '\'  qx  -^-T  ^  0 

II.  X*  +  p/x^  +  ((x!^  +  r'x  +  5^  =  o 
eliminate  x  by  the  method  in  §  LXIX. 

s 
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Solution.  Here  m=3,  n=4  ;  we  have  .• . 

If  these  values  be  suletituted  in  the  equation  (^)  in  § 
LXIX,  we  obtain 

(i^  +  px'  +  «J^  +  r)  (x^  +  JV  +  B'x  +  CO  » 

If  we  solve  this  equation,  and  equate  the  coefficients  of 
its  two  parts,  we  get 

A'     ^  p=i  A  +  p' 
B*     +  pA'  +  q^B  -^  p^A  +  ^ 
a     +  pB^  H-  5^^  +  r^  =  1/-B  +  ^A  +  r^ 
pC   +  qB^  +  rA^  =z  q^B  +  r^J  +  s^ 
qC  +  rB^  =  r^B  +  s'A 
rC  =  sfB 
Since  in  these  six  equations  there  are  only  five  unde- 
termined magnitudes  -4,  i?,  A\  B\  C\  we  can  eliminate 
these,  and  thus  we  shall  obtain  an  equation,  which  con- 
tains none  but  the  unknown  magnitudes  pj  9,  r,  p\  ^,  r', 
s^'y  which  consequently  is  the  final  equation  sought. 

SECTION   LXXII. 

Eiiler's  second  methods  which  is  here  elucidated,  i^  at 
least  quite  as  diffuse,  if  not  nunre  so,  than  the  first ;  it  is 
also  quite  as  free  as  the  first,  firom  the  fiiult  of  having 
superfluous  factors,  which  we  can  easily  convince  ourselves 
of  by  the  actual  calculation  of  a  few  easy  cases.  Bezout, 
in  his  *'  Th6orie  g£n6rale  d^  Equations  Alg^briques, 
Paris,  1799/^ has  made  use  of  a  sinular  method;  he 
has  applied  it  to  more  than  two  equations,  and  to  the 
elimination  of  more  unknown  magnitudes ;  he  haa  diovn 
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also,  how  we  are  to  b^n,  in  many  cases,  in  order  to  find 
the  complete  final  equatioDy  without  its  including  any 
thing  saperflaons.  The  work  is,  indeed,  rather  prolix,  yet 
contains  a  great  ded  of  matter,  and  is  oomposed  with  much 
tare.  A  revision  of  this  work,  with  the  application  of 
the  oomhinatton-analysis,  would  be  a  most  uaefiil  under- 
taking* 

From  the  hypothesis  of  the  coiiimon  divisor,  we  may  also 
deriveanothcr  method,  which  is  not  only  much  more  simple, 
but  also  more  direct,  and  more  snited  to  the  nature  of 
equations  than  the  preceding,  inasmuch  as  it  is  founded 
on  the  theory  of  symmetrical  functions.  It  has  likewise 
this  important  advantage  over  the  other  one,  thai  it 
always  gives,  at  least  for  two  equations  and  two  unknown 
magnitudes,  the  complete  final  equation,  without  any 
thing  heterogeneous. 

For  this  purpose,  we  assume  again  the  equations  I,  II, 
§  LXIX.  We  suppose  the  equation  I,  with  respect  to  jt,  is 
already  solved;  then  its  roots  j/j  o/^,  j/^^,  ftcarefunctions 
of  its  coefficients,  and  consequently  also  functions  of  y.  In 
like  manner  we  suppose  the  second  solved ;  then  its  roots, 
which  I  shall  denote  by  j/,  <x/\  xf^'y  &c.  are  also  functions 
of  jr.  If  the  two  equations  have  a  common  divisor,  then 
must  at  least  one  of  the  roots  of  the  first  equation  be 
equal  to  one  of  the  roots  of  the  second.  Put  j/=x^,  then 
•z^— x^=:o  is  the  equation  fory,  which  must  be  the  case 
when  the  two  determined  roots  a/,  x^,  are  equal  to  one 
another.  But  since,  equally  well,  every  other  two  roots  of 
both  equations  may  be  put  equal  to  one  another,  we  then 
obtain  as  many  distinct  equations  j/—x'=o,  j/— x^^=o, 

2^-  X^/^=0...J^/  -  X'=0,  X^*  -  X''  =  0,  X'^  -  X^'^  =  0... 
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y//_x^-.o^y//«x^/=:o,a^//-x^^'=o,  &c.  as  the  roots 
x^,  a/',  x^^^f  &c.  may  be  combined  with  the  roots  x^  s/^ 
x%  &c.  All  these  distinct  equations,  however,  must  at 
the  same  time  be  contained  in  the  conditional  or  final 
equation  sought,  because  there  is  no  reason  why  it  should 
exactly  contain  the  one  and  not  likewise  the  other ;  it 
must  consequently  be  a  product  of  these.  The  final 
equation  Is  . ' .  no  other  than 

({x'   -xO(x^    -x'OCx^    -x'^O... 
{x^^  -xO(i^'   -x'0(^^  -x^^O... 
(x'^'  -  xO  (x^''  -  x^O  (^^'  -  x^'O  - 
&c. 

The  first  part  of  this  equation  undergoes  no  change, 
however  we  transform  the  roots  x\  x^\  x''\  &c. ;  it  is  . ' . 
symmetrical  in  reference  to  a/,  x^'^  x^^\  &c.  But  since  it 
also  suffers  no  change  when  we  transform  x^^  x^^  x^^^,  &c. 
it  is  also  symmetrical  with  reference  to  x^,  x'^,  -sl^'y  &c. 
Consequently  the  first  part  of  the  equation  (i/^)may  always 
be  expressed  rationally  by  the  coefficients  of  the  ^ven 
equations. 

I  shall  hereafter  show  how  we  can  give  the  equation 
(^)  a  more  convenient  fi>nn  for  calculation ;  but  I  shall 
first  explain  what  has  been  stated,  by  a  few  problems. 

SECTION   LXXIII. 

Pbob.  From  the  two  equations 

I,  0?  —  Ax   +5  =  0 

II.  :t«  -  J'x  +  B  =  o 

in  which  A^  B^  A',  B\  are  given  functions  of  y^  elimi« 
natc  x'  by  the  method  in  the  foregoing  §. 


\ 
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SohUioH  1.  The  equation  (^)  of  the  for^oiiig  §,  since 
both  equations  are  of  the  second  d^jree,  in  this  case  is 

(a/-xO  (a/-x'0  (x"-x')  (x"-x'0  =  o 
or 

lx»-x/  (^xf + x") + x'x'1  {x"*  -  x"  (js! + x") + x<x'']  =  o 
or,  smoe  x'-^x"=A',  x'x"=B' 

{x'*  -  x'J'  +  fiO  (^'*  —  ^'^'  +  JBO  =  o 

S.  If  we  actually  perfiirm  the  multiplication,  we  obtain 
xf*!"*  —  (x'^"  +  x/*j/')  ^'  +  (x«  +  a/'*)  B' 
+  xfxf'A*  -  (i'  +  ar")  >i'B'  +  JB"  =  o 
or  unoe  x'  +  a^'  =  (l)  =  Ay  xfxf'  =  (l»)  =  5, 
x'i"»  +  y»x''=(12)=wrf5,  x^+a/«=(8)=^-25, 

^-^5^^+(^«-25)  B' JtBA'^-AA'Bf  ^m^o 
and  this  equation  is  the  final  equation  sought,  which  we 
should  also  have  obtained,  if  we  had  eUminated  in  the 
usual  way. 

SECTION   LXXIT. 

Fbob.  From  the  given  equations 

I.  Jt'  -  ^1*  +  ^of  —  C  =  o  . 

II.  a?  -  A'x  ^-  B'  ^  Q 
eliminate  x  by  the  method  in  §  LXXII. 

fo&ciMm  1.  The  equation  ( ^ )  §  LXXI J  in  this 
case,  is 

{if  -  x')  (a/  -  x'O  (x"  -  xO  («"  -  x'O 
{?/"  -  x')  ix/"  -  x'O  =  o 


[j/»-3/  (X'+X'O  +XV]  \3^'*  -  X"  (X'  +  X'O  +  XV] 

[^'t/*^x"'  (xf  +  x'O  +  x's'^J  =  0 
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or,  since  x^+x''=>*^  xV^=fi' 

2.  The  actual  multiplication  of  the  three  factors  in  the 
first  part  of  this  equation,  gives 

(13)»-.(12«)^'  +  (2«)i»^  +  (1*2)  ^^-(12^5'+ 
(2)  5^  -  (13)  A'^  +  (10  ^'*^'  -  (0  ^'^'*  +  *"" 

=  o 
or,  when  for  the  numerical  expressions  their  values  are 
substituted  from  the  annexed  tables, 

+  {A^  -  25)  5^  —  CA"^  +  BA'^B^  -  AAB'  +  fi^ 

s  O 

which  is  the  final  equation  sought. 

SECTION   LXXV. 

Prob.  From  the  given  equations 

I.  X*  -  Asf^^  +  BsT^  -  Cj:*-3  +  &c  =  o 

II.  x"  -  A^^r-^  +  JB^jr-2  .  (7jj^  +  &c.  =  o 

eliminate  x,  by  the  meliiod  in  §  LXXII. 

Solution  1.  Since  x^,  x^,  x^""^,  &c.  are  the  roots  of  the 
equation  II,  then 

(JT-XO  (X--X^0  ('-X'^0 * 

X*  -  A^oiT-^  +  fi^2^*—  C'x^3  +  &c. 
If  in  this  ffx  x^re^  substitute  a/,  j^^,  a/''^,  &c.  successively, 
then 

(ji/-xO  (r'-x^O  (^-x'O  &c.=  x^"-  ^V-^  V &«. 
(3/^-xO(*''-x''0(i'''-x^O&c.=x'^*--rfV^'-»+&c 
(.r///_x0Cr'''~x'0(^"-O&«'=x''"'--^'^'^"^-fftc. 
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2.  If  thne  values  be  aufastituted  in  the  equation  (^), 
I  72,  the  latter  is  transformed  into 

{x"  -  A'x'-'  +  B'3/-»  -  CV-«  +  &c.f 
X  ix"'  —  ^V'-»  +  BV'-*  -  CV'*-« + &C.) 

X      &C. 


V. 


The  first  part  of  this  equation  is  no  other  than  the  pro- 
duct of  all  the  expressions,  which  arise  from  substituting 
in  the  equation  II  for  x  all  the  roots  x\  x!\  j/^'^  &c. 
successively  of  the  equation  I. 

3.  But  we  immediately  see,  that  the  above  product 
undergoes  no  change  by  any  transformation  of  the  toots 
a/,  x^\  x^^\  Ac.  as  in  a  transfiirmation  of  this  kind  one 
factor  is  merely  changed  into  another.  The  first  port  of 
the  equation  is  .*.  neeessarily  a  symmetrical  fimction  of 
the  above  toots,  which  consequently  may  always  be 
omitted  according  to  known  rules.  In  this  way  we 
obtain  an  equation,  which  no  longer  contains  x^  and 
which  .'.  is  the  final  equation  sought*  From  the  opera^ 
tion  itself,  it  follows  besides,  that  it  is  oomplete,  and 
contains  nothing  extraneous. 

RsMABK.  The  problem  firom  two  given  equations  with 
two  unknown  magnitudes  to  eliminate  one  of  these  magni- 
tudes, is  consequently  now  solved  in  its  most  general  fiimi. 
The  actual  calculation  involves  many  difficulties,  and 
amongst  these  chiefly  are  the  solution  <^  the  {NPoduct  in  the 
first  part  of  the  equation  io  2,  and  its  reduction  to 
numerical  expressions.    How  these  difficulties  may  be 
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removed  by  means  of  combination^,  will  be  shown  in  the 
following  §. 

SECTION  LXXVI. 

Pbob.  Represent  directly  the  result  of  the  elimination 
of  X  from  the  two  equations  I  and  II  of  the  foregoing  §, 
fully  solved. 

Solution  1.  To  the  equation  ^  of  the  foregoing  §, 
we  can  always,  by  dividing  by  its  last  term,  give  the 
following  form : 

l+(l)r-f(2>«  +  (3>»-f- +(n)j'=-o 

in  which  the  coefficients  (1),  (2),  (3), (n)  denote 

given  functions  of  y.  This  notation  was  chosen  merely 
in  order  to  &cilitate  the  application  of  the  combination- 
operations,  and  to  make  the  law  of  the  terms  more 
evident.  In  order  fiirther  to  show,  that  two  or  more 
such  coefficients  are  to  be  multiplied  together,  I  shall 
merely  put  the  numbers  representing  this  operation  in 
brackets  near  each  other,  and  in  these  make  use  of 
repeatmg  exponents.  Thus  .*.  (123),  (2456),  (l^'), 
the  first  of  these  denotes  the  product  of  the  coefficients 
(1)9  (2),  (3)  ;  the  second,  the  product  of  the  coefficients 
(2),  (4),  (5),  (6),  and  the  third,  the  product  of  the 
third  power  of  the  coefficient  (I)  and  the  second  power 
of  the  coefficient  (2). 

2.  Put,  as  was  done  in  the  foregoing  §,  j/,  x^'j  j/^^.  Sic 
successively  for  1*,  consequently  the  first  part  of  the 
equation  in  2  of  that  ^,  has  the  following  form : 
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[l+(l)y  +(8)i«  +  (S)j/»  +  (4)y«  +  (S)jr'5+&c.] 
X[l  +(l)j"+(8)i''»  +  (8)2''»+(*K*  +(5)«'"'+&c.] 

X  [1  +(iy"+(«)x""«+(SK"+(*K'*+(«K'*+&c-] 

The  number  of  (aetata  here  is  eqwd  to  the  degiee  of  the 
equation  I,  .■.  =m. 

8.  Fint  take  the  product  of  the  two  first  factors,  we 
then  obtain 

1  +  (lXa/+«'0+(2)+(^+*"'>+(3Xj^+«"') 

+  (1«)  (a'x'O         +  (l»)ix'x"* + x^x") 

+   (4)  (x'*+y'«)  +   (5)  (!'»+«''»)         +&C. 

+  (18)  (j/x"' + x«yO         +  (»  4)  (^^'* + ^*^0 
+  (2»)  (yV*)  +  (28)  Or^a/" +*««''») 

4.  Hence,  if  the  equation  I  were  o£  the  second  degree 
only,  then  this  product  must  be  represented  by  numerical 
espresuons,  as  fiiQow : 

l  +  (l)[0+  («)[«]  +  (8)  Is]  +  (4)  [*3  +  (5)[5]  +  &C 
+(l»)tl*]+(l2)[l2]+(lS)[l8](+(14)[l4] 

+  (2*)  PT  +  (8S)[88] 

5.  Now  if  we  multiply  the  product  in  8  by  the  third 
&etor  in  2,  we  then  obtain,  when  the  terms  are  pro- 
periy  armged,  the  product 

1 +(lXi'+x"+a/'0+(«X*^+*"'+*'"^ 

+(1»)  (jV  +  a/j/''  +x'V'0 

+  (1»)  {^ifjf'jf") 
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+   (4)  (j^*  +  :t''*  +  a^''*) 


+ 


/X^^/^3  +  a^^/2  +  ^j///3  ^  V 

+  (12*)  ( J^J^^a/^^ + J^x^V^^ + j:^ji/^VO 

6.  If  .  • .  the  equation  I  be  only  of  the  third  degree, 
then  the  product  in  2  may  be  represented  as  follows : 

1+(1)[1]+  (2)  [2]  +  (3)  [S]  +  WW  +(5)C51+4c. 

+  (1«)[1^  +  (12)[12]+(15)[13]+  (14)  [1*] 

+  (l«)[l']  +  (20[2T  +  (23)  \jti\ 

+  (I«2)[1«2]  +  (1«S)[1«S] 

+  (120[W«] 

7.  It  is  not  necessary  to  continue  the'multiplicationr 
further,  as  we  may  very  easily  perceive  the  law  from  the 
products  already  found.  Thus  we  see,  immediately,  that 
the  figures  in  the  parentheses  and  brackets  are  always  the 
same,  and  compounded  in  the  same  way*  The 
included  numerical  expressions  merely  denote  this, 
that   they   are   all  the  possible  numerical   divisors   for 
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the  numbers  1,  S,  S,  4, mn.     I  say  all  the  possible 

numerical  divisions;  because  some  vanish,  as,  fbr  ex- 
ample, in  the  products  in  4  and  6 ;  this  merely  proceeds 
from  this,  that  the  numerical  expressions  for  such 
divisions  in  the  assumed  degree  of  the  equation  I,  are 
not  possible,  because  more  roots  are  required  for  their 
formarion  than  this  equation  can  possibly  have.  Gene- 
rally, when  we  have  to  do  with  particular  equations,  all 
those  divisions  vanish,  for  which  either  the  numerical 
expressions,  or  the  products  of  the  coefficients  do  not 
obtain. 

8.  How  all  the  possible  divisions  of  the  numbers  may 
be  easily  found,  without  the  chance  of  omitting  one,  may 
be  seen  by  the  combination-analysis.  In  order  .'.to 
find  the  elimination  of  x  from  the  two  equations, 

I.  a:*-j<jr-*  +  Bj:*-«-f  Ca?*-^+&c.=:0 

II.  l+(l)i  +  (2>*  +  (S)x3+...+(«)x'=0 

we  must  observe  the  following  rules : 

(a)  Analyse  the  numbers  1,  2,  3,  4,  ......  tnn  in  all 

possible  ways. 

(b)  From  every  such  analysis  a^yS ...  make  a  term 
of  the  form  (aPyS...)  [apyS...]. 

(c)  Then,  if  the  sum  ot  all  these  terms  is  repre- 
sented by  Sy  consequently 

1  +  5  =  0 

is  the  final  equation  sought. 
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9.  All  the  nutoerical  expressions  relate  Ui  the  equatioa 
I,  and  may  partly  be  taken  from  the  annexed  tables,  and 
partly  may  be  calculated  by  the  methods  given  in  the 
two  first  sections.  Nothing  now  remains  but  to  ducidate 
this  operation  by  a  lew  examples. 

SECTION  Lxxvn« 

Example  1.  Find  the  result  of  the  elimination  of  x 
from  the  two  equations 

I.  x*  —  -4x  +  jB  =  0 

II.  atr*  +  1&X*  +  Cj*  +  JOx^  +  ex  +  f  =  0. 
First  give  the  equation  II  the  form  1  +(l)x+(2)x'  + 

C 
(S)3^  4-  (4)x*+  (5)x';    consequently  put  (1)  =  -j, 

(2)  =:  |,  (3)  =  |,   (4)  =  |,  (5)  =  |.     Since   the 

equation  I  is  here  only  of  the  second  d^greei  the 
divisions  need  not  be  continued  frirther  than  the  aeocmd 
class,  because  the  numerical  expressions  for  higher  classes 
do  not  obtain  (§  LXXVI,  VII).  The  final  equation 
. ' .  has  the  following  form : 

0=1 +  (!)[!] +  (2)  [2]  +(S)  [8]  +  (4)  [4]  +    (5)    [5] 

+(i*)Li*l+(i2Xi2]+(i«)[is]+(i*)[i*3 

+  (2*)[2«]+(2S)[«S] 
+  (15)[15]+  (25)125]  +  (35)[S5]  +  (45)l45]  +  (5«)[5«3 
+  (24)[24]  +  (S4)t84]  +  (4»)[4»] 
+(3»)[8«] 
Or,  when  we  take  Ae  numerical  expressions  from  tbe 
tables,  for  the  numbers  (l),  (2),  (3),  (4),  (5),  substitutie 
iheir  values^  and  then  multiply  the  whole  equadon  by 
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+  ^B  +  IMtAB 

+j>«iP  +  €DAB^ 

+a«(i4*5-4j«JB«  +  2B')  +  aD(^fi«  -  3i5») 

Example  II.  Let  the  two  equations 
L      x^  -  Jt«  +  Bx  -  C  =  0 
11.  akr^  +  »2«  +  Cx  +  D  =  0 

be  given. 

If  we  reduce  the  equation  II  to  the  form  1  +  (l)jr 

+  (2>«  +  (S>^;    then(l)=^,    (2)=|»(^)  =  | 

Since  in  this  case  the  equation  I  is  of  the  third  degree, 
we  do  not  require  to  continue  the  divisions  beyond  the 
third  ckss.     The  final  equation  •  -  •  has  the  form 

0=1  +(l)ll]+  (2)[2]+(3)[S]  +  (lS)[l8]+(23)[23] 
+  (1^)[1«]+(12)[12]  +  (2«)[2«1+(1^3)[1«3] 
+(1»)[1^+(1*2)[1«2]  +  (12«)[12^ 
+  (3«)  [3«]   +(lS«)[l3«]  +  (230[28»]+(3»)[3T 
4-  (123)[123]  +  (2«3)[2«3] 

+  (20  {%n 

ot,  when  we  substitute  for  the  numerical  expressions  and 
for  the  numbers  (1),  (2),  (3),  their  values,  and  thfsn 
multiply  by  'D^ 
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'{•'BH^JC  +'B'€BC 

+ai5C(^j»c-3C?)       +a»«^c^ 
+a*BSC2+a«C3 

In  order  to  show  the  use  of  this  formula  in  a  particular 
case,  I  shall  assume  that  the  two  equations 

ax^  +y*x — ay^ = 0 
are  given.     If  we  equate  these  with  the  equations  I,  11, 
we  find  A=::2a,  B—^ay,  C=y,  a=0,1&  =a,  C=y% 
Z)=— oy^     Since  here  a =0,  the  foregoing  equation  is 
reduced  to 
0=S>»+CD«-4+lWD«(il«-2JB)+»«D(iljB-sC) 

+«^S  -¥€?€ 

4.»«D  (B«-2ilC)  +  V^BC  +  ^C? 

and  this  equation  obtains  for  every  case^  in  which  one  of 
the  given  equations  is  of  the  third,  and  the  other  of  the 
second  degree.  If  in  these  we  make  the  requisite  sub- 
stitutions, we  obtain  the  required  final  equation 

y  +  a^^j/^  4-  6(J?f  -  12ay  -  12ay  =  0 
or 

y  +  ay  +  6(jpy^  —  I2a^y  —  120*.=  0. 
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SECTION   LXXVITI. 

The  method  to  find  the  final  equation  by  means  of  the 
symmetrical  functions,  originated  with  Euler,  who  first 
made  use  of  it  in  the  Memoirs  of  the  Berlin  Academy  for 
the  year  1748,  and  applied  it  to  a  few  easy  examples. 
A  short  time  after  this,  Cramer,  in  the  second  Appendix 
to  his  *'  Introduction  i  1' Analyse  des  Lignes  Courbes,^p. 
66o,  &c.  1750,  by  a  suitable  method  of  notation  (which 
I  have  partly  adopted),  made  it  more  general,  and  the 
operatipn  more  easy.  Both  these  great  men  chiefly  ei^ 
deavoured  to  prove  by  it,  that  two  lines,  one  of  which  is 
of  the  mtb,  the  other  of  the  nth  order,  can  be  cut  in 
no  more  than  rnn  points.  The  proof  of  this  does  not 
belong  to  this  work,  but  to  the  higher  branches  of  geo- 
metry. It  is  quite  enough  to  know,  that  this  solely  de- 
pends on  the  following  rule,  and  is  an  easy  and  imme- 
diate consequence  of  it. 

SECTION    LXXIX. 

Rule.  When  in  the  two  equations 

I.  jr+u*jr-'+J;t^"+-rfx"^+ +-4=0 

ll.3r+A'3r'^-\-A'3r^'\-A^3r^+ -f-Jf=o 

13         3 

between  two  magnitudes  x,  y,  the  coefficients  A,  Ay  A^ 

s      1         9        S  ■ 

...  u4,itf^i4^,i4^...^^, are  merely  whole  rational  functions  of 

1  ]  s  « 

y,  and  that  A  and  A^  are  of  the  first  degree,  A  and  A'  qI 

S  3 

the  second,  A  and  A'  of  the  third,  and  so  on  ;  then  the 
final  equation  in  y,  which  arises  firom  the  elimination  of 
X,  can  never  exceed  the  degree  mit. 


^^m^m^^mmH^'W  I     «ii|ii  Mil 
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Proof  1.  Let  j/,  3/^  x''',  Ac.  be  the  roots  of  tHae 

1  1  s 

equation  I,  then    is-[l]=/l,  [2]=^*— 2^,— [S]= 

1113 

A^^SAJ+Sji,  and  so  on;  from  which  we  see,  that  [1] 
contains  no  other  power  of ^  than  y\  [2]  no  higher  one 
than  j^j  [3]  no  higher  one  than  j^ ;  and  it  may  ako  be 
satisfiictorily  proved  with  little  trouble,  from  the  nature  of 
the  formulsy  §  VIII,,  that  in  the  supposed  nature  of  the 


»'t'y(jU<r-»M»' 


A,  Ay  fte.  the  numerical  expression  (ji)  gene- 
rally contidns  no  higher  power  of  y  than  jr. 

S.  Further,  no  eicpression  of  the  form  (a/SyS  •••  )  can 
contain  any  higher  power  of ^,  thany'*'*'^"*"^'....  The 
accuracy  of  this  assertion  appears  from  1,  together  with 
the  remark  in  §  XXIV, 

S.  From  ^  LXXV  the  first  part  of  the  final  equation 
(the  other =0)  is  the  product  of  the  ot  fiictors 

x^'  +^V-»  + +Ji'^**  + +  ^" 

y/'  +  JfV^-'  + +"i'«/'^  + +Jf 


a^'^+iiV^^-'-f +  ^^^»+ +  ^^ 

ftc. 


after  we  have  eliaunated  in  it  the  roots  j/,  x^\  3/^\  &e.  by 
means  of  the  coefficients  of  the  equation  I. 

4.  The  general  term  of  this  product  is 

5''*  A^    a',  ttccc'^x^^^x"^^* 


145 


Now,  since  the  product  must  be  a  symmetrical  function  ot 
2^>  x^\  x^^'f  &c.  this.term  necessarily  belongs  to 

A'     J'     A'  &c  [icvir 1 


5.  But  by  S,  the  highest  exponent  of  y  inl/xi/^r...]  is  equal 
to  the  sum  of  the  radical  exponents /Li+v  +  7r+...;  further, 
by  the  hypothec,  n— /u  is  the  highest  exponent  of  ^  in 

A' J  n— V  the  highest  in  A\  n— ir  the  highest  in  A\  &c. 
.-.  mn—(ji  +  V  +  IT  +  &c.)  the  highest  in  the  product 


A^    A'    A*  &C.     But  from  both  it  follows,  that  mn  is 


»— »A 


the  highest  exponent  of  y  in  the  term  A'  A'  A!  &c. 
(/cvir  «..  ],  and  that  consequently  in  this  term  there  can 
be  no  higher  power  of  y  than  y*". 

6.  Now,  since  what  has  been  here  proved  of  an  indeter- 
minate term,  obtains  &r  every  term  in  particular,  it  foUows 
. '.  that  in  the  final  equation  there  can  be  no  higher  power 
of  y  than  y*", 

SECTION   LXXX. 

When  more  than  two  equations  with  more  than  two 
unknown  magnitudes  are  given,  then  in  general  there  is 
no  other  way  but  to  combine  these  equations  in  the  usual 
way,  two  and  two,  and  thus  get  rid  of  one  unknown  mag- 
nitude after  the  other.  But  Bezout  observes,  with  truth, 
in  the  above-mentioned  work,  that  this  method  is  very 
defective,  because  a  number  of  useless  factors  enters  into 
the  sucoesnve  eliminations,  by  which  not  only  the  opera- 
tion is  lengthened,  but  likewise  the  degree  of  the  final 

u 
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equation  becomes  much  higher  than  it  ought  to  be,  and 
what  is  much  more  objectionable  is,  that  these  factors 
do  not  show  themselves  till  the  calculation  is  completed. 
Since,  however,  these  difficulties  can  be  got  rid  of  even  by 
Bezout's  method  in  no  other  way  than  by  considering  a 
great  number  of  single  cases,  (but  neither  the  object  nor 
the  limits  of  this  work  allow  of  such  a  detail  as  this),  I 
shall  consequently  not  enter  into  these  inquiries  at  pre- 
sent, but  leave  them  for  consideration  till  a  future  period. 
Tschimhausen,  in  the  '^Acta  Eruditornm,'^  for  the 
year  1683,  has  given  a  method  for  solving  those  equations 
which  are  founded  solely  on  eliminations.  This  method 
only  requires  to  transform  the  given  equation,  by  means 
of  an  assumed  auxiliary  one,  into  another,  which  contains 
any  number  of  indeterminate  magnitudes,  by  the  proper 
determination  of  which  it  is  possible  to  remove  as  many 
terms  as  we  please,  and  by  that  means  give  it  the  form  of 
an  equation  of  two  terms,  of  a  quadratic,  of  a  cubic,  or  of 
any  other  equa^on,  whose  solution  is  already  known,  or 
may  be  considered  as  known«  Its  inventor  consi&red  it 
as  general,  and  so  it  is  indeed ;  only  its  application  often 
requires  the  solution  of  higher  equations  than  the  given 
one  itself.  The  following  problems  will  elucidate  what 
has  been  just  said. 

SECTIOH   LXXXI. 

Pbob.  Let  the  two  equations 

I.    a:*+ar^*+kr""«+«j"^+&c.  =  o 
U.y+A+Bx+Cx^^D3^  +  8sc  =  o 

be  given,  in  which  the  coefficients  a,  b,  c,  AcAfB^C^Ac 
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contain  neither  x  nor  y :  determine  the  degree  of  the 
final  equation,  which  is  obtained  by  the  elimination  of  x, 
in  tenns  of  ^. 

jSoArtson.  Let  j/,  x^^j  sf'\  Ac  be  the  roots  of  the  equa- 
tion I ;  then,  according  to  §  LXXV,  the  first  part  of 
the  final  equation  (the  other  =  o)  is  the  product  of  the 
fidlowing  m  fiietors : 

y+il  +  Ba/    +Gr^    +  Da/«    +  &c. 

ji  ^  A  ^  Bj/'  +  cy^  +  Dj/^  +  &c. 

3f  +  il  +  Bjff'  +  Ctxf"^  +  Bjf"^  +  &c 

&c. 

Now,  nnce  in  these  fiietors^  occurs  in  no  other  term  but 
the  first,  consequently  in  the  product  there  can  be  no 
higher  power  of  y  than  ^.  The  equation  in  terms  of  jf 
b  •*•  necessarily  of  the  mth  degree,  and  consequently 
always  of  the  same  degree  as  the  equation  I,  of  which 
dqpree  beades  the  equation  II  may  also  be. 

CaroUary.  If .  * .  an  equation 

sT  +  oj*-*  +  biT^  +  cjT^  +  &c.  =  o 

be  given,  we  can  transform  it  into  another  of  the  same 
d^ree  in  numberless  ways.  For  this  purpose,  wc  only 
need  assume  any  auxiliary  equation  of  the  form 

y  +  -rf  +  Bx  +  Cx*  +  Dj?  +  &c. 
and  eliminate  x  firom  both  equations.  Now,  since  both 
the  degree  and  the  coefficients  of  the  auxiliary  equation 
are  undetermined,  we  can  always  determine  both,  in  the 
way  required,  by  the  form  which  we  have  determined  on 
giving  to  the  transformed  equation.    Thus,  if  we  wish  to 
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reduce  the  equation  of  the  second  degree  x^  +  or  +  fr=:o 
to  the  form^+JTsso,  we  assume  the  auxiliary  equation 
y+A-^x^o.  By  eliminating  x  from  this  and  the  given 
equation,  we  get  ^  +  (2  J  —  a)y  +  ^4^  —  a  A  4-  ft  =  o. 
Now,  since  the  second  term  vanishes,  we  have  2il^a=so, 
and  A  =  ^a;  and  by  this  value  of  A^  the  auxiliary 
equation  is  transformed  into  y  +  ^a  +  x  =  Oy  and  the 
transformed  one  into  ^— »Ja*  +  A  =  o.  The  last  gives 
y  =  ±  \/  (i  a^  — '  &)»  and  if  this  value  be  substituted 
in  the  first,  we  then  obtain  x=  — ia+  \/(Ja'— J),  as 
required. 

SECTION    LXXXII. 

Fbob.  Reduce  the  general  equation  of  the  third  degree 
x^  +  (u^  +  bx-i-c=zo 

to  an  equation  of  the  form  ^  +  JT  =  o. 

Solution  1.  Since  the  transformed  equation  is  to  have 
the  form  ^  +  iT  =  o,  in  which  the  second  and  third 
term  vanish,  we  must  then  assume  an  auxiliary  equation 
with  two  indeterminate  coefficients,  in  order,  after  having 
performed  the  elimination,  to  determine  this  one,  in  such 
a  way  as  this  condition  requires.  Let .  * . 
y+A  +  Bx  +  3^=zo 

be  this  auxiliary  equation. 

2.  Now,  in  order  to  eliminate  x  from  the  two  equations 

I.  x^  +  ox*  +  6x  -I-  c  =  o 

II.  y  +  il  -f  Bjt  +  J*  =  o 
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equate  these  with  the  equations  I,  II,  in  the  second 
example,  §  LXXVIL  This  gives  il=s— a,  jB=&, 
C^'-c,  A'  =z  o,  B^  ^  I,  a  =  B,  jy  =:  y  +  A. 
Consequently  the  final  equation  in  the  above  §  b  trans- 
fenned  into  the  following : 

Cy  +  il)»  -  (aB  -  a«  +  2ft)  (2f  +  Ay  + 
(ftjB«+(8c-aft)B+ft*-2ac)Cy  +  il)-cJB»+acJ3«-AcB 

+  c"  =  o 

3.  If  in  this  equation  we  solve  the  powers  of  ^  +  il, 
we  then  obtain  an  equation  of  the  form 

/  +  ^y  +  /j^  +  jr  =  o 

and 

jy  =  Sil  -  ajB  +  a«  -  «ft 

/   =  8ii«  -  2il  (aB —rf» +  26)  + ftfi« 

+  (Sc  —  oft)  B  +  ft^  —  2ac 
JT  =  A'  -  aJ^B  +  6ilB«-cB»  +  (a«  -  2ft)A«  + 

(8c-flft)  JB  +  acB^  +  (6*-2(m:)  -^-ftcB  +  ^ 

4.  If  we  wish  to  reduce  this  equation  to^  +  JT  =  o, 
we  must  put  H  and  /  =  o ;  this  gives  the  two  equations 

SJ  ---aB  +  (^  —  2&  =  o 

SJP  '-2A(aB'-(^  +  2ft)  +  6B*  +  (3c  -  oft)  B 

+  ft*  —  2ac  =  o 

Since  the  first  of  these  equations  is  of  the  first,  and  the 

second  of  the  second  degree,  in  reference  to  A  and  B,  we 

consequently  can  find  these  coefficients  by  the  solution 

of  an  equation  of  the  second  degree,  and  the  substitution  of 
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these  values  in  the  expression  for  K  gives  K^  and  at  the 
same  time  the  reduced  equation  ^  +  f  =  o. 

Corollary.  Having  found  the  reduced  equation,  we  are 
also  enabled  to  find  the  roots  of  the  given  equation. 
Thus,  bamj^  +  iT  =  o,  we  obtain,  when  1,  a,  0,  denote 

3  3 

the  cube  roots  of  unity,  ^=—  \/Jr,^s=— a\/Jr, 

3 

jf  =  —  0  ^/  JT.  If  these  values  of  y,  together  with 
those  of  ^  and  £,  be  substituted  in  the  auxiliary  equa- 
tion, ^e  then  obtain  the  required  value  of  x  by  the 
solution  of  equations  of  the  second  dq^ree. 

BsMABK.  Since  the  values  of  A  and  B  depend  on 
equations  of  the  second  degree,  strictly  speaking,  we 
get  2  X  2  corresponding  values  of  these  magnitudes. 
Now,  since  every  two  corresponding  values  may  be  com- 
bined with  each  of  the  three  values  of  ^,  these  substitutions 
give  six  different  equations  of  the  second  degree*  Every 
one  of  these  gives  two  values. of  x,  and  consequently 
we  obtain  generally  twelve  values  of  j:,  although  the  given 
equation  can  have  no  more  than  three  roots. 

We  must,  however,  keep  in  mind,  that  only  those 
values  of  x  may  be  assumed,  which  verify  at  the  same  time 
the  two  equations  I,  II.  In  order  to  find  these  values, 
weneedonly .' .  seek  the  common  divisor  otx^+as^-^bx+c 
and  x^  +  Bx  +  ^  +  ^  in  the  usual  way.  The  division 
of  the  first  expression  by  the  second,  gives  the  quotient 
X  +  a-^  B,  and  the  remainder 

(B«  »  afl  +  6  -  i<  -  y)  ar  +  (i?  -  a)  (^  +  j^) + c. 
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This  remainder  must  yanish.    We  have  consequently 

(J3«  -  aB  +  ft  -  -i  -y)^  +  (B-a)  (^+y)+c=a 
and  hence  we  obtain 

{B^a){A+y)  +  c 
^'"^  B'^aB  +  b'-A^y 

If  in  this  equation  we  substitute  for  J,  B,  thdr  values 
from  the  equations  In  4,  also  for  y  its  three  values  succes- 

3  3  3 

sivdy,  —  *JK^^a  ^/iT,—^ \/Jr,  we  obtain  three  values  of 
T,  which  are  the  roots  of  the  given  equation.  Moreover, 
it  matters  not,  in  this  case,  which  we  use  of  the  corres- 
ponding values  of  A  and  B^  because  they  always  give  the 
same  values  of  x ;  of  which  we  can  easily  persuade  our- 
selves by  actual  calculation. 

SECTION  LXXXII. 

Peob.  Transform  the  general  equation  of  the  fourth 
d^ree 

aP*  +  ar'  +  fta^  +  cx  +  d  =  o 
into  another  of  the  form^+Hy + JTso. 

SobUum  1.  Since  the  transformed  equation  is  to  have 
the  form  ^^+.£^+jr=  o,  in  which  two  terms  vanish, 
vis.  the  second  and  fourth,  we  must  consequently  assume 
an  auxiliary  equation,  with  two  arbitrary  magnitudes. 
Let  •'. 

y  '\-  A  -^  Bx  +  :i^  =  o 
be  this  auxiliary  equation. 

St.  In  order  from 

I.  y-^A-hBx  +  i^^o 

II.  y  +  oj*  +  ftj*  +  car  +  d  =  0 
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to  eliminate  r,  it  is  only  necessary  to  compare  these 
equations  with  those  of  the  first  example  in  §  LXXVII ; 
we  then  find  il'=o,  -B'=l,  a=a,  U^b,  E^zr^c, 
F^=d,  A^—B^  B:sy  +  J[.  If  we  make  these  substi- 
tutions in  the  final  equation  in  the  above  mentioned  §, 
it  is  by  these  means  transformed  into  an  equation  of  the 
form 

and  then 

P=:  ^aB  +  0^  —  26 

Q  =  &J3>  +  (^Sc-ab)  jB  +  i«  —  2ac  +  2d 

R=:  ^cB^+  (ac-4d)jB»+  (3ad  — ic)i5 

5  =  dB*  -  adB^  +  bdB^  -cdB  +  cP 

S.    If  we  arrange  this  equation  according  to  y,  we 
obtain 

y  +  (4^  +  P)y  +  (6^»  +  SPA  +  Q)y 
+  (4^^  +  SPA^  +  2QA  +  R)y 
+  A*  +  PA^  +  QA^  +  RA  +  S  =zo 

in  which  any  two  terms  may  be  eliminated  at  pleasure,  by 
merely  determining  the  letters  A,  B,  conformably  to  it.  ' 

4.  Now,  in  order,  as  the  problem  requires,  to  eliminate 
the  second  and  fourth  terms,  we  put 

4-4  +  P  =  o 

4il»  +  SPA^  +  2QA  +  U  =  o 

P 

5.  The  first  gives  il=s  —  -j  and  if  we  introduce  this 

4 
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value  into  the  other  equation,  by  omitting  the  fractions, 
we  have 

jp  --  4PQ  +  8i?  =  o 

If  in  this  equation  we  make  use  of  the  above  values  of 
P,  Qj  Rj  we  then  obtain  for  B  an  equation  of  the  third 
degree,  viz. 

(4aft— a'-.8c)J33+(Sa*— 14a%  +  20(ic  +  Si^  -  S2d)  & 
+  (^S€fi  +  leo^i—  l6ai»  — 20a*c+  S2ad -h  l6&c)  JB 
+  a«  —  6M  +  8  (i^c  —  8  a*d  +  8  fl*A»  --  16  aJc  +  8  ct 

3=0 

Having  determined  B  from  this  equation,  we  need  only 
substitute  its  value  in  the  above  expressions  for  P,  Q,  J2, 
jS',  in  order  to  find  these  coefficients  also. 

P 

6.  Further,  the  equation  in  S,  by  putting for  A  is 

4 
transfinmed  into 

"^        ^8  '^       256         16         4 

PO         p9 

or,  when  we  substitute  for  R  its  values into 

2  8 

J^        V  3         ^Jjr  -r  g^g        16    ^ 

and  this  equation  has  the  form  ^  +  Hj^  +  if  =  o,  as 
required. 

Corollary.  Now  from  this  transformed  equation  we 
may  find  the  roots  of  the  equation  1^ + ox' + &x' +  cjr  +  ci = o 
in  a  similar  way  as  in  the  foregoing  §  for  the  equation  of 
the  third  degree.     Thus,  since  the  equation  in  6  gives 
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three  values  for  Bf  and  the  substitution  of  each  of  tfaesq 
values  in  the  transformed  equation  gives  four  values  of  y^ 
we  .  * .  obtain  generally  twelve  values  for  jf.  Each  of  these 
yalues  of  f/i  together  with  that  of  B  when  substituted  in 
the  auxiliary  equation  x^  -f  Bx  +  A  +yz=o^  of  a;*  + 

P 

Bx h^=o,  gives  two  values  for  x^  and  we  .  • .  obtain 

4 

generally  twenty-four  values  of  r.     Now,  in  order  to  learn 

which  of  these  values  are  at  the  same  time  roots  of  the 

given  equation,  we  must  seek  the  common  divisors  of 

the  two  expressions  x*  +  ax^  +  ftjr^  ^  ex  +  d,  a^  + 

P 

Bx  —"-^  •{-  y.  With  this  view,  we  divide  the  first  expres- 
sion by  the  last,  until  we  come  to  a  remainder,  which 
contains  x  in  the  first  power  only ;  this  remainder  must 
.  • .  be  =  o.  '  In  this  way  we  obtain  the  equation 

[B^'^aB'  +  bB'^c^  (a-^^B)  (y-^)Jr 

4 

+  {B'-aB  +  b)  (y_^)_(j,-^)e_d  =  o 

•  4  4 

and  hence 

d-  {B*  -  aB  +  b)  (y-?)  +  (y-^y 

X  = 1 *  _ 

B»-aB«  +  6B-c-(a-2B)(y--) 

4 

Now,  if  we  substitute  in  this  expression  of  j:  for  y  its  four 
values  from  the  transformed  equation,  we  thus  obtain  the 
roots  of  the  given  equation,  and  indeed  we  shall  always 
find  the  same  ifour  values  (or  jr,  whichever  value  of  B 
we  make  use  of. 
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Remark.  From  this  and  the  two  foregoing  sections 
we  deduce  at  least  this  much,  that  Tschimhausen's 
method  leads  to  the  actual  solution  of  equations  of  the 
second,  third,  and  fourth  degree,  although  in  a  very 
laborious  way.  Whether,  and  how  far  this  method  is 
also  applicable  to  higher  degrees,  will  be  the  subject  of 
inquiry  hereafter. 
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V. — On  the  boots  of  the  equation  2^—1=0,  and 

ITS  AFPLICATION  TO  THE  ELIMINATION  OF  SURDS 
FROM  EQUATIONS.  A  METHOD,  BY  WHICH  TO  FIND 
SOLVABLE  EQUATIONS,  AND  SOME  OTHER  SUBJECTS 
CONNEQTED   WITH   IT. 

SECTION   LXXXIV. 

Prob.  Find  an  equation,  which  merely  contains  the 
imaginary  roots  of  the  equation  jf — l=o. 

Solution.  Here  two  cases  must  be  taken  into  considera- 
tion, viz.  first,  when  n  is  an  odd ;  secondly,  when  n  is  an 
even  number. 

1.  Let  n  be  an  odd  number.  In  this  case  there  is  no 
more  than  one  real  root,  viz.  +  1,  and  consequently  7—  1 
must  be  a  divisor  of  xf" —  !•  If  •  *  •  we  divide  the  equation 
jf— 1=0  byor— 1,  and  make  the  quotient  =0,  we  obtain 
an  equation  which  only  contains  the  imaginary  roots,  and 
this  is 

oT-^  +  oT^  +x'^  + +x«  +  x  +  l=:o 

2.  Let  n  be  an  even  number, .  * .  the  given  equation  is  of 
the  form  jr^"— l=o.  In  this  case  it  has  necessarily  two 
real  roots,  viz.  +  1  and  —  1,  and  no  more.  Conse- 
quently both  a:  —  1  and  x+l  must  be  divisors  of  x^\ 
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.'.  also  the  product  (j:— 1)  (j:+l)=a:*— 1.  If  .*.  wc 
divide  the  equation  z*— 1=0  by  2^—1,  we  thus  obtain 
an  equation,  which  only  contains  the  imaginary  roots,  and 
this  is 

ar-«  +  x»-*  +  oT^  +  ...  +  X*  +  x«  +  1  =  o 

CuToUary,    In  order  .  * .  to  find  all  the  roots  of  the 

equation  a^^  1  =o,  we  must,  when  n  is  an  odd  number, 

endeavour  to  solve  the  equation  j^^  +  3^~*  +  ..•  +  J^  + 

l=o,  and  when  n  is  an  even  number,    the  equation 

x*~*+a:*^+...+x*+l=o.     The  latter,  because  it  only 

contains  even  powers  of  Xy  may  always  be  reduced  to  an 

11— £ 
equation  of  the  degree by  substituting  y  for  x^« 

Example  I.  The  equation  x^—  1  =o  divided  by  x—  1, 
gives 

x«  +  j:  +  1=0 
and  when  solved,  x  = = .     The  three  roots  of 

this  equation  are  consequently 

-.l+\/— 3     — 1  — \/--S 


1 


'  2 


Example  II.    The  equation  2*  —  1  =  o  divided  by 
x^— 1,  gives 

x«  +  1  =  o 

whence  tire  obtain  x=  +  \/ — 1.     The  four  roots  of  the 
equation  x^—- l=o  are  consequently 

+  1,  —1,  +  %/—!,  -  v/-l 
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£k AMPLE   IIL    The  equation  r^-^lso  divided  by 
jr— 1,  gives 

JC^  +  2^   +  X«  +  J7  +   1  =  O. 

This  equation  may  be  analyzed  into  two  quadratic  equa- 
tions 

-r-  +  (i  +  4  'Z  5)  X  -f^  1  =  o     . 

J^*  +  (i-i\/5)j:  +  l=o 
and  the  solution  of  these  two  equations  gives  the  four 
following  imaginary  rooots : 

^[_l-.^5+  ^ (10-^2 a/5)  >i/- 1] 
i[-l-A/5-  >/(10-2a/5)  a/  — 1] 
i[-H--v/5+  a/(104-2>v/5)  ./-l] 
J  [-1+ V'S-  v'ClO  +  S'/^)  a/-1] 

Example  IV.    The  equation  i^-l=o  divided  by 
jc*— 1,  gives 

jr*  +  x«  +  1  =  o 
and  the  solution  of  this  equation  gives 

^-±v— -^ — 

The  six  roots  of  the  equatioa  3fi—ls:o  arc  .-. 

+  1  —1 


+ 


2  >  2 

—  1— jv/— 3  ^  /— 1— ^^3 

2 


SECTION   LXXXV. 


Prob.   Reduce  the  equation  .i"-A=o  to  an  equation 
of  the  form  y"—  l  =  o. 
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Solution.  Futx=^\/^,  and  substitute  this  value  in 
the  equation  3f—k=zOj  then  this  equation  is  transfonned 
into  iy"— fc=o,  or  when  divided  by  i,  intoy  —  l=o. 

Corollary.  If  • ' .  we  have  in  any  way  already  solved 
the  equation  y—  1  =o,  and  denote  by  1,  a,  /?,  y,  S,  c,  &c. 
its  n  roots,  or  the  value  of  y^   we  then  obtain  from 

xsiy^/k  the  It  following  rpots  of  the  equation  of — &=o : 

«  ■  ■  m  •  • 

Vk,  aVk,  SVkf  7  Vij  SVk,  e^kj  &c. 

SECTION  LXXXVI. 

Prob.  Reduce  the  equation  a'*— 1  =o  to  an  ^uation 
of  the  form  y — 1  =o. 

SdiUum.  Put  ^=^,  then  x^=y.  If  this  value  be 
substituted  in  the  given  equation,  it  is  transformed  into 

y— 1=0. 

Cordlary.  If  we  denote  the  roots  of  the  equation 
3:^—1=0  by  1,  a,  ft  y,  Sjje,  &c.,  then  the  roots  of  the 
equation  x'— ^=o  (foregoing  §)  are 

<y,  av>,  ^\<y,  7\/y,  Sv>,  £\/y,  &c. 
Now,  since  we  can  substitute  for  y  each  of  the  roots  of 
the  equation  y— l=o,  we  obtain  by  these  substitutions 
aU  the  f({  roots,  of  the  equation  x«—  1  =o. 

Example.  To  find  the  roots  of  the  equation  j^*—  1 =o, 
put  j7=4,  p=3.  We  consequently  have  the  two  equa* 
tions 
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ar*— j^  =  o,  y— 1=0. 

Now,  the  roots  of  the  equation  jr*— l=o  (§  LXXXIV, 
example  II)  are  +  1,  —  1,  +  V^  —  1»  —  V  —  1?  •*• 
the  roots  of  the  equation  a:^— ^=o  (foregoing  §). 

4  4  4  4 

Vyj  -  'Jy^  +  \/  —  1  .  *J  !fs  -  a/  -  1  .  \/ j/. 
Further,  the  roots  of  the  equation^—  1  =o  (§  LXXXIV, 
example  I). 

—  1  +  \/  —  8    —  1  —  >/  — 3 

If  we  successively  substitute  these  values  for  y,  we  obtain 
the  twelve  following  roots  of  the  equation  x^-^  1  =o : 
1,  -l»  V-l,  --/-I 

4-1+^-3       4-1+A/-3'         _     4-1+^-3      ,,      4-1+ V-3 

V #— ^ iV  — 1.  ^ ,-^^-1 .  J  ■  » 

^2  2  ^2  2 

4-1--/-3        4-1-^-3  4-1--/-3  _      4-1-V-3 

^2  2  ^2  ^2 

SECTION    LXXXVII. 

Pbob.  Under  the  supposition  that  n  is  a  prime  num- 
ber, from  any  one  of  the  imaginary  roots  of  the  equation 
2^—  1  =0,  find  all  the  remaining  ones. 

Solution  1.  Let  a  denote  one  of  the  imaginary  roots 
of  the  equation  a:'  —  1  =  o,  so  that  a*  —  1  =  o,  or 
a'=  1. 

2.  Since  a"  =  1,  then  also  (a")  '  =  (o")  "  =  1.  If 
•*.  a  is  a  root  of  the  equation  j^  —  1  s=  o,  then  must  also 
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o*  be  one  of  its  roots.     Therefinre  the  equation  j^—  1  =o 
haS)  besides  a«  the  roots  a^  a\  a\  a^  &c. 

S.  But  since  in  this  way  we  should  find  an  infinite  number 
of  roots,  and  the  equation  x*  -7  1  =  o  can  only  have  n 
roots,  we  may  safely  presume,  that  in  the  series  of  powers 
«>  ^i  a^  aS  €?j  &c.  there  must  be  an  infinite  number  of 
equal  roots.  This  likewise  is  really  the  case:  for  we 
find  a"+»  =  o-  .  a  =  a,   a"+*  :=:  a""  .  c?  =  a«,  a"+3  = 


=  a" 


4.  Generally,  when  we  exceed  the  nth  power,  we  shall 
find  only  one  of  the  n  following  roots 

fl>  aS  a^  a\  a^ a— S  a" 

of  which  the  last  =  1 .  For  let  a^  be  any  power  of  a, 
and  m  >  n.  Further,  let  q  denote  the  quotient,  which 
we  obtain  after  dividing  m  by  n,  and  r  the  remainder, 
consequently  r  <  n;  then  m=:nq  +  r.  We  have  . •. 
a-  =  0-*+'  =  a"» .  a'  =  (a")* .  a'  =  1*  .  o'  =  a^  But 
o%  since  r  <  If,  is  necessarily  one  of  the  powers  a,  a*, 
a^a*, a-i. 

5.  The  conclusions  drawn  hitherto  obtain,  whether  n 
be  a  prime  number  or  not.  In  the  particukr  case,  when 
«  IS  a  prime  number,  according  to  the  supposition  in  the 

problem,  it  may  be  proved,  that  the  roots  a,  a*,  a\ a% 

are  all  different  firom  one  another.  For  we  suppose  two 
of  these  roots  a^  o;',  to  be  equal,  and  v  >  fi.  Then  we 
divide  the  equation  a'  =  a^  by  of*,  and  obtain  oT^  =  1 ; 
but  it  may  be  shown,  as  follows,  that  this  equation  is 
impossible. 

Y 


162 

6.  Thus,  since  n  is  a  prime  number,  and  v  —  /ti  <  n, 
the  numbers  v  — /ic  and  n  are  •*.  prime  to  one  another. 
Consequently,  as  is  already  known  from  indeterminate 
analysis,  two  whole  positive  numbers  tj  ti,  may  always  be 
found,  such  that  (v  —/[£)<  =  iw  +  1.  If  .• .  oT^  =  1, 
then  also  must  a^"^^^^  =  1,  and  consequently  also 
o"'*'^  ss  1,  or  a"  .  a  s  1,  or  a  =  1 ;  which  is  impossible 

(1). 

7.  Since  .'.  the  roots  a,  a%  a^  a^  a%  as  fiir  as 

the  number  n,  are  all  different  from  one  anoth^,  then 
these  are  the  n  roots  of  the  equation  j^  —  1  =  o.  If .' . 
an  imaginary  root  a  be  given,  we  then  have  likewise  all 
the  remaining  ones. 

Corollary.  If .' .  we  denote  the  imaginary  roots  of  the 
equation  a:*  —  1  =  o  by  a,  /?«  y,  S,  &c.^  then,  when  n  is 
a  prime  number,  all  the  roots  of  this  equation  may  be 
represented  in  one  or  other  of  the  following  ways : 
either  by  a,  a*,  o' a""*,  a" 

or  by     ft  ^,  0" er\  er 

or  by        7,  y%  y^ y^\  y' 

&c. 

or,  which  is  the  same,  we  can  substitute  in  the  series  of 

roots  a,  aS  a', a*~'S  a\  for  a  each  imagmary  root 

aS  a\  a^ a*~S  and  then  we  shall  always  obtain  the 

same  n  roots. 

ExAUPLB.  When  n  r=  ^,  the  roots  are  a,  aS  a^.  If 
for  the  root  a,  we  substitute  the  following  one  oV  ^^ 
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obtain  a^  aS  a^  But  since  a'  =  1,  then  a*  =•  a,  and 
tjfi  =  a^  and  we  have . '  •  here  a^  a^  a\  as  before.  When 
n  =:  5,  the  roots  are  a,  a^,  a\  aS  a^.  If  we  put  a^  ht  a, 
then,  on  the  oontrarj,  we  have  a%  a\  aS  a\  o'%  or,  ^nce 
a^=  ly  aS  aS  a,  a\  a^;  consequently  the  same  roots  as 
before.  In  like  manner,  when  a^  is  put  for  a,  we  find 
fl?,  o^  a^  a",  a",  or  a^,  a,  a*,  a*,  a*,  and  when  o**is  put 
for  o,  a\  (fy  a",  a^*,  a*,  or  a*,  a^  a*,  o,  a* ;  consequently 
always  the  same  roots,  only  in  a  different  order. 

SECTIOV   LXXXVIII. 

Rules. 

I.  When  n  is  divisible  by  m,  then  all  the  roots  of  the 
equation  jr*  —  1  =  o«  must  also  be  roots  of  the  equation 
x*  —  1  =  o. 

Proof.  Since  n  is  divisible  by  m,  then-*  =f  is  a  whole 

fit 

number,  and  n  ==  9m.      The  equation  jr*  —  1  =  o  is 

consequently    o:^  —  1  =s  0|    and    if   we   put    x"=^, 

^—1=0.      Now,  y'  —  1  =  0  is  divisible  by  ^  —  1 ; 

consequently  also,  if  again  x*  is  put  for  ^,  X^  —  1  is 

divisible  by  x"  —  1 ;    .  * .   the  roots  of  the  equation 

X*  —  1  =  o  are  also  roots  of  the  equation  :c**  —  1  =  0, 

orac^  — 1  =  o.  Q.  E.  D. 

II.  When  a  root  (unity  excepted)  of  the  equation 
a^^  1  =0,  which  is  also  a  root  of  the  equation  x**- 1  =0, 
18  of  a  low  degree,  and  that  of  the  very  lowest  possible, 
then  fi  must  be  divisible  by  m. 
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Proof.  Let  a  be  the  common  root,  consequently 
a"  —  1  =  o,  and  «"•—  1  =  o.  Now,  if  «  be  not  divisible 
by  }Rj  then  n  divided  by  m  gives  the  quotient  q  and  the 
remiander  r»  so  that  n  ss  jm  +  r,  and  r  <m.  Then 
a"  =  o»"+'  =s  a'"  .  o'.  But  a'  =1,  a*"  =  (a*)*  =  1  ; 
•  *  •  1  =  a*^;  consequently  a  is  also  a  root  of  the  equation 
i'  —  1  s:  o,  which  is  contrary  to  the  hypothesis,  that 
^"  —  1  =  0  is  the  lowest  equation,  which  conuins  the 
root  a. 

III.  When  m,  n  are  two  numbers,  which  have  no 
common  measure,  then  the  equations  j:**  —  1  =  o, 
jt"  —  1  s  o  have  no  common  root,  except  unity. 

Proof,  If  possible,  let  the  two  equations  have  a  common 
root  a,  different  from  unity,  then,  at  the  same  time,  a*  =  1 
and  a'=  1 .  Since  m  and  n  are  prime  to  each  other,  we  can 
always  £nd  two  whole  positive  numbers,  t, «,  such,  that 
m/  ==  nil  +  1-  We  have  then  the  equation  a*'=a'*'*"^= 
a""  .  a.  But  according  to  the  hypothesis  o*  =  a"  =  1, 
consequently  a"*  =  a"" :  .  • .  1  ==  o ;  which  is  contrary  to 
the  hypothesis. 

IV.  When  the  two  equations  j:"—  1  =  0,1^  —  1=0, 
have  another  root  besides  unity,  common  to  both,  then  the 
exponents  fit,  n,  must  have  a  common  measure. 

Proof.  For  if  they  have  no  common  measure,  then 
also  they  can  have  no  common  root  except  unity  (III). 
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SECTION   LXXXIX. 

FsoB.  Let  the  equation  2^—  1  so  be  given,  and  n  be  a 
compound  number :  find  all  those  roots  of  this  equation, 
which  do  not  belong  to  any  equation  of  a  lower  iegcee  of 
the  same  form. 

Solution  1.  Let  p,  9,  r,  &c.  be  the  simple  factors 
of  the  exponent  n  ;  further,  let  —  =  ^,— =/li',—  =^''4c. 
consequently  ri  is  divisible  by  /u,  fi^,  v!'^  &c. 

8.  Construct .  *•  the  equations 

j^—l^Oy  j^— 1=0,  j^'— 1=0,  &c. 

then  these  equations  must  have  all  their  roots  in  common 
with  the  equation  2^-1=0  (§  LXXXVIII,  L) 

3.  Now,  I  affirm,  that  each  root  of  the  equation 
j^—  1  sso,  which  also  belongs  to  a  lower  equation  of  this 
form,  roust  necessarily  be  a  root  of  one  of  the  equations 
in  S.  For,  let  a  be  a  common  root  of  the  equations 
jr"—  1  so,  y—  1  =0,  and  the  last  the  kwest  of  this  form, 
to  whidi  this  root  can  bdong,  then  k  must  be  a  divisor 
of  n(§  LXXXVIII,  II.),  consequently  also  assuredly 
a  divisor  of  one  of  the  numbers  jtx,  /u^,  /li^^,  &c.  Therefore, 
all  the  roots  of  x*—  1  =0  must  be  contained  in  one  of  the 
equations  in  2 ;  and  consequently  also  the  root  a. 

4.  If  we  cBvide  the  equation  sf^^  1  =0  successively  by 
J**— 1,  x^— 1,  j^— 1,  &c.,  we  obtain 
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j*-f*  +i:*-«M  +x*-^  +....4-j:2i«  +jr  +1=0 
X— »*'  +2''"''*'  +ar*-^'  +  •...  +a^t^'  +x*^  +  1=0 
a*-*^" -^  oT^i^'' ^  sT^"  +  ....  +x^"+x*^"+  1  =  o 

The  first  of  these  equations  contains  all  thoei^  roots  of 
af— 1=0,  which  are  not  contained  in  a?^— l=o;  the 
second  all  those  roots  of  x"— l=o,  which  are  not  con- 
tained in  2**^—  1  =0 ;  &c. 

5.  A  root  |3,  which  is  common  to  all  these  equations, 
cannot  be  found  in  any  one  of  the  equations  x^->l=Oy 
x**'—l:=o,  J**"— 1=0,  &c  and  .-.  cannot  be  a  root  of  an 
equation  of  two  terms  of  a  lower  degree  than  x"—  1  =o  (3). 

6.  If  .  * .  we  seek  the  greatest  common  divisor  of  the 
equations  in  4,  then  this  must  contain  only  such  roots 
as  are  peculiar  to  the  equation  2^—1=0,  and  belong  to 
none  of  a  lower  degree  of  this  form.  But  it  is  also 
evident,  that  there  can  be  no  such  root  wanting  in  the 
greatest  common  divisor,  because  otherwise  it  could  not 
be  the  greatest. 

ExAHPLE  I«    Let  2^— >]=o  be  the  given  equation, 

consequently  ti=4.     Since  this  number  has  only  one 

II 
simple  factor,  viz  S,  .*.  p=2 ;  consequently  fi  =  — =2. 

If  .'.  we  divide  the  equation  or*— l=o  by  x^— 1,  we 
obtain  the  equation 

x*  +  1  =  o 
whose  roots  +  \/— 1  and  —  V—l  are  such,  that  they  do 
not  become.  + 1  till  raised  to  the  feurth  power. 
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Example  II.  Letx'<— l=o  be  the  given  equation, 
consequently  n  =  12.  This  number  has  two  simple 
factors,  viz.  2  and  3,     We  have  .*.|9s2,  q^S,  and 

consequently  fx  =.  —  :^6y  fi^=^  —  =  4.      Now,    if  we 

divide  x^— l=o  by  a^— 1  and  a^—  1,  we  obtain  the  two 
equations 

«*+  1  =  o 

a'  +  j^  +  1  =  o. 
Their  greatest  common  divisor  is 

X*  —  a:*  +  i  =  o. 
Hence  we  find 

and  these  four  roots  are  peculiar  to  the  equation  x^—  1  =o, 
because  they  do  not  become  + 1  till  raised  to  the  twelfth 
power. 

In  order  to  find  the  above  roots,  it  is  only  necessary 
to  solve  the  equations  x*— l=o,  x^— l=o,  and  to  take 
the  common  roots  only  once.  The  roots  of  the  equations 
x^— J  =0,  j:«— 1=0  are  in  §  LXXXIV.  In  this  way 
we  obtain  the  following  eight  roots. 

±h±^/-h  ±V i '^=^ 2 

which  together  with  the  four  preceding,  give  the  twelve 
roots  of  x^— 1=0.  This  mode  of  expressing  them,  is, 
as  we  see,  much  more  simple  than  that  in  §  LXXXVI. 

HsHABK.  A  root  which  is  peculiar  to  the  equation 
x'  —  1  s:  0,  and  which  consequently  belongs  to  no  equation  of 
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a  lower  degree  of  this  form,  is  termed  a  primitive  root  of 
this  equation* 

SECTION   ZC. 

PaoB.  Let  n  be  a  compound  number,  and  a  a  given 
primitive  root :  find  all  the  roots  of  this  equation. 

Solution  1.  In  §  LXXXVII  it  has  been  proved,  that 
for  every  n,  though  a  may  be  any  imaginary  root,  the 
powers  a,  a%  a^..,a%  are  always  roots  of  the  equation 

X"— 1=0. 

2.  I  aflSrm,  then,  that  when,  as  has  been  here  supposed, 
a  is  a  primitive  root,   in  the  series  of  magnitudes  a, 

a^,  a^ a",  there  are  no  two,  which  are  equal  to  one 

another.  For  if  a*^z=:a%  then  a"^=l,  consequently  a  is 
a  root  of  the  equation  j;^~»—  1  =o ;  therefore  the  root  of 
an  equation  of  the  form  j:"—  1  r=o,  of  a  lower  degree  than 
n,  and  consequently  no  primitive  root,  which  is  contrary 
to  the  hypothesis. 

3.  Since  .*.  the  magnitudes  a,  a%  a\  oS......a*  are 

all  roots  of  the  equation  j'^  1  =o,  and  all  different  from 
one  another,  they  are  the  n  roots  of  this  equation,  which 
were  sought. 

SECTION  xcr. 

Pbob.  Let  n  be  a  compound  number,  and  a  a  pri- 
mitive root  of  the  equation  a*—  1  =0,  .  • .  a,  a%  a',  a^.-.a' 

ft 
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all  the  roots  of  this  equation  (§  XC) :  find  a  criterion  by 
which  to  distinguish  the  primitive  roots  of  this  equation 
from  the  others. 

Sol^ium  1.  If  two  whole  numbers  m,  n,  have  a  common 
measure,  there  may  always  be  found  a  whole  number  t, 
which  is  less  than  n,  and  such,  that  mt  is  divisible  by  n ; 
on  the  other  hand,  if  the  numbers  m,  n,  are  prime  to  each 
other,  then  t  cannot  be  less  than  n,  if  m/  is  divisible 
by  It. 

2.  Now  let  a"*  be  any  one  of  the  magnitudes  a,  a^  a^ 

a*.     If  this  be  a  root  of  an  equation  x'  --1  =  o, 

we  then  must  have  a"'  ^  1  =:  o,  or  a"'  =  1 ;  •'•  fit^must 
be  divisible  by  n. 

3.  From  this  condition  and  from  1  it  follows,  that  when 
the  numbers  m,  «,  have  a  common  measure,  there  can 
always  be  found  an  equation  j:^  —  1  =  o  of  a  lower 
degree  than  the  nth,  of  which  a*  is  a  root ;  but  that  no 
such  equation  can  be  found,  when  m,  n,  are  prime  to  each 
other. 

4.  But  hence  it  follows,  that  of  the  powers  a,  a^  a^, 

a\ a%  all  those,  without  exception,  are  primitive 

roots  of  the  equation  j:"  —  1  =  o,  whose  exponents  have 
no  common  measure  with  n  ,*  and  this  .  * .  is  the  criterion 
by  which  the  primitive  numbers  may  be  distinguished 
from  the  others. 

ExAMPLX.  Amongst  all  the  roots  ti,  a^,  a^  aS  a',  a^ 

z 
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o^  a\  a*,  a'%  a",  a",  of  thie  equation  a:^«  —  1  =  o,  there 
are  no  more  than  the  four  a,  a^,  a^,  a^S  whose  exponents 
have  no  common  measure  with  12,  and  oonsequentljrwhieh 
are  primitive  roots  of  this  equation ;  and  these  roots  can 
be  no  other  than  the  four  which  were  found  in  the  second 
example,  §  LXXXIX ;  viz. 

-ivr8  +  i^/-l,-i^/S-iv'-l 
In  order  to  be  convinced  of  this,  assume  one  of  them, 
viz.  i  a/  8  +  i  a/  —  1,  for  a ;   by  actually  raising  this 
root  to  the  fifth,  seventh,  and  eleventh  powers,  we  find : 

a=     iA/S  +  i^Z-I 
a*  =  -i\/S  +  i>/  —  1 

o"=     i  a/  8  -  i  ^  -  1 

and  these  are  the  same  as  the  foregoing.  We  should  have 
obtained  the  same  result,  if  we  had  put  every  other  of 
the  four  above-mentioned  roots  for  a.  That  this  must  be 
the  case,  may,  besides,  be  seen  without  actually  completing 
the  calculation;  for  if  in  a,  a^  a^  a",  we  substitute 
a',  a^  a^^»  successively  for  a,  and  omit  in  the  exponents 
the  multiples  of  12,  we  then  obtain 


«»,  ««, 

a». 

««, 

or  o',    a,     o",  a? 

«^  «», 

«*, 

«", 

oro^   a",  a,     a* 

«", 

«"', 

or  o",  a',    a*,  a. 

•  * .  always  the  same  roots,  only  in  a  different  order. 

SECTION    xcu. 

If  we  compare  the  equation  j:"  —  1  a  o  with  the 
general  equation  a*  — .^x*~*  +  J?x*^  —  Cr""^  + 
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q^Sx±T  —  Q,J^Q  B  =  o,  C  =  o, iS'=o, 

T  =  +1.     If  .  * .  we  denote  the  roots  of  this  equation  by 

«» /?9  79  S,  &c.  we  have 

a  +  |3  +  y  +  8  +  &c.  =  0 

aj3  +  ay  +  &c.  +  1S7  +  ^8  +  &C.&C  =  o 
aP7  +  agS  +  &c.  +  ^78  +  &c,  &c-  =  o 
and  so  on  to  the  product  of  all  the  roots,  which  is  =  —  1, 
or  t=  +1,  according  as  n  is  even  or  odd. 

Since  in  the  two  first  chapters,  the  letters,  a,  0,  y^ 
S,  &C.  are  used  to  denote  the  radical  exponents,  in  order 
to  prevent  mistakes,  I  shall  once  for  all  remind  my 
readers,  that  these  letters,  when  they  are  in  the  brackets 
[  ],  always  denote,  as  theretofore,  radical  exponents,  but 
in  every  other  case  the  roots  themselves.  Further, 
in  order  to  indicate,  that  a  numerical  expression  relates 
exclusively  to  the  roots  of  an  equation  of  the  form 
x"  —  1  =  o,  I  shall  place  a  dash  over  the  left  side  of  the 

bracket  thus  ^[a/Sy^ k]  in  reference  to  the  equation 

jt"  —  1  =  0,  denotes  a  numerical  expression  for  the  radi- 
cal exponents  a,  0,  7,  8, ic. 

SECTION    XCIII. 

Prob.  Find  the  sums  of  the  powers  of  the  roots  of  the 
equation  2^  —  1  =  o. 

iSoZifCtbttl.  If  we  compare  this  equation  with  the 
general  one 

X'  +  AjT-^  +  Bx'^^  + +  Pr  +  Q  =  o, 

we  find  ^  =  o,  B  =s  o,  C  =  o,  &c. ;  P  =  o,  Q  =  —  1. 
Consequently,  by  means  of  the  equations  in  7,  §  VIII, 
we  obtain 
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'[}]  =  o,  '[2]  =  o,  '[3]  =  o, '[n  -  1]  =0 

on  the  other  hand  ^[n]  =r  n.     In  like  manner  we  find 
'[n  +  l]=o,  '[n+2]=o,  '[n+3]=o, '[2ii-»'l]=o 

on  the  other  hand  ^[2n]  =n.  Generally,  all  those  sums  of 
powers,  whose  radical  exponents  are  divisible  by  n,  are 
equal  to  n,  all  the  remaining  ones,  on  the  contrary, =o. 

3.  If  we  put  X  =  — ,   the    equation    if  —  1  s  o,  is 

transformed  into  —  ~  1  =  o,orv"'*l=so,  whose  roots 

consequently  are  the  reciprocals  of  the  roots  of  the  former 
eqimtion  (§  X).  But  since  the  equations  x"  —  1=0, 
y  —  1  =  o,  are  similar  to  one  another,  we  also  have 

'[— l]=o,  '[— S]=o,  '[~n+l]=o,  '[— n]=ii 

and  generally,  all  those  negative  sums  of  powers,  whose 
exponents  are  divisible  by  n,  =n,  all  the  remaining  ones, 

on  the  contrary,  =  o. 

SECTION  xciv. 

Fbob.  Find  the  value  of  ^[a^]. 

SobUion,  Since,  generally,  for  every  equation  [a/?]  = 
W  [P]  -  [a  +  0]>  and  when  a  =  0,  2[a^  =  [<^  — 
[2a],  so  also  in  particular  for  the  equation  3f  —  1  =  0. 

In  order  to  determine  from  hence  the  numerical  value  of 

'[a0]f  there  must  be  three  different  cases. 
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1.  When  a+0  it  divided  by  n,  but  the  radical  expo- 
nent! «,  /?,  are  not  taken  singly.  In  this  case,  accord- 
ing to  the  foregoing  §,  '[«]  s  \0]  ssO,  "[«  +  j3]  s  n  ; 
coos^uiently 

'[afi]  =  -  n, 
and  when  0  sz  a 

2.  When  a+fiia  divisible  by  n,  but  at  the  same  time 
also,  the  radical  exponents  a,  0,  are  taken  singly.  In  this 
case  \a]  =3  '[0]  =  n,  and  "[a-^0]  =  n;  .*. 

\a0]  =  ««  -  n 
and  when  a  sz  0 

8.  When  a+0  is  not  divisible  by  n.  In  this  case 
\a  +  0]^O;  but  likewise  the  product  'M  '[^]  =  0, 
because  then  a  and  0  cannot  at  the  same  time  both  be 
divisible  by  n ;  consequently  always 

t«l5]  =  0. 

SSCTIOM   XCV. 

Pbob.  Required  to  find  the  value  of  \»0y'\' 
SohtUcn.  Now 

-  'M  >  +.0]  +  ».«'[•  +  e  +  y]' 

Beie»  then,  the  fiAowiog  cases  an  to  bs  omiBideted : 
+-  z  8 
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1.  When  a  +  ff  •{■  y  '^  "^^  divisible  by  «,  then  the 
last  term  of  the  solution  of  \a$y]  here  given  =  0;  then'' 
also  all  the  remaining  terms  of  this  solution  =  0,  because 
in  each  of  these  there  must  be  at  least  one  numerical  ex- 
pression with  one  radical  exponent  not  divisible  by  n: 
consequently  for  this  case  \a0y]  =  0. 

2.  If  each  of  the  magnitudes  a,  p^  y,  be  divisible  by 
n,  then  each  of  the  numerical  expressions  '[a],  '[/5],  ^Qy], 
'[«  +  0\f  \a  +  y],  \p  +  y],  =  n,  and  consequently 

\apy]  =  n^  —  3n^  +  2w. 


S.  In  every  other  case  always . 

^affy]  =  —  n*  +  2it. 


SECTION   XCVI. 


Prob.   Find  the  value  of  the  general  numerical  ex- 
pression [ofl^tiy^ .ick]. 

Solution  1.  The  last  term  in  the  development  of  this 
numerical  expression  is,  according  to  the  second  chapter, 

•^1.2.3.4, V— Iw         - 

"*"l.2...«Xl.2...6x...Xl.2...ft  («^+*^+  -  +*'^) 

when  a  +  J4-^4. +fe  isput  =  v;  the  upper  sign 

when  V  is  even,  and  the  under  one  when  v  is  odd. 

2.  Now,  if  n  be  not  a  divisorof  aa+ftj3-ft7  +  ...+iie, 
then  this  last  term  ==  0;  but  at  the  same  time  also,  all  the 
remaining,  terms  vanish,  because  in  each  of  these  there 
must  be  at  least  one  numerical  expression,  whose  radical 
exponent  is  not  divisible  by  n,  for  otherwise  the  sum  of  all 
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the  radical  exponents,  contrary  to  the  supposition,  must 
be  divisible  by  n. 

8.  But  if  M-\-h0+ty+  +ltic,  be  divisible  by  n, 

then  this  last  term  alone  is 

.-1.2.3  V  —  1 

"*"  1  .  2  ...  a  X  iT2...bx..:...xi  .2.^'^ 

4.  In  order  to  obtain  the  values  of  the  remaining  terms, 
we  can  proceed  as   follows.      Analyze   the  expression 

cfl0by^ 1^  in  all  possible  ways  into  combinations  of 

two,  three,  and  so  on  magnitudes,  the  sums  of  whose 
numbers  are  divisible  by  n,  and  assign  to  each  such  com- 
bination the  coe£Bcient  IC  in  7,  §  XXX,  when  all  the 
combinations  are  different ;  on  the  other  hand,  the  coeffi- 
cient iT  in  10,  §  XXX,  when  some  of  them  are  equal, 
and  determine  the  sign  as  in  13.  Then,  without  any 
further  reference  to  the  combinations  themselves,  take  the 
aggregate  of  all  the  coefficients,  which  arise  from  the 
divisions  into  two  combinations ;  further,  the  aggregate 
of  all  the  coefficients  which  arise  from  the  divisions  into 
three  combinations,  and  so  on.  If,  then,  we  denote  these 
different  aggregates  in  their  order  by  2,  T^,  <2C,  D,  then 
the  value  of  all  the  terms  besides  the  last 

5.  From  3  and  4  we  obtahi  .  • .  the  following  value  of 
the  numerical  expression  [oflfi^ k^]  : 

_  1.2.3.4 v~l 

1  .  2...axl  .  2.;.bx xl  .2xft' 
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Example.  Suppose  it  is  wished  to  find  the  value  of 
^[l'2'5'],  when  n  =  6,  we  then  proceed  accordbg  to  the 
Mowing  scheme : 


Combination  1^2^5> 


Divisions. 


Coefficients. 


15, 

12^5 

1  .  2  .  3  .  4_ 
1.2.3     "" 

2^ 

1«5« 

1  .  2  X  1  .  2  .  S  _         . 
1.2.3x1.2x1.2  "        * 

1«2», 

25« 

1.2.SX1.2_     ^ 
1.2x1.2x1.2""        ' 

15, 

15, 

2» 

1              ^  •  ^            -    1    ^ 

'1.2x1.2.3          '** 

We  have  .-.«=-  4  -  ^  -  |  =  -  6,    »  =  J,    .'. 
since  also  a  =  2,  &  =  3,  c  =  2,  consequently  v  s  ?» 

^[1»2»5»]  =  ;  '/  '  ^  '  V  V  t  6^6.ff+i.&  =  0. 
•■  -^       1.2x1.2.3x1.2  * 

SECTION    XCVII. 

The  symmetrical  functions  of  the  roots  of  the  equation 
a:^  — Irs'O  are  principally  of  use  in  eliminating  irrational 
magnitudes  from  equations.  To  eliminate  irrational 
magnitudes  from  an  equation,  or  to  make  it  rational, 
implies  no  more  than  from  this  equation  to  derive  another, 
which  only  contains  rationdi  magnitudes,  and  is  such, 
that  the  roots  of  the  former  equation  are  also  roots  of  the 
latter.  In  order  that  it  may  be  seen  how  this  is  effected, 
I  shall  assume  that  we  have  die  equation  of  the  first 
degree  x  ^  J  =z  0,  in  which  A  denotes  any  irrational 
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expression,  and  that  we  wish  to  find  for  x  an  equation 
which  is  free  from  irrational  magnitudes.  Since  each 
irrational  magnitude  in  the  expression  A,  has  more  values 
than  one,  consequently  the  value  of  x  has  various  signi- 
fications, and  while  nothing  nearer  than  this  is  determined, 
this  value  is  doubtfriL  An  equation  free  from  irrational 
magnitudes  which  has  the  expression  ^  for  a  root^  can,  on 
account  of  this  very  doubtful  signification,  neither  give 
this  nor  that  value  which  we  suppose  it  to  have,  but 
must,  at  the  same  time,  necessarily  give  all  those  difierent 
values,  which  this  equation  contains,  because  otherwise 
there  would  be  no  sufficient  reason  why  it  should  give 
exactly  this  one,  and  not  every  other  value  likewise. 
Now,  since  the  values  of  x  are  iiinctions  of  the  coefficients 
of  the  equation,  but  the  coefficients,  according  to  the 
condition,  are  rational,  consequently  the  difierenoe  of  these 
values  cannot  arise  from  the  coefficients,  but  must  be 
founded  in  the  degree  of  the  equation.  The  degree  of 
the  equation  must  . ' .  be  equal  to  the  number  of  the 
different  values,  which  the  expression  A  can  have. 
But  if  the  condition  respecting  the  rationality  of  the 
coefficients  be  omitted,  then  certainly  equations  of  lower 
dqrrees  may  be  found,  which  have  this  expression  for 
roots,  because  then  the  coefficients  themselves  are  unde- 
termmed. 

For  instance,  let  x=  Vk.     The  irrational  magnitude 

^/k  has  two  roots,  viz.  +  \^k  and  —  \/k.     The  required 

equation  must  .* .  have  these  two  values  for  roots,  and  it 

consequently  is  (x-h  Vk)  (x—  \/Ar)  =  o,  or,  by  actual 

multiplication,  x' —•)!:=:  o;  a  rational  equation,  which  we 

2  A 
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should  also  have  obtained,  if  we  had  squared  both  parts 
of  the  equation  x=:  ^/k, 

Further,  let  xsz\/k.    If  we  denote  the  three  roots  of 
the  equation  x^— l=o  by  a,  0,  7,  then  the  irrational 

magnitude  \/k  has  the  three  values  a\/ ^»  Sf\K  y\/^» 
and  these  consequently  must  be  the  roots  of  the  required 
equation.     It  is  .  * . 

(x^aS/k)  (a:-e\/i)  {x-^yS/k)  =  o. 
By  actual  multiplication,  we  obtain 

x^^\l]\/k.x^+\l^]\/k!'.X'-\l^]  ik=o; 
or,  since  by  the  preceding  §,  '[l]=:o,  '[l*]=o,  '[l']  = 

•«=  1, 

1.2.3  ' 

x^  ^  k  =  0; 

a  rational  equation,  which  we  should  also  have  found,  by 

3 
raising  both  parts  of  the  equation  x=z^  k  to  the  diird 

power. 

I  shall  now  put  x=\/k.     Since  +1,-1,  +  >/— 1» 
—  \/— 1,  are  the  four  roots  of  the  equation  j;*— 1=0, 

then  +>y*,  — V*,  +  \/— 1 .  V  A,  —  \/— 1 .  \/k,  are 

the  four  values  of  V  ^^  ^^^  ^^^  required  equaticm  Ib  .  * . 

(x-\/ifc)(T+\/ikX^-  -v/-1-\/a)(xh-  i/^l.s/k)=o 
or  by  actually  performing  the  multiplication 

X*  —  fc  s=  o, 
as  was  required. 

If  for  \/k  we  had  only  taken  the  two  values  +  V  ^ 
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-<  V  it:,  and  from  these  had  formed  the  equation  (t— V  ^) 

(x+Vlr=?o)we  might  have  foreseen],  at  once,  that  no 
rational  equation  could  be  found.  And  this  is  actually  the 
case ;  thus  we  obtain  j:'—  ^kzso.  Each  of  the  two  values 
of  X  contains  the  irrational  magnitude  \/lr,  and  since  this 
has  a  two-fold  value,  we  consequently  obtain  the  four 
values  of  x. 

Hence  we  perceive,  at  least,  how  we  are  to  proceed 
with  equations  of  the  first  degree,  in  order  to  render  them 
rational.  Thus,  if  x=^  be  an  equation  of  this  kind, 
and  we  denote  by  A'^  A'^y  A^^\  &c.  the  different  values 
which  the  irrational  expression  A  contains,  by  reason  of 
the  many  significations  which  its  irrational  maf^tudes 
have,  then    . 

(x-^0  (a^-^'O  (^-^''^0 =*  o 

is  always  the  equation  free  from  irrational  magnitudes, 
which  was  sought. 

The  following  problems  will  throw  more  light  on  this 
subject. 

SECTION  xcviii. 
Pbob.  Make  the  equation  x=  \/p  -f  ^/q  rational. 

Solution.  The  irrational  expression  \/p  +  Vq  may 
here  have  four  difiierent  values,  according  as  we  give  the 
roots  Vpf  a/9,  the  sign  +  or  — ,  and  these  values  are 

+  \/p  +  \/?,  —  v'j>-  \/9,  +  >v/p—  A/y,  —  >/p  +  \/q* 
The  equation  firee  from  irrational  magnitudes  is  conse- 
quently 
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(jT—  \/p—  s/q)  (a:+  \/pH-  ^/q) 
(ar—  a/p+  V^j)  (j:+  //p—  Vj')  =  o, 
or,  when  we  multiply  the  first  and  second  &ctors  together, 
as  also  the  third  and  fourth 

[pfi—p—q—^Vpq)  (i^— p-?  +  2\/p9)  =  o, 
or  lastly,  by  completing  the  multiplication  the  second 
time 

37*  —  2  (p  4-  9)  j:*  +  (p  —  9)*  =  o 

SECTION   XCIX. 

Pbob.  Make  the  equation  xssa^/p+-'j'  rational. 

Solution^  Since  in  this  equation  there  is  only  one 
irrational  magnitude,  and  that  the  square  root,  vijE.  ^/p, 
consequently  x  can  have  no  more  than  two  values^  and 
these  are 


a/p  Vp 

The  rational  equation  is  .  * . 

(x— a\/p -.)   (x+a\/p+— T-)  =  o 

vp  vp 

or  x^  —  tfp^  2ab =  0 

P 
or  likewise  px^  —  (ap  +  6)*  =  o 


SECTION  c. 

Fbob.  Make  the  equation  a7=a\/p+&VjP^  rational. 

Sobaion  1«  The  cubic  irrational  magnitude  \/p>  iQ^ 
have  three  values  viz. 
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os/p,  es/p,  7Vp> 

when  a,  /?,  y  denote  the  three  roots  of  the  equation 
2^—1=0,  unity  included.  These  three  values  of  \//' 
correspond  to  the  three  following  values  of  its  square  Vp' » 

a^f,  ffsJpS  -fs/f. 

Consequently  x  can  contain  no  more  than  these  three 
values: 

aas/p+tfisjft  0aSjp+f?Vs/p*,  y(^s/p+y^i\/p*- 
The  rational  equation  b  . ' .  of  the  third  degree. 

ft.  It  is  z^nsented  by 

z»  —  Pj«+Qr  —  5  =  0 
then 

P  =  {aaS/p  +  a^Vs/p^  +  {gtS/p  +  fPhsJp^) 

=  tllA/i'+T2]*Nyi'' 
Q  =  (foS/p + a*1\Jf)  OoSj/p + ^i\/j'')  + 
(aafs/p+d'bs/p*)  iya\/p+y*bs/p*)+ 

(^s/p+0't\/p')  (yA/l>+Y*i\6>') 
=  \l'ys/p*+\liyibp+\i^.b'^p 

R  =  (<u^p+a*Vs/p^  (^p+^K/p*) 
=  tl»]<«^+'(l«2]a«J!p\/p+tl2»laft*pVj»« 
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3.  Here,  then,  the  numerical  expressions  ^l],  ^[2], 
\l%  \^'].  tl^2],  Tl2'J,  Tl2],  Tl^],  [23]  occur,  the 
first  six  of  which  vanish,  by  S,  §  XCV.  Further,  by 
the  same  §,  since  here  n=3,  '[12]=~3,  Tl^]=^> 
^[23]=1.  By  the  substitution  of  these  values  in  the 
expressions  for  P,  Q,  R,  we  obtain  P=o,  Q='-^3abpf 
R=za?p+b^P'y  and  hence  the  required  rational  equation 

x^  —  Sabpx  —  0^  —  Vp'^  =  o. 

Remark.  We  could  essentially  have  shortened  the 
calculation  for  determining  the  values  of  P,  Q,  JB,  by 
omitting  at  once  all  those  terms  in  which  p  is  included 
under  the  radical  sign,  because  it  might  have  been  fore- 
seen that  they  vanish  in  the  results,  as  the  required 
equation  roust  contain  no  irrational  magnitudes. 

SECTION    CI. 

The  problem  in  the  preceding  ^  leads  immediately  to 
the  solution  of  equations  of  the  third  degree.     For  since 

the  supposed  roots  aoVp  +  o^ftS/pS  &ols/p-k-0^Vs/p', 

ya\/p^y*b\/p^  led  to  the  equation  x*— Softpr— o^  — 
ft^«=o,  it  may  be  inferred  conversely,  that  every  equa- 
tion of  this  form  must  have  these  three  roots.  If  we  put 
psil,  then  this  equation  is  transformed  into 

x^  —  Sabx  —  a*  —  i*  =s  o 

and  the  three  roots  of  this  equation  axe  consequently 

otf  -f  0^6^  0a  +  jS'i,  ya  +  y^b. 

Since  one  of  the  three  roots  a,  0,  y  must  be  equal  to 
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unity,  wemay  ;•.  put  7=1  ;  farther,  if  a-  =  /?,  0^=a; 
the  three  roots  of  the  equation  x* — Softi— a'— i^=o  con- 
sequently assume  the  following  form : 

aa  -h  Pb,  Pa  +  abj   a  +  b. 

We  obtain  also  precisely  the  same  result  from  Cardan's 
Formula,  which,  as  is  already  known,  tries  to  reduce  the 
given  equation  to  the  form  a:^— Saix— a^— i'sso. 

SECTION    CII. 

The  problem,   §  C,  may  also  be  solved  by  another 

method.  Thus  put  S/p  =y ,  then  \^p'  =^*,  .  • .  x = qy + 
bj/^ :  the  value  of  y  determines  that  of  x.     But  y  has 

three  values,  viz.  aS/py  SS/p^  yS/Pi  which  are  all  com- 
prehended in  the  equation  ^— j7=o;  consequently  the 
values  of  x  must  be  the  result  of  the  elimination  of  y  in 
the  two  equations 

I.  y— p  =  o 

II.  X  —  ay  —  6y*  =s  o 

Inordertoperfinrm  this  elimination,  we  give,  by  §  LXXVI, 
to  the  equation  II.  the  form  1  +(l)y+(2)y^s:o,  so  that 

(1)  =s  —    9  («)= ,  and  we  then  obtain  the  following 

X  X 

equation : 

9  =  1  +  (1)  [1]  +  (2)  [2]  +  (12)  [1«]  +  (2«)  [f] 

+  (1«)[1»]+  (1»)  [1»]  +  (l'«)[l«2] 
+  (12»)  [12»1  +  (2»)  [2»] 

Ther&mnemal  espttaima  mKf  he  taken  from  the  anaexed 
tables,  if  we  put  ^eso,  ^=o,  C=p.    If  after  this  we 
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substitute  again  for  (l),  (2),  their  values—^,  —  --,  we 
then  obtain  the  equation  x^— doipjr— i^— a'/)^=09  as  in 


SECTION  cm. 
Prob.  Make  the  equation  x=za\/p  +  b\/q  rational. 

Solutum  1.    The  cubic  irrational  magnitude   \/p  has 

three  values,  viz.  oSjp,  e\/p,  y\Jp.     In  Uke  manner 

S/q  contains  the  values  aS/q,  e\/q,  ysjq.  Each  of  the 
first  may  be  combined  with  each  of  the  latter,  and  this 
gives  nine  values  of  a:,  viz. 

aflVP  +  a&V?>  ffaS/p  +  abs/q,  ya\/p  +  ahs/q 
aa\/p-\-0b\/q,  0a\/p^pb\/q,  y€^p  +  eb\/q 
»VP-+r6>/?,  eaS/p  +  ybs/q,  yc^/p+ybs/q 

Hence  we  can  find  the  rational  equation  in  the  usual  way. 

But  we  can  also  attain  this  object  by  elimination  as  in 

the  preceding  §. 


aar 


2.    With  this  view,  put  a\/p=y,  b\/q=:z;    then 

^=J^+«.     Now,  since  y  has  the  values  uaSjp,  0c\/p, 

yaV/>>  and  z  the  values  ais/q,  pb\/q,  yVs/q,  which 
are  all  included  in  the  two  equations  y*  -^  o^  =  o, 
z'-ft^ysso,  it  merely  amounts  to  this,  from  the  three 
equations 
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I.  x:sy  +  x 

II.  ^  —  a^  =  o 

III.  2^^l^q=zo 

to  elimmate  the  magnitudes  y  and  z. 

m 

S.  Raise  the  equation  I.  to  the  third  power,  and  put 
for^,  21',  their  values  a?py  Vq  from  II.  and  IIL,  also  x 
tary-i-Zj  we  then  obtain 

a^zszffp  +  Vq  -{-  Sjfzx 
or  X*  —  c?p  -^Vqzsi  Syzx 

« 

4  Raise  this  equation  again  to  the  third  power,  then 
we  get 

(jjfl  —  <fp  —  Vqy  =  27^«*x' 
and  if  for  j^,  up  we  substitute  their  values 

ix^  -  a»p  -  A'^lf)^  =  27a?lf^pqx\ 

5.  If  this  equation  be  solved  and  properly  arranged, 
we  obtain 

-  (a^  +  y?)*  =  0, 
and  since  this  is  of  the  ninth  degree,  it  consequently  is, 
as  appears  from  1,  the  most  simple  rational  equation 

which  can  be  deduced  from  x^olS/p-\-Vs/q. 

SECTION   CIV. 

Frob.  Make  the  equation  x  =  \/p  +  \/?  4-  v^r 
rational. 

Sdution  1.  Since  the  quadratic  irrational  magnitudes 

3b 
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may  be  assumed  dther  positive  or  n^live^  their  combina- 
tion gives  for  x  the  fellewing  eight  roots  of  the  required 
equation: 

\/p  +  \/ J  +  ^/Vi  --  i/p^  ijq-^  ^r 
\/p  +  Vy  —  A/r,  —  a/|I  —  \/ J  +  \/r 
\/p  —  \/ jf  +  Vr,  —  a/p  +  a/?  —  v^r 
Vp  —  \/?  —  A/r,    —  \/p  +  >/ J  +  \/r 

2.  Since  here  every  two  roots  which  are  opposite  eadi 
other  only  differ  in  these  signs,  the  equation  can  only 
contain  even  powers  of  r,  and  it  has  • ' .,  when  we  put 
x^^yt  the  following  form : 

y  -  ^y  +  5y  -  Q^  +  Z)  =  o 

and  the  roots  of  this  equation  are 

Wp  +  a/j  +  Vr)S    {^p  +  Vq-  ^rf 
(Vp  -  \/j  +  A/ry,    (x^p  -  a/?  -  ^ry 

S.  In  order  to  determine  from  hence  the  coefficients  Af 
Sj  Cy  D,  wc  only  need  take  the  sum  of  these  roots,  the 
sum  of  every  two  of  them,  and  so  on.  The  fidlowing 
treatment,  which  has  been  frequently  made  use'of  already 
in  the  preceding  part  of  this  work,  leads  to  the  object  in 
a  shorter  way.  Let  Si,  iS%,  Ss,  i74,  denote  the  sam  of 
these  roots,  the  sum  of  their  squares,  cubes,  and  fimrth 
powers ;  then,  when  in  §  IX,  —  A  and  -^  C  are  put  for 
A  and  C,  and  the  symbol  S  for  the  one  [  ]  there  used, 

A=zSl 

J  _  ASl  -  igg 

p_  BSl  —  AS2  +  SS 

3 

4 
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4.  The  exfzeaBums  Sly  S2,  Ss,  S4,  miiit  aeeesatrily 
be  rational,  beeauae  otherwise  the  ooeflSeieiiits  Ay  B^  C,  D^ 
oould  not  be  rational.  Consequently  the  irrational  nag- 
nitudes  in  the  solution  must  alternately  be  left  out,  and 
they  may  .'•  be  entirely  emitted  in  the  ealonlation. 
With  refierence  to  this  remark,  and  since  we  treitt  the 
trinomial  ^p+  ^/ jr  +  V  r  as  a  binomial  Vp + 
(  \/9  +  V^),  the  ealeulation  stands  thus : 

(V>-f  V?+  ^/rf^f^6p{Vq'¥  ^ry-¥isfq^^rY 

+  9*r + jT«) + 9fl!p?r + &c. 
=|i*+28/i»(}+r)  +  7qp»(5f«  +  6jr  + 

=P*  +  J*  +  f^  +  ^^{fq  +  w*  +  jA- 


+^+ jfr +^)  +  70(|»Y+j>«»* 
+  &c 
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6.  It  is  easily  seen,  that  if,  instead  of  Vp  +  \/5  +  \/r, 
live  had  raised  every  alternate  one  of  the  expressions 
V'pH-  Vfl'—  \/r,  \ff —  >/fl+  \/r,  >/p—  v^?~  V^^  ^the 
same  powers,  the  rational  parts  would  have  been  the  same. 
Now,  since  in  S\^  iS%,  SZ^  «S'4,  the  rational  terms  must 
be  left4>ut,  we  obtain 

iS'l  =  4(p+5f  +  r) 

-S'2.=  4  [/>«+j?+r-  +  6(p5f+pr+flr)] 

+9r«)  +  9qp5fr] 
*S'4=:4  [p*  +  ^H-r*+28  (p^j  +  pj^+pV  -f-pr^  +  jV 
+  jr*)  +  70  (pY  +  p«r«  +  5^r«)  +  420  (p}f« 
+P9*r+p«5r)] 
or  more  briefly,  when  the  brackets  [  3  i^f  to  the  mag- 
nitudes p,  9,  r, 
51=4  [1] 

1^=4  ([2]  +6[1«]) 
5'S=4  ([S]  +  15  [12]  +  90  [1«]) 
iy4=4  ([4]  +  28  [13]  +  70  [2«]  +  420  [l«2]) 

6.  If  these  values  be  substituted  in  the  equations  in 
8,  we  then  obtain  the  coefficients  Ay  B^  C,  2),  expressed 
by  the  given  magnitudes  p,  9,  r. 

SBCTION   CV. 

Peob.  Make  the  equation  ar=  */p+  Vq+  y/r+Wi 
rational. 

SolfUion  1.  It  may  be  shown  by  inferences,  as  is  in  1 
and  S  of  the  preceding  §,  that,  when  we  put  x^  =  y,  the 
rational  equation  is  of  the  form 


\ 
\ 
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and  has  the  following  expressions  for  roots : 

\/p  +  Vy  —  V^r  +  \/«)« 
/p  +  V?  -  \/r  —  >v/«)« 

>n/P  —  //y  +   \/r  —  \/5)* 


£•  Giye  the  symbol  #S^  the  meaning  which  it  had  in 
the  preceding  §,  and  first  of  aU  try  to  find  the  expressions 

jSi,  S%y  SS, SB.     Since  the  calculation  is  managed 

in  the  same  way  as  in  the  preceding  ^,  I  shall  not  detain 
my  readers  with  it,  but  only  remind  them,  that  in  the 
involution  the  expression  \/p+  \/y+  \/r+  Vs  may  be 
considered  as  a  binomial,  whose  two  parts  are  \/«,  and 
V>  +  \^q  +  \/r. 


3.  Consequently  we  have 

iVp  +  \/7  +  \/r  +  s/sy  = 
s  +  iVp  +  a/?  +  A/r)*  +  &c. 
(V>  +  Vq+  ^/r^\'  ^^sy  = 
8^^68{y/p+  a/}+  \/ry+(\/p+  V?4-  \/r)*  +  &c. 
(Vp+  ^5^+  \/r+  Vay  = 
«3  +  15««(a/p+  ^9+  A/ry+lS^CA/pH-  ^/q+  >/ry 

&c.' 
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or,  when  the  devekypement  of  the  powers  of  \/p  +  \^9  +  *Jr 
in  4  of  the  preceding  §,  are  used, 

(\/p  +  a/j  +  \/r  +  \/«)*  = 

&c. 
in  which  only  the  irrational  terms  have  been  omitted. 

4.  For  the  same  reasons  as  in  5  of  the  preceding  §,  we 
obtain  from  hence 

£ri  s  8  [1] 
iS'S  =  8  ([«]  +  6  [1«]) 
iSS  =  8  ([8]  +  15  £12]  +  90  [1']) 
&c. 
and  the  substitution  of  these  values  in  the  formuhe  in  8 
of  the  preceding  §,  which  must  be  extended  fiir  this  pur- 
pose, gives  the  coefficients  A^  B,  C,  &c. 

SECTIOIT   cvi. 

Prob.  Make  the  followixig  equation  of  the  first  degree, 
with  an  indeterminate  number  of  quadratic  irrational 
magnitudes,  rational,  viz. 

X  =:  A/p  +  \/y  +  >/r  +  v"*  + 4-  ^w. 

SoliUion  1.    By   the  two  preceding  §§  it  is  easily 
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inferred^  that  when  n  is  the  number  of  the  irrational 
nu^mtttdee  ^/p,  Vq,  •••  %/tr«  the  degree  of  the  rational 
equation  is  equal  to  the  power  2".  But  nnee  the  diflbrent 
Taluet  of  jr  are  sudi,  that  two  of  them  are  alwaye  similar, 
but  with  diflefent  signs,  the  equation  consequently  is  only 
of  the  S*"'th  degree,  when  we  put  <x*  st  y. 

ft.  The  conclusions  in  the  two  preoeding  §§,  when  ex* 
tended,  give  the  Mlowbg  results : 
Si  =  2»-»  [1] 
S^  =  2-'  ([2]  +  6  [1«]) 

SS  a  2-^*  ([«]  -h  15  [12]  +  90  [l«]) 

54  =  2-^'  ([4]  +  28  [IS]  +  70  [2«]  +  420  [l^] 

-f  2620  [1*]) 

55  =  2"-*  ([5]  +  45  [14] +  210  [23]  + 1260  [1»S] 

+  S150[12«]  +  18900[l^]+  11S400 

Ac, 

» 

3.  Hence  the  law  of  the  formation  is  easily  perceived. 
As  an  example,  I  will  take  Ss.  The  number  5,  and 
its  divisions  into  combinations  of  two,  three,  &c,  give  the 
numerical  expressions  [5],  [14],  [23],  [l«8],  [12*], 
[1%],  [1'].  The  coefficients  are  no  other  than  the 
number  of  transpositions  of  different  things,  whose  re- 
peating exponents  bb»  twice  as  great  as  the  radieal  expo- 
nents of  the  numerical  ^expression ;  consequently  the 
eoefficienu  of  [5],  [14],  [23],  [l»3],  [12«],  '[1»2],  [l*], 
the  number  of  tfanipositions  of  the  different  things  a'% 
eW,  tfW,  a«W,  ««W,  a«ycV,  rfi^cWe*,  or  1,  45,  210, 
12Sa,  5150,  IflgOO,  113400.  ThoUe  of  my  xeadeiB,  who 
uadeistand  the  polynomial  theorem,  will  not  have  the 
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least  difficulty  in  comprehending  the  reason  of  this.  For 
by  the  two  preceding  sections,  the  expressions  Sl^  S^^ 
SSf  &c.,  when  S"^**  is  left  out,  are  no  other  than  the 
deyelopments  of  the  second,  fourth,  sixth,  eighth,  &c. 

powers  of   ^p  ^r  Vq  +  Vr  +  +  V^»,  with  the 

omission  of  all  those  terms  which  contain  irrational 
magnitudes,  or,  which  is  the  same,  the  developments  of 

the  even  powers  of  j)+f+r+ +  t(;with  the  omission 

of  all  those  terms  in  which  there  are  odd  exponents,  an4 
by  dividing  the  exponents  in  the  remaining  ones  by  two. 

4.  Now,  if  we  put  S"=ift,  then  the  required  rational 
equation 

a*  —  Ax'^  +  Bx"^-^  —  CxT-^  +  &c.  =  o 

and  the  coefficients  Ay  By  C,  &c.  are  determined  by  the 
following  equations : 

A^Sl        ^ 
2B  =  ASl  —  S2 
SC  =  BSl  ~  AS2  +  S3 
&c. 
Remark.     To  this  belongs  the  celebrated  problem 
which  Format  proposed  to  the  analysts  of  his  time,  and 
to  the  solution  of  which  he  more  particularly  challenged 
Descartes.     It  is  this  from  the  equation 

ab  =  ^/(a6  -  a«)  +  >v/(a*  +  ad  +  «*)+  Vma 
+  V(£P-aO-  ^/(ar  +  fl*) 

to  take  away  the  irrational  magnitudes.  It  is  only 
necessary  to  substitute  x  for  oft,  and  for  the  compound 
magnitudes  under  the  radical  signs  to  put  the  monomials 
j>,  jf,  r,  a,  t ;  then  it  only  remains  to  make  the  equation 
x  =  \/p  +  Vq  +  >/»•  +  a/«  +  V'<  rational,  and  in  the 
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equation  thus  obtamed,  for  x  to  substitute  again  its 
values  p,  9,  r, «,  ^ 

SECTION   CVII. 

Pbob.  Make  the  equation  x=a\^  +  ^V/^+cVp' 
rational. 

Sdution  1.   Put  \/p^y»  then  this  equation  is 

X  —  ay  —  6y*  —  cy'  =  o. 

Now,  since  y  contains  four  values,  viz.  -^  jfj  —5^9 
+y^/— 1,  — yv'—i,  we  get  the  four  following  equa- 
tions, all  of  which  obtain  at  the  same  time. 

x4-ay  —  iy'  +  cy'  =0 

X  — oy^/— 1+  iy*  +  cy'v'— 1=0 
X  4.(]yV— 1+  6y»  — ^V— 1=0 


or 


,       (x  -  V)  -  («y  +  ^)       =  ® 

(X  -  fty«)  +  (ay  +  cy3)  =0 

(x  +  ^  -  (ay-cy')-/-l=  o 

(j^  +  *y*)  +  (ay  -  g^)v'-i=  o 

The  equation  sought  must .  * .  be  the  product  of  these. 

S.    If  the  two  first  and  the  two  last  be  multiplied 
together,  we  obtain 

X*  —  Hn^x  +  Ay  —  €pj^  —  2acy*  —  cV  =  ® 
x«  +  26y»x  +  jy  +  ay  -  2ay  +  cy  =  o 

2  C 
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or  if  in  these  equations  we  substitute  p  for^, 

[j:«  +  (V  -  2ac)p\  —  (2bx  +  a*  +  c*p)j»  =  o 
[x*  +  (6^  —  2ac)p]  +  (26^:^  +  a*  +  c?p)y*  =  o 

3.  If  we  multiply  these  equations,  and  then  put  p  for 
^,  we  obtain  the  required  rational  equation  of  the  fourth 
degree, 

X*  —  2(V  +  2ac)p3^  —  4(a«  +  d^p)bpx 
+  (i^  -  2ac)V  -  ((^  +  c^)*p  =  o 
and  the  four  roots  of  this  equation  are 

a\/p  +  6V^+cVp^ 

-  a\/p  +  iV^-cV^ 

flVp-  \/— 1-ftVi^-cVp^  \/-l 

-a\/p.  ^/-l-<iVp«+cVp^  ^/-.l 

CoroUary  When  .  * .  an  equation  of  the  fourth  degree 
has  the  fbrm  just  found,  then  its  four  roots  may  always 
be  determined  without  any  further  calculation.  I  shall  now 
show,  that,  presupposing  the  solution  of  cubic  equations 
to  be  known,  every  equation  of  the  fourth  degree  can 
have  this  form. 

SECTION  cvni. 

Let 

z*  -  J  J*  -  JJj:  -  C  =  o 
be  the  equation  to  be  solved :  it  is  general,  because  in 
every  equation  the  second  term,  if  there  be  such,  may 
be  omitted.     If  this  equation  be  identical  with  that  in  8 
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of  the  preceding  §,  we  then  must  have 

I.  2p(J»+2ac)  =  A 

II.  46p(a*+c*p)=  B 

III.  (a«+c«p)»p..,(6?-2ac)y  =  C 

The  two  first  equations  give 

and  if  we  make  use  of  these  values  in  the  equation  III, 
aAer  having  previously  given  it  the  form 

(a«+c^)V  -  (6»+2ac)y  +  8aJ^(p»  =  C 
we  then  obtain 

From  the  equation  I  we  also  obtain 

IV.  4cup  =  J  —  %}fjf 

and  the  substitution  of  this  value  in  the  equation  just 
found,  gives 

Since  the  three  equations  I,  11,  III,  contain  four 
indeterminate  magnitudes  a,  6,  c,  |),  we  can  .  *  •  assume 
any  one  of  them.  Put  &  =  1,  then,  after  getting  rid  of 
the  denominator, 

£•  -  4^/1  +  S2^p'  -  ^^f  =  ^^Cy 
or,  when  arranged  according  to  Pf 
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aa  equation  df  the  third  degree,  which  merely  contains 
the  unknown  magnitude  |i* 

From  the  equations  II  and  IV  we  obtain,  when  we 
put  ft  =  1,  and  divide  the  latter  by  2  Vp, 

^      ^p  ^       2V> 

and  when  we  add  the  second  to  the  first,  and  also  subtract 
the  one  from  the  other,  then  again  extract  the  square 
root  firom  the  sum  and  the  remainder 

But  the  fi)ur  roots  in  3  of  the  preceding  §,  when  we 
put  &=  1,  has  the  fbllowing  form 

Vji  +  (a  +  c  v'p)  Vp 
v>  -  (a  +  cv»  Vp 

—  \/p  +  (a  —  cVp)  \/p  .  \/  —  1 

—  \/p  -^  (a  ^  e^/p)  \/p  .  \/  —  1 

and  when  in  this  we  substitute  for  a  +  c\/p,  a^^c  tjp 
their  values,  we  obtain  the  fbllowing  roots  of  the  equation 
3^^  -4i«  — JJjT  — C  =  b: 

2  vp 
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Having  •  *  •  already  detennined  the  value  of  p  from  the 
equation  V,  we  also  obtain  the  roots  of  the  given  equa- 
tion. Beades,  it  is  exactly  the  same  which  of  the  three 
values  of  p  we  make  use  of,  because  in  each  case  we  must 
necessarily  always  get  the  same  roots. 

SECTION  cix. 

Frob.  Make  the  equation 

X  =  a\/p  +  i  Vp«  +  c  V/^  +  dVP* 
rational 

SobUion  1.  When  we  put  \/p  =  y,  ••.  ^  —  p  =e  o, 
then  the  equatich  is  transformed  into 

J.  —  qy  —  Jy«  —  ^  —  jy  —  o. 
Now  y  has  five  values,  viz.  ay,  0y,  yy,  Sy^  ey,  when 
<i)  0»  7)  S,  €,  denote  the  five  roots  of  the  equation 
y^  ->  1  =s  o  (unity  included)  ;  we  have  .  *  •  the  five  follow- 
ing distinct  equations : 

X  —  aa^  —  a?bj^  —  a?(n^  —  o^rfy*  =  o 
X  —  pay  —  e^b]^  —  jS'g^  —  ^dy  =  o 
X  —  yay  —  7«fry*  —  y^cy*  —  y*dy  =  o 
X  -  8fl^  -  8»6y«  -  89cy3  -  8*dy  =  o 

X  —  €  a  j^  -  €*6y*  —  ^'cy*  —  c*(^  =  o 
and  their  product  will  give  the  required  rational  equation, 

if  we  again  put  \/p  for  y. 

S.  In  fi»t,  this  implies  no  more  than  to  eliminate  x 
from  the  two  equations  x — cty  — iy*  —  cy*  —  4^*  =®> 
y  — |9=o,  and  consequently  in  this  case  aU  the  methods 
of  dimination  in  the  preceding  diapter  are  applicable. 
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If  we  make  use  of  Cramer^s  method  as  the  easiest^  we 
shall  arrive  at  numerical  expressions,  which  exceed  the 
limits  of  the  annexed  tables,  and  .*•  must  be  calculated. 
But  we  arrive  at  this  object  in  a  much  shorter  way  hj 
managing  the  calculation  in  such  a  way,  that  the  nume- 
rical expressions  refer  only  to  the  roots  of  unity,  because 
these  are  more  easily  calculated. 

S.  For  this  purpose  we  only  require  from  the  two 
equations 

I.  z*  —  1  =  o 

II.  X  —  ayz  —  by^z^  —  q^s^  —  dy*2*  =  o 

to  eliminate  the  magnitude  z  ;  for  if  we  substitute  in  II 
the  five  values  a,  /?,  7,  S,  c,  of  z  from  the  first,  we  then 
obtain  the  same  equations  as  in  1. 

4.  In  order  to  be  able  to  apply  Cramer's  method  of 
diminadon  (§  LXXVI),  vegivetheequatimill  the  form 
1  +  (1)  z  +  (2)  «*  +  (3)  3»  +  (4)  «*  =  o 

then(l)  =  -  ^,  (2)  =  -  ^,  (8)  =  -  <    (*) 


X 


=  -^ 


X 


5.  Since  the  numerical  expressions  in  the  equation, 
§  LVIII,  LIX,  (c),  in  the  present  case  jrelate  to  the 
roots  of  the  equation  2^ —  1  =0,  then  all  those  in  whidi 
the  sum  of  the  radical  exponents  is  not  divisible  by  five 
vanish,  by  2,  §  XC  V,  With  reference  to  this  xemark,  we 
obtain  the  following  final  equation : 
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+  (28V[2S]  +  (  S«4  )X  SH  3+(l24»V[l24»] 
+  (l«SV[l«S]+(  1^4«  y[  1*4«  ]  +  (l#4«)tlS«4«] 
+  (l2')tl«T  +  ( 1284y[l284]  +  (2«34*)X2*34«] 
+  (l'2)tl'2]  +  (  18'  )t  18']  +  (2S»4)'[«8^] 

+( «v  y{  «v  ] 

+(1»84)X1'84] 
+  (lV4)tl"2»4] 

+  (1«'S)'[1«'8] 

+( «*  y[  2*  ] 

6.  The  numerical  expressions  in  this  equation  may 
also  be  calculated  by  §  XCV,  which,  indeed,  is  not  diffi- 
cult fer  the  present  case.  If  after  this  again,  we  put  for  the 
symbols  (1),  (2),  (3),  (4),  their  values  from  4,  likewise 
P  for  ^9  and  multiply  the  equation  by  i^,  we  then  obtain 

o  = 

She)      ScH)  +5abd^' 

— 5a*c\f j*-6aV  T  |>«j:— 5ac«£f 
-5ai«/      -6aicd         ^SVcd'  )  p' 

-5ac'    \ 

^5Vd  ( 

+  6^ed 

— 6ii«Ac* 
+  6a6\: 


^S(j?bpx 
—  c?p 


+  Sb(?d 
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7.  If  .  * .  the  required  ntioiud  equation  be  r^reaented 
by 

x«  -  J;r«  -  Bj*  -  Cx  -  I>  =  o 

then 

A=:  5(ad  +  bc)p 
5s=s5(a«c+aJ«  +  6rf!p  +  if  dp)  p 
Csi  SifjPb-^  Vdp  +  e^p  +  cd?f)  p  - 
5  {dfdf  +  Vc'^)^  +  5  abc^ 

5  (cfcd  +  ai^c  +  b<?dp  +  abJPp)jf  + 

SECTION   ex. 

The  equation  x==a>^+i\^+^V^+^K//^*  ^®^ 
to  an  equation  of  the  fifth  degree,  of  the  form  in  7  of  the 
preceding  ^ ;  and  the  five  roots  of  this  last  equation  are 
consequently 

X  =  ea\/p  +  ffh\/f  +  e'cVp'  +  /S*dVp* 
X  =  ya Vp  +  7*6 Vp«  +  7% VP*  +  y*<iV^* 
X  =  ia\/p  +  8»ft  VP*  +  ^c\/f  +  8*dV^^ 

Therefore,  conversely,  if  an  equation  of  the  fifth  degree 
has  the  given  form,  we  have  its  roots  in  its  stead.  ^  If  .'• 
we  could  red^ce  every  given  equation  of  the  fifth  degree 
to  this  form,  we  should  then  have  the  general  solution  of 
equations  of  this  degree.     To  efiect  this,  it  is  indispen- 
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saUy  necessary,  from  the  given  coefficients  J^  B,  Cj  D, 
by  means  of  the  equations  in  7  of  the  preceding  §,  to  be 
able  to  determine  the  magnitudes  a,  b,  c,  d,  p,  one  of 
which  is  arbitrary,  in  a  similar  way  with  that  in  §  CVIII 
in  the  case  of  equations  of  the  fourth  degree,  and  also  in 
§  C,  where  the  transformed  equation  had  Cardan^s  form. 
But  all  the  endeavours  of  the  greatest  Analysts  to  attain 
this  object  have  been  fruitless,  and  we  shall  see  in  the 
sequel,  why  it  must  be  the  case.  However,  a  treatise  by 
£uler  on  the  general  solution  of  equations,  and  parti- 
cularly those  of  the  fifth  degree,  may  always  be  read  with 
pleasure  and  instruction ;  it  is  to  be  found  in  the  ninth 
part  of  the  new  Petersburg  Commentaries,  and  also  in 
the-  third  Part  of  Michelsen^s  Translation  of  Euler^s 
Introduction. 

SECT1017  cxt. 

Although,  however,  we  cannot  obtain  the  general 
solution  of  equations  of  the  fifth  degree  by  the  method  in 
the  preceding  §,  yet  there  are  several  particular  equations, 
to  which  this  solution  is  applicable,  of  which  I  shall,  with 
Euler,  only  adduce  those  which  do  not  lead  to  very  com- 
plicated forms. 

I.  If  in  the  equations  in  7,  §  CIX,  we  put  c  s  o, 
d^  Of  ire  then  have 

Az^Oy  B  —  Sai^p,  C  =  5a?bpf 
D  =5  a»p  +  6y . 
Fran  the  second  and  third  of  these  equations  we  obtaiii 

C*  B^ 

2  D 
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hence 


5B       Q5C 

Also 

If  •  * .  the  equation 

j«  -  Sj:«  -  Cx  -  ^  -  ^  ^  =  o 

5B       25C 


be  given^  then 


O  B^ 


5B  25C 

is  one  of  its  roots,  and  the  remaining  roots  are  obtained 
hj  substituting  0,  y,  8,  e  successively  for  a. 

We  should  in  like  manner  have  found  the  same  equa- 
tion and  the  same  roots,  if  we  had  put  a  and  b,  or  a  and  c, 
or  b  and  d=zo.  Thus  if  we  put  &  =  o,  and  c{=o,  we 
have 

A  •=  o,  jB  =  5a*cp,  C  =  5ac^p* 

From  the  second  and  third  equation  we  obtain 


and  these  give 


25C       5B 


We  have  .  • .  again  the  equation 

25C      52? 
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and  one  of  its  roots 

The  remaining  ones  are  obtained  by  substituting  ff,  7,  S,  e, 
successively  for  a.  Moreover,  that  the  five  roots,  which 
we  find  by  these  means,  are  not  different  from  those 
already  found,  we  may  easily  convince  ourselves  by  putting 
aS  a^  a*,  a*  (  =  1)  for  ft  y,  8,  b  (§  LXXXVII). 

II.   If  in  the  equations  in  7,  §  CVIII,  we  put  6  =  0, 
and  c=o,  we  obtain 

A  =  5adp,  -B  =  0,  C  =  -  5a^^fj 
The  first  and  third  of  these  equations  give 

6 
Further,  the  fourth  gives 

consequently 

a»/»-«fp*=V[D'-4(yyj 

Now  since 

«*P  +  '/>*  =  -D 
then 

«Pp*=iD-4i2J«-(-y)'] 
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and  .*. 


<^<JP  =  </[hD  +  ^/ [i  D»- (dy]] 

Consequently,  if  the  equation 

j:*  —  Aj^  H X  —  Z)  =  o 

5 

tlien  each  of  its  roots  is  expressed  by 

«^y[|D+^/[i2^»-(|)*]]+ 

-*N/fiZ)-^[i2>-(^)']] 

This  root  resembles  very  much,  as  we  see,  that  which 
Cardan*s  formula  gives  for  equations  of  the  third  degree. 
Besides  this  equation  belongs  to  a  peculiar  class  of  par- 
ticular equations  of  all  degrees,  the  solution  of  which 
was  first  taught  by  Moivre,  and  of  which  we  shiall  treat 
hereafter. 


SECTION   CXII. 


In  the  same  way  as  in  §  CX  the  equation 

was  made  rational,  every  other  equation  of  the  form 

x:=za\/p+b\/p^-{'C\/p^  +  +  ks/fT-^ 

may  generally  be  made  rational,  and  the  degree  of  the 
rational  equation  will  always  be  equal  to  the  radical  index. 
In  this  there  is  no  other  difficulty  than  the  trouble  of  the 
calculation.    Hauber  has  omitted  this  operation  when  n^6 
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[See  the  Second  Collection  of  Combination  Analytical 
Treatises,  p.  248].  It  would  be  dssirable^if  it  could  also  be 
done  with  other  values  of  n,  because  from  them,  as  has 
been  already  shown  by  a  few  examples,  the  solutions  of  a 
great  number  of  particular  equations  might  be  derived, 
which  are  so  much  the  more  worthy  of  observation,  be- 
cause they  cannot  be  analyzed ;  for  otherwise  there  could 
not  be  in  the  roots  any  radicals  of  the  s^me  degree  as 
the  equations  themselves.  Yet  a  great  number  of  par- 
ticular cases  of  the  same  kind  may  be 'found  without 
audi  complicated  calculations,  by  omitting  at  the  very 
beginning,  several  terms  in  the  general  irrational  expres- 

sion  aVp+ftVp^  +  <\^P*+ +AVP*"' 5  a«^^e fol- 
lowing problems  will  show. 

SECTION    CXIII. 

Pbob.  Make  the  equation  x  =  a\/ p  +  6\/|)^  ra- 
tional 

Solution.  Here  the  two  cases,  in  which  n  is  an  even, 
and  the  other  where  n  is  an  odd  number,  must  be  dis- 
tinguished. 

First  Case. 

1.  Letx=  a\J  f  4-  h\J i^ \  further,  let  a,  ft  y, 
S,  &c.  be  the  roots  of  the  equation  2^  —  1  =  o.     If  y 

be  substituted  for  S/p,  then  the  different  values,  which 
X  has  in  relation  to  these  irrational  magnitudes,  are 
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as  far  as  Sm.  The  required  rational  equation  is  repre- 
sented by 

...  ±  Jfj;^  hF  Ax"^^  ±  AjT-^  + 

...  —  ^x  +  ^  =  o 
the  upper  signs  obtain  when  m  is  even,  and  the»  lower 

1  S  3 

when  m  is  odd.  The  coe£Bcients  Ay  A,  A^  &c.  are  then 
the  sums  of  the  ibrmer  values  of  x^  taken  singly,  two  and 
iwo,  three  and  three,  &c. 

%  The  developement  of  these  combinations  gives 
J[=^\l]ay  +  \i]bf' 
J=ti*l  a»y«  +  '[18]  abf  +  T2«l  6V 

3 

tec 
3.     But  it  is  evident  from  2,  §  XCVI,  that  all  the 

18       3  • 

coefficients  A  A  A^  as  far  as  ^  &c.  vanish,  because  the 
sum  of  the  radical  exponents  in  each  numerical  expres- 
sion, is  always  <  2m,  and  consequently  cannot  be 
divisible  by  2m ;  this  was  evident  before,  from  this  con- 
sideration, that  in  the  required  equation  there  are  only 
such  powers  of  y^  as  arc  divisible  by  2m,  for  otherwise 
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it  could  not  be  rational.     It  only  remains  to  find  the 

m    m+l    m+1  am 

coefficients  A  A,  A^ A, 

4.  When  in  the  terms  of  which  these  coefficients  con- 
sist, we  omit  all  those,  which  by  2,  §  XCVI,  =  o,  we 
then  find 


tm 


A  =  '[2"]  Ifif^ 

n+3 

A  =  '[l«2"-']a*6*-^^*» 


2m 


5.  But  (§  XCVI). 

L2  J        =-i-.     p     a -; .2m=f2 

1  .2.S...m— 1  X  1.2  —1.2 

■*"l  .2...»i-2  X  1.2.3.4"  "^1 .2  .3.4'^*" 

-*      -1.2.3  ...  m-3xl  .2  ...  6'^^"" 
m  .  m'  —  1  .  w|g  ^  4 
- 1  .  2  .  3  .  4  .  5  .  6*  ^^ 

1.3.  3...W1— 4x  1  .  2... 8 

1 .2.3.4. 5. 6. 7.8*^^ 
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.^  .^  ii  -I  1  .  2  .  S  ••.•• 2iii— "2   ^ 

*■  -•      ^1x1.2.3 2m— 2 

m.m*  — l.m'— 4 m'— m— 2*  ^ 

=  +. , .  2m 

1.2.3,4  2m— 2 


Yi«"l        = .  2m=  — 1 

L     J  1.2.3  2m 

%r^-.T       .  0*2.3...m-l)*       .J     1.2. 3... 2m— 1     _ 
L*   J-^(l.2...m)«xl.2^  ^      1.2  4  3.*.2w 

=  +  2-  1  =  +  1 

in  which  the  upper  signs  obtain  when  m  is  an  even,  and 

the  lower  when  n  is  an  odd  number. 


6.  If  we  substitute  these  values  in  the  expressions  for 

m    m+l  M+s 

A,  A,  A 9  &€.,  and  then  again  put  p  fbry^,  we  obtain 
the  required  rational  equation 

a:**— 2ft"px» — —.  2m .  a«6— 'jp^"-»  ^ 

1.2.3.4  ^ 

-l.g.3.4.5.6  •  ^"'  •  «'*^?^ 
"1.  2.  S.  4.  5.  6.  7.  8.  •  *""  •  '^'^P^ 


m.m'— 1  .m'— 4  .m*— 9...m*— m— 2  ^  ^- 

1.2.3.4.5.6.7 2m— 2*       '         ^ 

—  a^p  +  J**/!'  =  o 
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'  Secani  Case, 

7.  Now,  let  xsscf^p-^-l/yp'i  or  ^  be  substituted 
for  vjn,  T=ay+Jy'.     Further,  let 

T^dar±Ajr'''^Axr^± 

S»        9m+l 

+Ax'^Azso 

he  the  required  equation^  in  which  the  upper  signs  obtain, 
when  m  is  even,  and  the  lower  when  it  is  odd.    Then,  as 

before,  all  the  coefficients  ^,  J,  ^,  &c.  as  fiir  as  J(  vanish, 
and  we  have  the  numerical  expressions  referred  to  the 
equation  j:*"+* — 1  =0, 


8.  But 

X  •  *  •  9  •••••  m  X  1 

1  •  2  •  3..i^«..ift-— lxl*2t3 
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.r  «  -_.-!       .  1  •  2  .  S m  +  2   ^      .  , 

'C»'*"^]=  ±  I.a.3....m-2X1.8.3.4.5-  ^"»+  * 

m  •  wi'^— 1  .  m  +  2 
=  ±  1  .2.3.4.5-^"*+^ 

*■  -■  1. 2.3. ..m— 3x1.2.3.4.5.6.7 

— m.m*— l.m"-— 4.m+3   ^     .  , 
^1.2.3.4.5.6.7 


\r-r-   ,^T  1.2.  3 2ifi— 1     ^       ,   ^ 

'[I*— '2l=  -  , ,     ^     ^ T '  .  2m+ 1 

•■  •*         1x1.2.3 2m— 1 

s 

iii.iii^l.m'-4.in^...ifi'-wi-2.2m-l    ^      .  , 

=  —  , — - — ^ .  2iii+ 1 

1.2.3.  4 2m— 1 

■-         -^  1.2.3 2m+l  ^ 

9-    If  these  values  be  regularly  substituted,  we*then 

obtain  the  required  equation 

jr*'+*-(2m+l)a6>jr 

wi  •  m  +  1    ^     .  ^       «»-  .     -  . 
""  1  ,2.8   •  ^*"+^  •  O^i— »/>x-^ 

1.2.3.4.5  ^ 

m  .  m^ — 1  .  m'^4  *m-\-3  ».^  ,     ,_, 

1.2.3.4.5.6.  7' *"*"»■*•"«'     F** 

m.m'— l.m^  — 4.m'— 9.m+4  ^     .  ,    »._  .     „  . 
1.2.3.4.5.6.7.8.9 


^2 

m.m'-l,m'-4.m'-9,..m*-iiir-2.2m^l  ^     .  ,    ^-  .- 
1:2.3.  4 2^1'^^+^'^^^^ 
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SECTION   CXIV. 


Conversely,  if  equations  of  the  fonn  in  6  and  9  of  the 
preceding  §  be  given,  we  may  always  find  their  roots.  As 
examples,  and  ibr  the  sake  of  their  usei  I  shall  here  give 
a  few  equations  of  this  kind. 

I.  When  m=:2,  we  obtain  from  9  of  the  preceding  §, 
the  equation 

jfi  —  Sai^px^  —  5a?bpx  --cfp'^  Vp^  s:  o 
and  each  of  its  roots 

when  a  is  a  root  of  the  equation  jr' ...  1  s  o.  Moreover, 
this  equation  is  the  same  as  that  in  I,  §  CXI,  which 
was  derived  firom  the  general  equation  of  the  fifth  degree 
in  §  ex. 

II.  When  sit=:d,  we  obtain  firom  6  of  the  preceding 
§  the  equation 

the  roots  of  which  are  expressed  by 

aioS/p  +  abS/p^ 
when  a  denotes  a  root  of  the  equation  x^^  I  s=o. 

Further,  for  the  same  value  of  m  we  obtain  firoifi  9  of 
the  preceding  §,  the  equation 

x^ — lat^px^'-'  1 4a'i*/>x*— lofbpx 

and  each  of  its  roots 

aa\/p  +  a^b\/f 
when  a  denotes  a  root  of  the  equation  x^— 1=0. 


»  "T" 
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III.  When  ws=4,  we  obtain  from  6  of  the  preoedbg 
§  the  equation 

and  for  each  of  its  roots 

ac\/  p  +  a^Vs/f 

Further^  for  the  same  value  of  m,  we  obtain  from  9 
the  equation 

—  9(i?bpx  —  cfp-^  Vj^  =  o 
and  for  each  of  its  roots 

aeSjp  +  a^VsJf 
and  so  on. 


SECTION  cxv. 

Pbob.  Make  the  equation  x  =  a\/p  +  6Vf"* 
rational. 

Sobitlvm  1.  If  we  denote  the  roots  of  the  equation 
^_ls=o  by  a,  0,  7>  S,  &c  then  the  roots  of  the  required 
rational  equation  are 

aaS/p+ar^bS/p'^^ 

yaS/p+y'-^bs/p'^^ 
&c. 
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or  since  o"  =  ^  =  7"  =  &c.  =s  1, 

eaS/p+r'Vs/lT'' 

Henoe  we  could  derive  this  equation  in  the  same  way  as 
in  §  CXIII ;  the  following  method,  however,  which  has 
been  often  used  already,  leads  to  the  object  in  a  shorter 
way. 

2.  Denote  the  sum  of  the  first,  second,  third,  and  so 
on,  powers  of  these  roots  by  Si,  S2,  SSy  &c. ;  then 

S4  =  *[4]d\/pH4^[2]a»JpVV+6^[o]a»4^p« 

&c. 

8.  From  the  fiorm  of  these  values,  and  from  §  XCVI, 

it  foQows,  that  the  expressions  Sly  Ss^  S5,  &c.  =s  o,  and 

that  generally  each  expression  jS/a=o,  when  fc  is  an  odd 

number  and  less  than  n.    Further,  since  ^o]  =  iiy  we 

have 

2 
S^  =  —nabp 
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1.2        ^ 

1  . «  .  s       '^ 


8.7.6. 5 
1  .S.  S 


.  4 


and  generally 


A      •         Z      •  0  ••••••••••  i| 

whilst  S/A  <  n.  The  expression  Sn^  when  n  is  an  even 
number,  besides  the  term 

It .  ft— 1  .  n— 2  — 1-1      n   n  n 

na^  b^p^ 

1.2.       3 — 

2 

which  does  not  vanish,  and  which  is  derived  fnm  the  values 
of  S2fif  when  2/A=n,  contains  dso  the  two  terms  [n^fpy 
^[— n]67^*~",  which  do  not  vanish,  or  tufp,  nbrpT'^  On 
the  other  hand,  when  it  is  an  odd  number,  then  the 
expression  Sn  only  contains  the  two  last-mentioned  terms. 
Accordingly,  in  thecase  where  n  is  an  odd  number,  we  have 

Sn  =  noTp  -f  nlfp'^^ 

and  in  the  case  where  n  is  an  even  number 


n  .  n—1 ....  —  + 1       n  n  n 
Sn  = ? naH^p^ +narp+nlrp*'' 

1  .    2 - 

2 


4.  From  the  values  of  Slf  S2y  Ss, Sn,  alieady 

found,  we  arc  now  enabled,  by  means  of  the  formuhe  in 
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§  IX  (which  serve  for  determining  the  coefficients  of  an 
equation  firom  the  known  values  of  the  sums  of  the  powers 
of  its  roots)}  to  find  the  coefficients  of  the  required 
rational  equation.    Thus,  if  this  equation  be  represented 

z»+-i4r-'+2r^+Jjr*^+ 


we  then  obtain  the  following  values  of  the  assumed  coeffi- 

19         3  ■      ^  ^ 

dents  Jf  A,  A,  .•  A,  in  which  those,  whose  index 

is  odd,  are  omitted,  because  all  of  them  (the  last  A 
excepted)  =  o : 

-4  =  —  —  =  — na&o 

^  =  — 2 — =+T— s— «'*y 


1  .  2 


J_     AS2  +  AS4^  +  S6 
A^ 6 

n  .  n — 4  .  ii'-B 


1  .      8  .      8 


o»4»p« 


j         ASi  +  AS4.+AS6±S8 

8 
n  .  it'-'S  .  n— 6  .  n— 7 


a^by 


1.2.        3  .        4 

Hence  the  law  of  the  progression  is  easily  known ;  thu» 
the  general  term  is 

^      .  «  .  n— X— 1  .  n— X— 2 n— 2X  +  1  .i.  . 

^=  ±  rr^ 5 X — '^^ 
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R 

The  last  coefficient  A^  when  n  is  odd, 

and  when  n  is  even  is 

»--j  —  1-  —  — 2  2.1   n  n  n_ 

± — aH^p^'^c^p^b^' 

1  •      2  .         3 ^—1  .JL 

2  2 

or,  more  briefly,  +  2a*  fry^—  (fp^b'p'^^ 

the  upper  sign  of  the  two  ±  obtains,  when  n  is  of  the 

form  4m,  and  the  lower,  when  »  is  of  the  form  4m  +  2. 

5.  If  these  values  be  substituted  in  the  assumed  equa- 
tion, we  then  obtain,  when  n  is  even,  the  required  rational 
equation 


x^'^^abpjf^ 

r  1    »*  • 
■*"   1. 

2      " 

'byif^ 

n  .  n— 4  . 

3 

cr^i'p^^c- 

^ 

1.2. 

n  .  n— 5  . 
1  .     2. 

n-6 

• 

n  .  n— 6  . 
1  .     2  . 

n-7 

4  . 

• 

n  n  It 

•         •         •         • 

+  2a"«6V- 

-a";!- 

•fty^' 

=  0 

the  upper  sign  of  the  two  +  obtains,  when  n=4m+2, 
the  lower,  when  n  =  4m.     When  n  is  odd,   the  same 
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equation  obtains,  only  in  the  last  teiM  the  jangnka^ 

ji  II  n 
Sa*i'p*  must  be  oiniited. 

Example.  Whenn=:5,  the  equation  is 
and  each  of  its  toots  is 

Moreover,  this  is  the  same  equation  which  was  found 
in  II,  §  CXI.  the  b  in  the  present  eqaatioii  corresponding 
to  J  in  the  former* 

II.  When  nsz6f  the  equadon  is 
t^  —  6a^pji^  r*.  Ocfl^x^' ^  8t(j?lPj?  ^  ifp  ^  Vpl^  ^  o 
and  each  of  its  roots  is 


aa 


n/p+»*a\^f' 


Rbhaek.  CompMe  li;iehelsen'!B  Translation  of  Euler's 
Introduction,  third  Book,  pp.  10,  11,  with  this  §. 
Euler  finds  the  same  equadon,  in  a  shorter,  but  lera 

analytical  way ;  what  in  his  method  vaSJ  ^  and  «,  in 
mine  is  abp  and  oTp  +  i^**~^  Compare  also  with  it 
Huguooin^s  Mathematical  Contributions  for  the  further 
Improvement  of  the  young  Greometrician,  p.  131,  |md 

SOOD. 

« 

If  we  put 

then  the  above  general  equatioa,  vken  »  u  an  odil  B^mbwy 

8  r 
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is  traiufiinned  into 

H  •  n — 4  •  tl— 5     ^     -  m  ,  m 

1.2.8  V? 

the  first  part  of  this  eqaation  bebg  continued  till  we  come 
to  a  coefficient  =  o.  But  firom  the  two  equations  nahp 
:si  Af  (Cp  -{•  Vp*^^  =  Tj  we  obtain 

(a-|>  -  V'f-'y  =  (a>  +  byy  -  ^ftbY 


n" 


consequently 


o^p  -  Ay-' =  ^(7*  -  f^ ) 

If  we  combine  this  equation  with  the  onea^+4y~*==  ''^ 
we  obtain,  by  addition  and  subtraction, 

71 

and  when  we  extract  the  nth  root 

<^P  =>yc47'+i^/(^*-^)] 

71 
71 

Therefore 

-^/[iy+i^/(T•-^)3  +  i^y[i7'-i^/(T^)] 

is  the  general  cxpressioti  for  every  root  of  the  above 
equation  j"— -^af^+Ac.  s=  o. 
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From  the  resemblance  of  this  formula  to  Cardan's,  it 
follows,  that  the  equation  of  Moivre  is  only  an  extenrion 
of  Cardan's,  and  that  both  may  be  deduced  in  the  same 
way,  as  is  actually  shown  in  the  two  above-mentioned 
works. 

SECTION   CXVI. 

Pbob.  Make  the  equation  j:= oV?  +  *V  P*^  rational, 
in  the  case  in  which  n  is  an  odd  ntunber,  and  not  divi- 
sible by  three. 

Soluiion  1.    Let 

or  —  Jfjr^»  +  JsT^  +  ^J^  + -  -i  =  o 

be  the  required  equation,  whose  roots  consequently  are 

or  p* 

eas/p+er^h\/ir^,  or  ^^p+^bpS/-^ 

&c.  &c 

Further,  let  the  symbols  5l,  52,  Ss,  &c.  have  the  same 
signification  in  reference  to  these  roots,  as  in  the  preced- 
ing §• 

2.  Any  undetermined  power  k  of  the  first  of  the  above 
roots  contains,  when  a  only  is  considered,  the  foUowbg 
terms: 

the  same  terms  contain  also,  with  reference  to  /?,  and  so  on, 
the  power  k  of  the  second  root.     Consequently  5fe,  when 
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mtfftjfkt.  only  ar«  conaideNilj  oaoiWU  of  the  following 
UKtain 

8.  Now,  if  Xr  <  n,  then  amongst  these  there  are  no 
expressions  but  \6]  and  '[— n],  whose  radical  exponents 
are  divisible  by  n  ;  and  indeed  the  first  only  obtains,  when 
k  is  divisible  by  3,  but  the  second  only  when  Si— n  is 
positive,  and  divisible  by  3.  But  both  can  never  occur 
at  the  same  time  in  the  same  numerical  expression,  for 
otherwise,  contrary  to  the  supposition,  n  must  be  divisible 
by  3.  Hence  it  follows  immediatdy,  first,  that  when 
^[o]  occurs  in  Sk,  k  must  be  of  the  fi>rm  3/i ;  secondlyi 
when  ^{— n]  eecurs  in  Sk^  the  least  vake  whicb  ilt  en 

have,  is  -— -,  for  which  I  sh^  substitute  m ;  an  J  thirffly, 

that  then  .every  other  vdue  of  k  must  have  t^  Ann 
m-^rSv.  .Consequently  Sk  always  vaaishes,  when  JE:  has 
not  one  of  the  two  finms  Sii  and  iii+  Sv. 

4.  Now,  if  we  seek  the  binomial  ooefficients  c^  \q\  and 
^[— n],  we  obtain,  when  for  these  numerical  expressioDa 
their  value  n  is  substituted, 

o     TIT     w+SvJB+^v^-l.^-wi+v 
om^Tsvss,    ■■    >          — ^— r: — TT^'wi 
1  .  2 2v+l 

From  the  firsl  fi>mida  we  obtain 

iSs  =  —  na^bp 
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S6  =  ^±lna*b*p* 
1.2  *^ 


&c 


and  fiom  the  second 


1  I  ^ 


m+3  .  m+2  .  i»+ 1 


J.     ,  >5      m+6.m+5.m+4.m+3.fn+2    .,_.,  ^ 
**  +  ^="      1.        2.        3,        4.        5     ^*^>^ 

i.    n4-15.«+I3.»+lMi-f9.nH-7     »^^,^ 

a*  *  "T^      T!      r;      4.    5  ^ 

ftc. 
Every  other  Sk,  which  is  not  included  amongst  these,  ao. 


5.  Hence  the  coefficients  of  the  required  ec[uation  may 
be  determined  by  means  of  the  general  formula 


tJ^  ASl  — ^S£  +  ASS  -  AS4i  + 


1 


+  ASv^  l±&r 

When  in  this  we  substitute  1,  2,  3, 4,  5,  &c.  successively 
for  w»  it  will  immediately  be  shown,  that  all  the  coefficients, 

those  excepted  which  are  imder  the  forms  A^  Ay  vanish, 
because  ia  the  products,  of  which  ihk  formula  k  com- 
pomidsd)  eithfli  a  ooefficie&t,  or  a  ammpoal  espiesaieB, 
or  even  both  at  once  vanish.     Further,  we  find 
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A  =  —  =  narbp 

A  = g =  Y—^^bf 

&c. 

-     ^Sm      -       .f±l  2=1 

-/«  =  H =  +  nah  «  «  « 

m  '^ 

-t*    JlSs  +  JSm      1   n.n-5.n-7  «!^4^ 

«-|-S  «  6  3 


y_^ig3  -  ^gg  HP  ASm  ±  ASm  +  S'^Sm  +  6 

m  +  6 
«1    n.n— 7. n-9.n— 11  .n— IS  ..^^ 
^2*  1.2.        3.       4.         5  '^ 

the  upper  signs  obtain  when  m  is  even,  the  lower  when  n 
is  odd. 


6.  The  hist  term  A  can  neither  be  included  in  the 

form  Ay  nor  in  the  form  A,  because  otherwise  n  must  be 
divisible  by  S.  But  this  term  can  be  very  easily  found 
by  taking  the  product  of  all  the  roots  in  1,  which  pro- 
duct is  here  reducible  merely  to  the  sums  of  the  products 
of  all  its  first  and  all  its  second  parts,  and  oonsequendy 

7.  If  we  substitute  these  values  of  the  coefficients  in 
the  assumed  equation  in  1,  we  then  obtain  the  required 
rational  equation 
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1  .     2  . 


n  .  11—9  .  n— 10  .  n  — 11 


+  — 


1  .     2  .         3  . 


_n.n-ll.n-.l£.n-18.n-14^  , 

n  .  n— IS  .  n- 14  .  n- 15  .  n— 16  .  h— 17  ,,,«  «  ^.. 

+ r— 2: — r. — r. — r. — t"  «^'^/r'" 

See. 

n       ^'  tli,  *r* 

1     n.n— 5.n-7  «— —  ^ 
2«     1  .     2  .       3  •'^ 

1     n^n— 7.n— 9. »— 11. n— IS     •+!  =±1  '^ 
2*1.2.      S.        4.         5  ^ 

_  J^    n.ti-9 .ii-ll.n^lS.»-lg.»-17.g»-19  7,^  ^  ==^* 
2«'l.2.     3.     4.      5.     6.      7     ^^    P     ^ 

&e. 

=  o. 

The  two  series  in  this  equation  are  continued  till  we  arrive 
at  the  nq;ative  exponents  of  x. 

ExAHPLB  I.    When  nssS,  we  find  the  equation 
a*  —  Scfbpjfi  —  Saiflp^x  —  o^  —  Vp^  =  o 
and  for  each  of  its  roots 

If  we  put  5a^bp:ssBf  5ab^f^^C,  then  this  equation  is 
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transformed  into  the  iJIowing  one : 

25C      SB 
the  same  equation,  which  was  found  in  J,  §  CXI. 

Example  II.    Whe^  n=79  we  obtain  the  equation 

1^  -  7«'6par*  —  7aftyx«  +  Ic^Vffx 
•-fl^p  — jy  =  jo 

and  iach  of  its  roots  is 

To  this  belong  all  equations  of  theserenth  d^ree  of  the 
form 

x'  —  lAx^  —  75x«  +  7-^j:  —  ^  —  ^  =  o 

B       A 

as  may  be  easily  found,  by  putting  <fbp^  A,  ai^^  B. 


sECTioK  cxni. 

In  the  same  way  as  in^  CSIII,  §  CXV,  and  §  CXVI, 
we  can  derive  innumerable  other  general  forms  of  solviUe 

equations  from  the  binomial  \/p^+\/p^hf  ^l&BnmBiA^ 
the  irrational  magnitudes.  However,  since  othcnirise  this 
sulqect  possesses  no  interest,  I  shall  here  content  myself 
'  with  giving  an  equation,  whidb  Waring,  one  of  the  moat 
celebrated  Analysts  that  -Engl^  ever  possessed,  gives 
in  a  treatise  on  the  general  solution  of  ^qp^atjanSi  hf 

assuming  X  =:av  I' +&V J''  (Philo^hical  Transactions 
for  the  year  17799  p*  92).  When  n  is  odd,  this  equa- 
tion n 
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1  .     2.      S^  ^1.2.     3.       4       ^      ^^ 

.   «  .  «— 11  .  n— 12  .  n— IS  .  n— 14  ^,„-  ,a     a    -. 
^1.2.  3  .  4.  5       "•^'*    T^i'.j 

±  i)»[iio  »b*x-—.  »»-5»-7a  »  J  ,\j3 

'*'  i*'l.    S.        8.         4.         5      "      *     *^- 

1    II. i»-9.i»-H. 11-18. »-16.ii-17.M-19-2=?r^'  ,     .    , 
F  1.2.     8,      4.      5.      6.     7     "  *  *  *  ^+**-J 

—  (fp  —  6^  =  o. 

The  fiictor  p^  has  the  sign   +,  when is  a  whole 

nnmber,  but  in  other  cases  the  sign  — • 


• 


SECTION   CXVIII.  ' 

The  m^od  by  which  equations  of  the  first  degree 
Are  madefatbnal,  which  hitherto  we  have  chiefly  used  for 
finding  solvable  equations,  can  also  be  used  with  advantage 
when  we  merely  wish  to  dear  the  unknown  magnitudes  ia 
an  equation  of  the  radical  sign.  I  shall  elucidate  this  by 
two  examples. 

Let  the  equation 

>  + V?  +  \/r  +  >y«  +  ^t =0 

be  given,  and  let  py  q,  r,  s,  &c.  be  rational  functions  of 
the  unknown  magnitudes^,  2)  &c. :  it  is  required  to  make 
this  equation  rational. 

2  G 
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Put— j>  =i  x;  then  vrb  have  bi  refierenoe  te  x  the  equa- 
tion of  the  first  j^ree,  vk. 

x=^  q^S/r  +  \/»  +  n/< 

We  try  to  make  this  equation  rational^  and  then  again 
pttt  ^  phr  X,  we  then  have  the  required  equation  dear 
of  irrational  magnitudes. 
If  the  equation 

n/p  +  N/  q^s/r  +  's/^' =  0 

be  given,  in  which  th^re  is  not  even  one  rational  term, 

we  put  —  s/p^x,  and  xhen  make  the  equaticm  x^^s/q 

+  Vr  +  \/<+  tational.    Having  done  this,  we 

tfubstitiite  hi  Ae  obtained  equation  (at  x  auooessivesly  its 

values —«\/p,  ^0\Jp^  ^'^\pyit^\i3tL<tXLiiitt^Bxm 
II  equations.  If  we  multiply  these  together,  we  then 
obtain  the  required  equation  dear  of  irrational  magnitudes. 

On  the  subject  of  clearing  equations  of  irrational  magni- 
ttides,  there  is  a  very  able  tt^liadsie  by  FiiKsheir,  in  the 
Hindenbutg  AMshives  «f  MeflheiMCkss  Niitnbtt  VIII^ 
%iritten  with  that  detttress  ^iid  p^^ji^lsuity  pec(diar  %b  thfe 
talhor. 

Tlie  retioiial  equation  whi(ih  is  <]i)tlikied  frotn  die  equir^ 

tion  x  =  \/p+ V  ?+v^+\/*  +  •••  so  lolig  as  the 

irrational  magnitudes  V  ji,  v  9>  V ''9  v  ^  &o.  have  no 
particular  relation  to  each  oilier,  alwtiys  rites  to  the  degree 

fcvirp...)  because  the  fi  values  of  Sjpi  the  v  vales  of 

V  ?>  the  9r  values  of  \/r^  and  so  on,  may  ^be  ^mMioftMi 
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together  ocactly  this  immber  ^  iioifHi.  But  if  the  above 
irrational  magnitudes  have  any  reUtion  to  each  other,  so 
duit  if  one  «r  other  is  det^rmitied,  the  remaining  ones 
arp  either  all,  pr  only  in  p^  deta^m^oedt  then  the  r^tipn^ 
equation  is  always  of  a  lpw«ir  d^pree.  Here  fpllpw  ^  few 
examples  by  way  of  elucidation. 

The  rational  equation  for  a:  =  \/p  +  VP*+Vf^ 
+  Vp*+ ...  -f  \/p*  <wJy  JWI  to  the  ntk  degtee,  b^9&yj« 

and  consequently  x  contains  no  mor^  values  than  tb^ 
irrational  ipagnitudes  ^p. 

The  rational  equation  ftr  a:  =  N/p+ V  P+N/?  ^^7 
rises,  but  necessarily,   to  the  sixtieth  d^ree,  because 

>^p:=if^py^  and  the  twelve  values  of  \Pf  poip)Mn«^ 

with  die  fiiR9  vdbes  of  V  9>  g>^<"BS  flkly  difibroit  v^hl•|l 

of  X. 

Tb»  nakfBtl  equation  fiw  a:  =  VP*  +  V^'  +  V^ 

=s  j>i»  +  p»  -f.  |jl  only  rises  tp  tlje  seventy-sppond4€gree. 

For  if  we  reduce  the  small  fractional  exponents  to  the 

i$      JfS      fj 
least  common  denominator,  we  have  x  ==  p^'^-^p^+p^* 

If  .*•  a  be  a  root  of  the  equation  ^^— l=o,  then  is 

tb^  corresponding  value  of  x,  and  tWe  we  s^vepty^^ 
of  these  values. 
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SECTIOK    CXIX. 

Pbob.    Find  a  feictor,  by  which  the  given  irrational 

ejcpression  p+\/g+V^+V*+ ^^^  "*  muld- 

plied,  in  order  to  make  it  rational. 

SobiiiofL  Let  a,bjC,dy  &c.  denote  the  different  valaes 
which  this  expression  has,  when  the  irrational  magnitudes 
are  taken  in  all  possible  ways.     Now,  if  we  form  the 

equation  x  =  p  +  \/q  +  \/r  +  \/*  + ,  then  the 

rational  equation  derived  from  it,  is 

(x— «)  (x— ft)  (x— c)  (x— d)  ......  =  o 

and  its  last  term  =^  ±  abed Now,    since  this 

product  must  be  rational,  it  •  follows  that  the  given 
expression  is  rational,  when  we  multiply  it  by  the  product 
of  all  the  remaining  expressions  which  its  diflterent  values 
fpve ;  and  this  product  consequently  is  the  factor  sought. 

Example  L  Let  the  expression  p+S/f  be  given. 
If  then  1,  a,  0,  be  the  three  roots  of  the  equadoQ^  —  1 
ss  o,  then  the  required  factor 

=  (p+«V4)(p+/JV4) 
0?,  since  a  +  |3  =  —  1,  «/5  =  l. 

Example  II.  For  the  expression  p  +  \/ j  +  \/r,  the 
required  fiictor 
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—  (p+  ^^?—  -v/r)  (p—^/q+  Vr)  (p—  Vy—  >v/r) 

which  is  already  known. 

Example  III.  For  the  expression  p+Vy-"V''» 
when  1,  ety  gf  are  the  roots  of  the  equation  y— 1  sso,  w0 
obtain  the  following  factor : 

(p  +  eV9+Vr.  V-l)(p+\/?~\Xr.  ^/-l) 

iZcmarfc.  When  p=o,  a  more  simple  &ctor  may  often 
be  found,  by  whidi  the  object  to  make  the  given  expres- 
sion rational  may  be  attained.     Thus,  if  the  expression 

\/9+ v^  be  already  rational,  when  we  multiply  it  only 

by  the  factor  (V?  +  « V^)   (V4  +  ^\A)  =  V?" 

— \/yr+\/r*;  and  the  expression  Vq+  \/r+  ^/s  is 
so  by  multiplying  by  the  fiustor  ( y/q  +  ^/r  —  Vs) 
(  a/j—  \/r  +  ^/s)  (  \/j—  %/r—  \/«)'  T^^  **  always  the 
case,  when  the  indices  of  the  roots  have  a  common  divisor^ 
or  the  irrational  magnitudes  have  a  certain  relation  to 
each  other. 

CorMirjf.  From  what  has  been  already  said,  it  follows, 
that  It  is  always  possible,  t>y  the  multiplication  of  the 
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numerator  and  detioininittor  of  a  given  fractum  by  a 
proper  fiictor,  to  clear  ihe  denominator  of  irrational  mag- 
nitudes.    Consequently  also  an  equation  of  the  &rm 

X  =  ^ — ^^ — ^ ^ ^  may  always  be  reduced 

to  an  equation  of  the  Arm  jP9sp+ Vy +\/^*^  V^+ **• 
and  as  one  of  this  kind  can  always  be  made  rational  by 
the  preceding  §,  so  in  like  manner  the  former  may  always 
be  made  rational. 


SECTIOK  cxx. 

Pbob.  Make  the  equation  x  ss  ^/p  4*  Vj  rational, 
when  the  magnitudes  p  md  f  are  not  immediately  given, 
but  only  assumed  to  be  the  roots  of  an  equation  of  the 
second  d^reey*  —  Jy  +  -6  =  o. 

Sobitum.  The  vdues  which  x  has  by  the  diiPerent 
dMnaination  of  its  ifrational  mi^iuidai^  une 

The  mere  inspection  of  these  values  ahowS|  that  when  we 
substitute  p  and  q  tat  each  other,  they  undergo  no  further 
change,  than  that  one  is  transformed  into  the  other. 
Consequently  in  the  rational  equation  derivod  firom  x=  Vp 
+  Vq  there  is  no  change,  when  we  substitute  p  for  ^, 
and  it  must  .*«  necessarily  be  a  symmetrical  function  of 
these  magnitudes^  and  awsequeatly  may  be  csapic^ied 
by  the  epefficiaots  J,  M,    If  •  ^  we  ebmitiatr 
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p  and  q  by  ttiMtis  of  th^  givM  coeSciente  jI,  fi,  fie 
Mytun  At  leqtiired  rational  equation. 

But  from  X  =  Vp  +  \/9    we  obtain  the  equation 
(§  XCVIII.) 

^  -  «(|>  +  ?)«»  +  (p  +  })««  o 
or 

**  --  «  (p  +  if )  j:«  -f  (p  +  9)*  -  4p  J  *:  o 

If  m  the  latter  equadon  we  anbatitnte  fctp+q  and  ;if 
their  valuea  A  and  i7»  we  obtain  the  required  equation 

X*  —  2  -rfx*  +  -^*  —  4  a  =  o 

SECTION   tXXU 

PaoB.  Make  the  eqvatioa 

X  =  V^  +  V?  +  \/r  +  V«  +  .... 
rational ;  when  the  m  magnitudes  p,  9,  r,  s,  •ftc.  are  odt 
immediatdy  (pven,  but  only  assumed  to  be  the  roots  of 
a  given  equation  of  i!fae  mth  degree 

y  -  Jy^^  +  SjT^  —  CjT^  -f  &c.  =  o 

Soluiton,  If  we  endeavour  to  find  all  the  possible 
values  of  x,  which  Urise  from  die  difiierent  comliinations 
of  the  values  of  the  roots,  and  then  in  these  put  the 
magnitudes  p,  f ,  r, «,  &c.  fiir  one  another  in  any  way,  but 
let  it  be  the  same  one  in  all  the  values,  the  -consequenoe 
will  only  be  this,  that  these  values  either  undergo  no 
change,  or  merely  that  one  is  transformed  into  another. 
For  let  Of  0,  7,  S,  ftc.  be  the  roots  of  the  equation 

x^  -  1  =  0,  and  «V^+^Vy +7V^+^V^+*®*  '^^T 
value  of  T.     Now,  if  it  be  piossible,  that  from  this  expres- 
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sion,  by  any'substitution  of  the  magnitudes  p,  g,  r,  <,  &€. 
for  one  another,  viz.  by  that  o{p  for  y,  another  expression 

*\^+^VT  +  7V^+^V^+*c.  is  generated,  which 
does  not  belong  to  the  values  of  x  ;  then  there  must  be, 
contrary  to  the  supposition,  a  combination  of  the  values 
of  the  roots,  which  is  not  included  in  the  values  of  r. 
Since  .'.the  values  of  x  remain  the  same,  however  the 
magnitudes  p,  9,  r,  «,  &c  are  subtituted  tor  one  another, 

then  must  the  rational  equation  derived  from  x  =  \/p 

+  \/q+\/r+\/8'i'&c,  be  a  symmetrical  function  of 
these  magnitudes,  and  consequently  may  be  expressed 
rationally  by  J,  By  (7,  &c.  the  coeffidente  of  the  given 
equation.  If  •  * .  we  eliminate  the  magnitudes  py  q^  r, 
«,  &c.  by  means  of  these  coefficients,  we  obtain  the 
required  equation. 

CoroUary.    The  equation,  which  we  obtain  under  the 
condition  of  the  problem,  is  consequently  always  of  the 

same  degree  as  the  equation  derived  from  x  =  \/p  + 

Vy  +  \/r  -f  \/* + &c  when  the  magnitudes  /?,  y,  r,  $,  &c. 
are  independent  of  each  other.  In  the  latter  case,  how- 
ever, the  rational  equation  is  of  the  d^ee  nnnn...  =  11^^ 
when  m  denotes  the  number  of  the  magnitudes  p,  f ,  r, 
*>  &c  (§  CXVIII),  consequently  also  in  the  former. 

SECTION    CXXII. 

BuLE     The  rational  equation  for 
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in  the  case  in  which  the  m  magnitudes  p,  y,  r,  *,  Ac.  are 
cither  wholly  independent  of  each  other,  or  the  roots  of 
an  equation  of  the  mth  degree,  can  only  contain  such 
powers  of  x,  whose  exponents  are  divisible  by  n. 

Pboop.  Let 

**  +  Jx*"'  +  Jx^  + +  ir*-^  +  ...  :^  o 

be  the  equation,  which  arises  from  the  multiplication  of 
all  the  positive  distinct  equations  of  the  form 

^~«W-K/?-7V^--8V*- =  o 

where  «,  ft  y,  8,  &c.  denote  the  roots  of  the  equation 
^''—1=0;  now  it  is  evident,  that  the  undetermined  coeffi-> 

aent  ^can  contain  no  other  numerical  expressions  of  these 
roots,  but  those  in  which  the  sum  of  the  nidical  depo- 
nents =  /I.  Now^  since  these  always  vanish,  when 
ft  is  not  divisible  by  n  (§  XCVI.  2),  then  likewise  must 

the  term  ^x*">*  always  vanish.  But  when  /*  is  not  divisible 
by  n,  then  also  A— /«  cannot  be  divisible  by  ti,  because 
^=^'*;  •*•  all  those  terms  vanish  which  contain  &— fi, 
oonaequently  the  exponent  of  x  is  not  divisible  I7 
n.  Therefore  the  rational  equation  contains  those  terms 
only,  in  which  the  exponent  of  x  is  divisible  by  ft. 
Q.  E.  D. 

SECTION   CXXIII. 

Fbob.  Let  the  m  magnitudes  ^,  x,  t,  ti.  See  be  given 
by  the  m  equations 
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jr  +  43^'  +  ^^  +  cy*-^  +  *e.  =  a 

'     t  +  A'^  +  Jy«^  +  Ot^  +  &c  =5  o 

ftc. 
consequently  irrational :  required  to  make  the  equation 

X  ^y  +  «  +  ^  +  u  -f  &C. 
ratiottal. 

Solution,  Since  y  ia  given  by  an  equation  of  the  luth 
degree,  z  by  an  equation  of  the  vth  degree,  and  so  on, 
we  have  fn  Values  for  ^,  v  values  for  jet,  and  so  on.  If  we 
combine  all  these  values  in  as  many  ways  as  possible,  to 
the  number  ^  +  ir  +  l  +  ii  +  &e.,  we  find  all  the  values 
of  X9  and  consequently  by  the  multiplication  of  all  the 
distinct  equations  of  the  form  x  --  (y+z-\-t  +  U'^&c) 
ss  0  the  required  equation^  which  necessarily  is  of  the 
degree  /ivV'--»  because  the  different  values  of  ^,  z,  U 
Uj  &c.  may  be  combined  in  this  number  of  ways.  Now, 
I  assert,  that  with  respect  to  the  difierent  values  of  jr, 
which  may  be  y,  y^,  y^^,  Ac  this  equation  ia  symme- 
tricaL  FfHt  sbce  the  taldes  of  i:  in  the  substitution  of 
these  magnitudes,  imdergo  no  fonher  change^  than  that 
one  is  transfbrtMd  itito  another,  consequently,  also  the 
equation  itftelf  must  be  such,  that  it  tiiidergoetf  no  change 
in  the  substitution  of  the  magnitudes,  y,  y^,  p^^\  Ac 
Therefore,  the  magnitudes  y^.y^',  j/^\  &c.  may  be 
eliminated  by  means  of  the  ooefioients  J,  jff,  C,  &c. 
What  has  been  said  here  of  y  and  its  different  values 
y,  y^  y^^  Ac.  Hp^Hes  also  to  a,  is  Ac.  and  its  valnei  s^, 
/^  y^  Ac.  t^,  ^^  t'/^  Ac  Ac ;  and  MiMqiMddjf  thM 
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magnitudes  may  also  be  elinunated  by  means  of  tli« 
coefficients  A\  B\  C\  &c.  ^^  B'\  C^,  &c.  &c.  In  this 
way  we  likewise  obtain  a  rational  equation  for  x,  which 
only  contains  known  magnitudes ;  and  this  is  the  equation 
sought. 

Example.  Let  x=^+s ;  let  the  magnitudes^  and  t 
be  given  by  the  two  equations 

y«-^y+%-C  =  o 
z^^  A*z-\-  Bf  z^Q 

required  to  find  the  rational  equation  for  x. 
The  different  values  of  x  are 

y"+  ^>  y"+  ^' 

Denote  the  sum  of  the  first,  second,  third,  &c.  powers  of 
these  roots  by  Si^  Si,  iSS,  See.  we  then  bare 

^1  m.t(y+y" +]/'')  +  «(s'+yO  «  2^  +  8  J' 

S9  ^  2<y+y»+y^)  +  a(y;j-y'+y'o<.«'+«'0 
S8  =  2(y«+/'»+y'«)+ «(y»+y»+y"»)  (z^+yo 

+  8(5^ +y' +y'0  (»* + «"0  +  SO''  +  «"*) 

=  2  <^  —  8^fl  +  SC)  +  «  (J«  -  iB)  A'  + 

Thus  haying  calculated  the  values  of  iS*!,  iS'2,  Sz,  &c. 
when  the  required  equation  is  represented  by 
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we  then  obtain  its  coefficients,  by  means  of  the  equations 

*     A  Si  -  SSL 
A  = s 

&C. 

SECTION   CXXIV. 

Pkob.  Let/:  (y)  (z)  (0  (<<) denote  any  raticmal 

function  of  the  magnitudes  y,  z^  tj  Uy  &c.,  which  are 
represented  by  the  same  number  of  equations 

y*  +  ^y*-'  +  JSjr^  +  Cjr^  +  &c  =  o 

JB"  +  Bz^^  +  jBz*^  +  Cz^  +  &c  =  o 
r  +  At^'  +  -Br-«  +  C/«-^  +  &c.  =  o 

find  an  equation  for  the  values  of  this  function. 

Solutunu  Put  X  =/;  (y)  (jr)  (t)  («)  ...,  find  all  the 
possible  values  of  this  function,  and  firom  these  form  the 
equation  finr  x :  then  diminate  the  values  j/j  f/\  j/^'^  &c. 
of  y,  by  means  of  the  coefficients  A^  By  C,  &c.  of  that 
equation  by  which  this  magnitude  is  given;  which 
may  always  be  done,  because  the  equation  for  x  must 
necessarily  be  a  symmetrical  function  of  the  magnitudes^, 
y^,  y^^y  &c.  If  we  proceed  with  Zy  ty  Uy  &c.  in  the  same 
way  as  we  did  with  yy  we  obtain  an  equation  tout  Xy  whose 
coefficients  are  all  known ;  and  this  is  the  required  equa- 
tion. 

Corollary.  In  order  to  find  all  the  values  of  x,  we 
must  combine  the  fi  values  of  y,  the  v  values  of  Zy  and 
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•0  on,  in  all  possible  ways  in  (he  funotion/;  (^)  (;r)  (t) 
(»)...  But  it  is  evident,  that  the  number  of  these  com- 
binations  =  /uvir... ;  consequently  also  this  product  gives 
the  number  of  the  values  of  x,  and  . ' .  the  degree  of  the 
transformed  equation. 

If  the  fimction  only  contains  the  magnitude^,  or  if 
X  =f:  (y)f  then  the  equation  for  y  is  only  of  the  /lith 
degree,  consequently  in  this  case,  the  transformed  equa- 
tion is  of  the  same  degree,  as  the  equation  by  which  y  is 
given. 

SECTION   CXXV. 

Prob.  The  unknown  magnitude  x  is  given  by  the 
equation  of  the  nth  degree,  viz. 

x^  +  PoT-^  +  QjiT*  +  Rjf^  +  &c.  =  o 

the  coefficients  P,  Q,  &c.  however,  are  not  given  imme- 
diately, but  merely  all  assumed  to  be  known  functions  of 
a  magnitude^,  which  depends  on  an  equation  of  the  nth 
degree 

.   y*  +  Jy^'  -h  fijr-»  +  cy  +  &c.  =  o 

required  to  find  an  equation  for  x,  which  only  contains 
known  magnitudes. 

SoltUion.  Denote  the  roots  of  the  equation  y*  + 
^y^'  +  &c  =  o  by  y,  y^,  y'',  &c.,  and  mtroduce  these 
values  into  the  functions  P,  Q,  &c.  Now  if  we  denote 
that,  into  which  these  functions  are  transformed,  when 
we  substitute  in  themy,  y,  y^',  &c.  successively  fory, 
by  /^,  Of,  &c.,  F\  Q!\  &a  P^  Q^^  &c.  ftc^  we  then 
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obtaiA  the  following  ft,  equalkms,  ell  of  wbieh  must 
obtain  at  the  same  time : 

jT  +  P^oT*  +  Of  or-*  +  R^sT^  +  Ac.  =  o 

of  +  F^x*-'  +  Qf^j^^  +  R^'x^  +  Ac.  =  o 
xf  +  F'^x'^'  +  Q'/^x'^+  R^'x^^^k^.  =  o 

&c. 

The  product  of  these  . ' .  gives  the  required  equation. 

But  since  these  equations  are  such,  that  in  the  trans- 
position of  the  magnitudes  j/,  j/\  j/^'^  &c.  no  other 
change  takes  place,  but  that  one  is  merely  transformed  to 
another ;  consequently  their  product  suffers  no  change  in 
their  transposition,  and  .-.  with  reference  to^,  j^\  j/"^ 
&c.  they  are  symmetrical.  Therefore  these  magnitudes 
may  always  be  eliminated  by  means  of  the  given  coeffi- 
cients A^  Bj  C,  Ac. 

CcroBarjf.  But  conversely,  every  equation  of  the  npth 
degree,  which  can  he  considered  as  arising  from  the  elini- 
naUon  of  jf  in  the  two  equations  o^  -f-  Px^  +  ftc.  ss  o, 
y*  +  ^y*"*  +  Ac.  =  o,  may  always  be  solved,  if  the 
solutioB  oi  equations  ^  the  ;itb  and  ^th  degrees  be  pre- 
supposed ;  for  the  second  equation  gives  the  value  of  ^, 
and  when  we  substitute  this  value  in  the  &T$t  equapoo, 
then  the  latter  gives  the  value  of  x. 

S£CT1QK  cxzyi.' 

Pros.  The  unknown  magnitude  x  is  given  by  tke 
equation  of  the  nth  degree,  viz. 

xf  +  Pof-'  +  Qx^  +  Mxf^^  +  Ac  =  o 
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It  is  assumed,  that  the  coefficients  P,  Q,  A,  &c.  are 
functions  of  the  magnitudes  y^  x,  I,  u,  &c.,  and  that  these 
magnitudes  are  given  by  the  equations 

y^  +  -rfjT"*  +  By^  +  Cy^  +  &c.  =  o 
i*  +  A^s^'  +  -8^2*^  +  Osr^  +  &c.  =  o 
f  +  ii'^r-'  +  Bf'ir^'^'  C^^<^H  &c-  =  o 

fte. 

Find  an  equation  forx,  which  contains  known  magnitudes 
only. 

Solution.  In  the  first  pUce  we  consider  P,  Q,  R^  &c. 
merely  as  fimctions  of  j/,  and  eliminate  these  magnitudes 
by  the  method  in  the  preceding  § ;  then  we  obtain  an 
equation  for  x,  of  the  nfiih  degree,  which  only  contains 
the  unknown  magnitudes  z,  t^  tf ,  &c.  If  in  the  same  way 
we  also  eliminate  the  magnitudes  z,  ty  u,  &c.  successively, 
we  shall  at  length  get  an  equation  of  the  n^i;7r...th  degree, 
which  only  contains  x  and  the  known  magnitudes  ^,  B, 
C,  &C.  A',  JB',  a,  &c.,  ^^  JB^  a\  &c.  Ac.  and 
which  consequently  is  the  equation  sought. 
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VI,— Gekebal  ixquiriks  respecting  the  tean»- 

FOBMATION  OF  SaUATIONS. 


SECTION    GXXVII, 


AT  the  end  of  the  fourth  chapter  the  transfonnation 
of  equations  and  Tschimhausen's  method  were  mentioned, 
and  its  application  to  the  solution  of  equations  of  the  third 
and  fourth  degrees.  This  is  now  the  proper  place  to  give 
some  deeper  inquiries  respecting  it,  in  order  that  we  may 
ascertain,  what  may  be  expected  of  this  method  in  its 
application  to  equations  of  higher  degrees. 


SECTION   CXXYIII. 


Prob.  Let 

oif  +  ^2^*  +  B:}^  +  Cx^  +  &c.  =  o 
be  the  given  equation,  and 

qT  +  oj"*-*  +  hTf^  + +  te  +  /=y 

the  auxiliary  one ;  consequently  the  transformed  equation 
for  ^  is  of  the  nth  degree  (§  LXXXI),  viz. 

y"  +  ajT '  +  JSjr*  +  «y^  +  &c.  =  o 

Show  in  what  dimension  the  coefficients  a,  ft,  c,  &c.  of  the 
assumed  equation  enter  into  the  coefficients  K,  9B,  tf. 
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Solution.  If  x^,  x^^j  jf'\  8cc.  denote  the  roots  of  the 
given  equation,  then  the  transformed  equation  ff  + 
4l^~'  +  &C.  =  o  has  the  following  roots : 

y  =  ^^  +  aj/*-»  +  6j/"-»  +  4-  lo/  +  / 

y/  =  x^/-  +  oj/"^'  +  hxf'"^  + +  jfcj/^  4-  / 

y//_  ^///-^.oj///— 1^.  Jjr///— ^+  +  kx/f'-it  I 

Now,  since  the  coefficients  9|  33,  C,  &c.  are  the  sums  of 
these  roots  taken  singly,  two  and  two,,  three  and  three, 
and  soon,  we  may  .*•  conclude,  that  the  letters  a,  &,  c,  &o. 
occur  in  9  in  the  first  dimension,  in  38  in  the  second, 
in  C  in  the  third,  and,  generally,  in  the  j>th  coefficient  in 
the  j>th  power. 

SECTION    cxxix. 

Pros.  Required  to  find  of  what  degree  the  auxiliary 
equation 

must  b^,  when  it  is  possible  to  transform  the  general  equa- 
tion of  the  nth  degree 

3^  +  AxT-^  +  BxT^  +  Ci^  +  &c.  =  o 

into  an  equation  of  two  terms  of  the  form 

y-.F=o 

SfJbAioh.  In  the  equation  y—  V  ^=,0^  n^\  terms 
are  wanting;  . ' .  the  auxiliary  equation  contains  as  many 
undetermined  magnitudes  a,  &,  c,  &c.  by  determining 
which,  we  are  enabled  to  eliminate  these  terms ;  it  must 
oons^queiitly  be  of  the  n— ith  dagre^  and  .*.  mssn— 1. 

Si 
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SECTION    CXXX. 

Pbob.  To  transform  the  given  equation  x^  —  Ax^  + 
Bx  —  C  ^0  into  one  of  two  terms  y*  —  F  =  o,  we  must 
assume  the  auxiliary  equation  :r^  +  ox  +  &  =  y  (preceding 
§) :  determining,  a  priori,  the  degree  of  the  equations, 
on  which  the  coefficients  a,  b,  depend. 

SoluUon  1.    If  we  denote  one  of  the  two  primitive 

roots  of  the  equation  y^— l=o  by  «,  and  put  \/V=j/j 
then  y,  o/y  a^y  are  the  three  roots  of  the  equation 
y'  —  F  =  o.  Each  of  the  three  roots  x^,  a/^,  x^^\  of  the 
given  equation  corresponds  to  one  of  the  values  of  j/r 
which  ?     It  remains  undetermined. 

S.  If  we  combine  the  values  of  x  in  all  possible  ways 
with  the  values  of  j/y  we  then  obtain  the  six  following 
combinations : 

/y,  -y.  -y\   /y'*  »y.  »y\ 

W,  a/',   x/")'     Vy,   3/",  xf'  I 

/y ,  «y,  «y\ .  /y.  -y,  -yx 

/y,  «y,»y\    /y,  y,  «y\ 

8.  If  the  values  of  x  and  y,  which  corr^pond  to  eadi 
other  in  the  first  combination,  be  substituted  in  the 
auxiliary  equation,  we  olitain  the  three  equations  : 
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and  by  means  of  these  equations  the  values  of  a  and  b 
may  be  detennined  from  i^,  x^\  x^'^.  In  the  first  place, 
in  order  to  determine  a,  multiply  the  second  equation  by 
a,  and  the  third  by  a",  and  then  add  it  to  the  first ;  thus, 
since  «*  =  »*.«  =  «,  and  1  -f  «  +  a^  =  Ti]  =  o, 

we  obtain 


a  =  — 


Qlf  J^aj/'    +  aV^' 


4.  From  the  remaining  five  combinations  in  2,  there 
may  be  found  five  other  values  of  a.  To  efiect  this,  however, 
it  is  not  necessary  to  begin  the  calculation  anew  :  for  since 
the  above  combinations  only  diflPer  in  this,  that  the  roots 
jfy  x^\  j/*'  are  transposed,  we  can  even  take  the  trans- 
position found  in  the  expression  for  a.  By  these  means 
we  obtain  the  six  following  values . 

i^-^^-hay»    4-atV^^      x^^g  +  «j^  +  gV^^^ 

5.  But  of  these  six  values,  only  the  two  first,  which 
are  opposite  to  each  other,  are  actually  different.  For  if 
in  these  two  values  we  multiply  both  the  numerator  and 
denominator  by  a^,  we  then  obtain  the  next  two ;  and 
from  these  again  the  two  last,  by  multiplying  the 
numerator  and  denominator  by  (^ 
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6.  The  coefficient  a  .*.  has  only  the  two  different 
values 

and  consequently  it  depends  merely  on  an  equation  of  the 
second  degree. 

7.  Further,  if  we  add  the  three  equations  in  3  together^ 
we  obtain 

jJt  +  jJi%  4.  y//2  4.  a  (j^  +  ^^^  +  x'^')  +  8&  =  o 
or 

[2]  +a[l]  +  S6  =  o, 

and  when  in  this  we  substitute  for  a  its  two  values,  we 
then  also  obtain  for  h  two  values,  and  consequently  this 
coefficient  also  depends  on  an  equation  of  the  Second 
d^ee. 

CoroUari/.  If  we  wish  actually  to  find  the  equation  for 
a,  then  let 

a»  -  Pa  +  Q  =  o. 

The  roots  of  this  equation,  then,  are  the  two  which  were 
found  in  6,  and  we  have  .  * . 

"■  3/  +  «j/^  +  « V''^^  "^  xf  +  oix^'^  +  « V-^ 

= ^  M  +  (^  + «')  rigi 
[2]  +  (« +  «^)  [in' 

[2]  +  (»  H-  a^)  [1^ 
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If  in  these  we  put  for  the  numerical  expressions  their 
values  taken  from  the  annexed  tables,  we  then  obtain, 
since  a  +  <^  =  —  1, 

2A^  —  7AB  +  gC 


P  = 


Q  = 


A^-3B 
44  _  4J^B  +  B'  +  6JC 


A^-SB 

If  we  substitute  these  values  of  P  and  Q  in  the  equation 
c^  —  Pa  +  Q  =  o,  we  then  obtain  by  its  solution  the 
two  values  of  a,  expressed  by  the  coe£Bcients  A,  B,  C  of 
the  given  equation. 

Having,  however,  found  the  two  values  of  a,  we  then 
obtain  from  them  the  two  values  of  6,  by  means  of  the 
equation  (7). 

^  ^        [2]  4-  a  [1] 


SECTION   CXXXI. 


pROB.  To  reduce  the  given  equation  of  the  fourth 
degree  x*--<<a^+Bx*— Cr-f  2>=o  to  an  equation  of  the 
form  ^—  Fj/*+  Z=o,  we  must  make  use  of  the  auxiliary 
equation  3^  +  ax+b=y :  required  to  determine,  a  priori, 
the  degrees  of  the  equations,  on  which  the  coe£Scients  a,  b, 
depend. 

Soluiion  1.  Since  in  the  transformed  equation  there 
are  only  even  powers  of  ^,  then  two  and  two  are  equal  and 
opposite  each  other.  If  .  •.  we  denote  these  by  y\  —  ^, 
3/^9  — ^^  ^ffld  the  roots  of  the  given  equation  by  j/,  x'^, 
^///^  j^/v^  ^g  ^jjgj^  have,  when  these  values  of  x  and  y  are 

made  use  of  in  the  auxiliary  equation, 
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If  wc  add  the  two  first  and  the  two  last  of  these  equations 
together,  we  obtain 

o(/^  -J.  a//8  ^-  a  (jt^   +  a^O  +  2  6  =  o 
and  hence 


a  = 


V    +  x^/ _  x^// -  ;r^ 


2.  Since  it  matters  not,  which  values  of  x  and  y  are 
considered  as  belonging  to  each  other,  consequently  a  has 
not  only  this  single  value,  but  all  the  values  at  once, 
which  can  arise  from  all  the  possible  transpositions  of  the 
roots.  But  the  function  which  was  found  for  a,  belongs, 
as  may  be  easily  seen,  to  that  class  of  (unctions,  for  which 

/:  (oc')  (x")  (^'0  (^O  =  /••  (*")  (^)  (^'0  (^0  = 
/:  (xO  (x'O  ixf)  i^")  =  /.•  (x"0  (i")  (xO  (j/0 

consequently  to  the  same  class,  which  we  have  treated  of 
in  the  second  example,  §  LV.  This  function  .'.,85  was 
there  found,  has  no  more  than  three  different  values, 
which  are  given  by  the  types/":  (jt^)   (j/^)  (a/^^)  {3/^), 

f:  ix^^O  (a/)  (a/0  Cj^'O,  /.•  (^0  (^'0  (^0  C^)-  K 
for  these  symbols  we  put  what  is  denoted  by  them,  we 
then  obtain  the  following  three  values  for  a : 
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:t///  ^a/    ^a/^  ^a/' 

and  consequently  the  coefficient  a  depends  on  an  equation 
of  the  thiid  d^ee. 

3.    Further,  if  we  add  the  four  equations  in  1,  we 
obtain 

or 

[2]  +  a  [1]  +  46  =s  o 


•  • 


4 

Now,  since  a  has  three  values,  6  has  altfo  three,  and  con- 
sequently 6  depends  on  an  equation  of  the  third  degree. 

Remark.  Hence,  if  it  were  required,  we  could  find  the 
equations  Sat  a  and  6,  by  the  method  sufficiently  well 
known  from  the  third  chapter;  but  since  this  subject 
possesses  no  difficulty,  I  shall  not  detain  my  readers  any 
longer  with  it. 

SECTION    CXXXII. 

Fbob.  To  reduce  the  equation  of  the  fourth  degree 
X*  —  Ax^  +  jBj*  —  Cr  +  jD  =  o  to  one  of  two  terms, 
y^ — Vsso,  we  must  assume  an  auxiliary  equation  with 
three  unknown  magnitudes,  because  three  terms  must 
vanish.    Let  x^  +  or'  +  6x  +  c  =  y  be  this  auxiliary 
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equation.  Required  to  find  the  degree  of  the  equations, 
on  which  the  coefficients  a,  &,  c  depend. 

Solution  1.  The  roots  of  the  equation  ^  —  F  =  o  are, 

when  we  put  \/Vrstj/^  Jlf>^y'y  +  y'\^^l— y  v^  —  1- 
The  roots  of  the  given  equation  j/,  x'\  a/^\  a/%  may  cor- 
respond to  these  values  of  ^  in  1.2.3.4  =  24  different 
ways ;  viz.  as  often  as  these  values  can  be  transposed. 
For  while  these  are  undetermined,  it  is  quite  immaterial, 
which  values  of  x  and  y  are  considered  as  belonging  to  one 
another.  We  can,  however,  as  was  also  done  in  the  two 
preceding  sections,  combine  the  values  of  x  and^  together 
in  any  way  we  please^  and  then  introduce  in  the  results 
the  above-mentioned  transpositions. 

2.    The  substitution  of  the  values  of  x  and^  in  the 
auxiliary  equation  gives 

x^^  +  ax^'^  +  bx'^  +  c  =  — y 

S.  If  the  two  first  and  the  two  last  equations  be  added 
together,  we  obtain 

x^  +  x^^  -{•  a{x^  +  x^^)  +  6  (^  +  x'O  +  2^  =  ^ 
and  when  these  again  are  subtracted  firom  one  another 
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4.  But  if  we  subtract  the  two  6rst  and  the  two  Uut  of 
the  equations  (^)  from  one  another,  we  obtain 

and  if  we  multiply  the  second  of  these  equations  by  \/—  1, 
and  then  add  it  to  the  first, 

+  b  [x^-x''  +  ix^i'-x'")  ^/- 1]  =0 

5.  Since  this  equation,  as  also  the  one  found  in  d, 
otaly  contains  a  and  ft,  .  *.  they  can  conjointly  serve  to 
determine  these  two  coefficients.     Thus  if  we  eliminate  b 
and,  &r  the  sake  of  brevity,  put 

-{x^-x"*)  {xf-^xf'-x/i'  _  i^V  ~ 

[x/*+3f'*—xf"*-j/'^{x^"-xr)  \  _  ^   .    , 

{,xf*Jrx/'*-xf'l*-.3f'*)  {x/-s/')  \  _  p 

-{3^"*-xf^  {xf  Jrxf> - xf" - 3^^  /        ^ 
we  then  obtain  the  equation 

Af  +  N  ^/  —  I  +(P+  Q  v'  — l)a=o 

and  hence 

j|f+JV^_i 


( 

( 
( 

( 


P  +  Q-Z-i 


6.    If  in  the  functions  denoted  by  M,  N,  P,  Q,  we 
fobstitute  a/^'  fiir  :c^,  x^'^  finr  s/',  3/'  fer  j^'^  and  j^  lor 

2  K 
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J:^^  then  M  is  transformed  into— iST,  N  into  M,  P  into 

—  Q,  and  Qinto  P»  Therefore  the  expression  found  for  a, 

by  this  substitution,  is  transformed  into— ""^  .   p   , — r, 

—  (^  +  /^  V  — 1 

or,  if  we  multiply  the  numerator  and  denominator  by 

—  V  —  1,  mto  —  p-T;n   /^i>  consequently  the  same  as 

before.     The  expression  for  a  belongs  .*.  to  that  dass  of 
functions  for  which 

/;  (:0  (^0  (^'0  (^'0=/.-  (^'^0  (^0  (^0  C^)- 


7.  From  this  equation  we  obtain  (§  LIV)  the  follow- 
ing period  of  equal  types : 

/:  (a^'O  (x'O  (^'0  (^) 
/:  (a^O  (^  (^0  (^'0 
/;  (a")  (a"0  (^  (^0 

Amongst  the  1  .  S  .  3  .  4=S4  values,  which  the  coeffi- 
cient a  contains  by  the  transposition  of  the  roots  x^,  x", 
x"'t  a^%  there  are  6  times  4  equal  values,  consequentlj 


only  6  different  ( 

mes,  which  are  denoted  by 

thefoUowing 

types: 

• 

■  {xf)  {x")  {x'")  (a'') 

•  (a')  (a'O  (a/0  (a''') 

r  (a')  (a"0  (^0  («'') 

'  (aO  («^0  (*'0  (*") 
:  (x')  C*'")  (^0  (x"') 

(aO  (x'O  (a"0  (a'O 

and  whieh 

•leobi 

tained  merely  by  the  traiwpoaitiaa  of  the 

three  roots  j/^,  x^^f^  l^^    Since  .-.  a  has  nx  diArait 
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values,  these  tnagaitudes  eonsequentlj  depend  on  im 
equation  of  the  sixth  degree. 

• 
8.  In  the  same  way  it  may  be  proved,  that  b  likewise 
depends  on  an  equation  of  the  sixth  degree.    For  if  we 
eliminate  a  instead  of  6  in  the  equations  found  in  3  and  4, 
we  obtam,  when  finr  the  sake  of  brevity  we  put 


( 

( 
( 

( 


die  equaticm 
and  henoe 

If  we  substitute  the  roots  j/,  j/^,  x^^^,  j/\  for  the  roots 
j/'',  a/^9  j/',  a/,  respectively,  then  the  expressions  M,  AT, 
P,  Q,  are  respectively  transformed  into— iST,  M^^Qi  P; 
and  .*•  it  may  be  shewn,  as  in  6,  that  the  expression 
found  fiw  6  is  of  the  form  /;  (^0  (x^O  (-^^^0  i^^^)  = 
/:  {sf")  (j/*)  (j/0  (^)>  «nd  consequently  has  no  more 
.than  six  difierent  values.  Consequently  b  also  depends 
on  an  equation  of  the  sixth  degree. 
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9.  If  the  four  equations  in  2  be  added  together,  we 
obtain 

[3]  +  a[2]  +ft[l]  +  4c=o 


•  • 


[3]+fl[2]4-ft[l1 

consequently    if  the  coefficients  a  and  b  are  found,  we 
then  also  have  c. 

10.  Therefore  the  magnitudes  a,  by  depend  on  equa* 
tions  of  the  sixth  degree,  and  consequently  the  transform- 
ation required  in  the  Problem  is  not  practicable,  when 
these  equations  are  not  reducible  to  equations  of  the 
second  or  third  degree.  But  of  the  possibility  or  impos- 
sibility of  such  a  reduction,  we  can  convince  ourselves 
syllogistically  without  completing  the  calculation,  as  the 
following  §  will  show.  Moreover,  I  must  again  remind 
my  readers,  that  the  magnitudes  a  and  6,  are  homoge- 
neous functions  of  the  roots  2^,  j/'^,  x^^\  x^%  (§  L) ;  and 
it  will  be  seen  from  the  following  chapter,  that  in  this 
case  it  is  quite  sufficient,  merely  to  have  found  one  of 
these  two  magnitudes,  because  then  the  other  may  always 
be  derived  directly  from  it,  without  its  being  first  neces- 
sary to  solve  a  new  equation.  I  shall  .  * .  merely  confine 
myself  to  inquiries  respecting  the  equation  for  a. 

SECTION    CXXXIII. 

Prob.  Required  to  find,  whether  the  equation  of  the 
sixth  degree,  on  which  the  magnitude  a  of  the  preeed- 
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JDg  §  depends,    is  reducible  to  equations  of  a  lower 
degree. 

Solution  1,  In  the  preceding  §  we  have  seen  that  the 
SIX  roots  of'  the  equation  for  a,  are  expressed  by  the 
following  types : 


(^)  (^0  (^'0  (J^^'O 
(^x")  (x^^O  (aO  (^0 
(i/)  (j^'^)  (x^^O  C^O 


/.•  (j/)  (j/0  (^'0  (:»/0,    /■ 

/:  {x^)  (i^^O  (^'0  C^O,    f^ 

f:  (J/)(0(^0(:«/'0,  /^ 
I  shall  now  assume,  that  the  values  of  a,  which  correspond 
to  the  two  first  types,  are  the  roots  of  an  equation  of  the 
second  degree, 

0*  — /w  +  5=0 
then,  according  to  the  nature  of  equations, 

p  =/.•  (O  (^0  (/")  (^0  +  /••  (^)  (a'O  {^  {^") 

q  =/;  (j/)  (x")  {x"')  (j/")  X  /.•  (x')  (1^0(^0  (^'0 

%  However,  from  this  compound  form,  it  immediately 
follows  that  p  and  q  are  functions  of  the  form 

^ :  (y)  (2^0  (^'0  (O  =  *  •  (^)  (^''0  (^0  ("^'0 
because  in  the  transformation  of  the  roots  o/^^,    a/*", 

/:    (x^)  (j^O  (*^^0  (^'')  iato  /•  (^)  (^0  (^'')  (J^'% 
and  conversely,  when  the  last  is  transformed  into  the 

first,  no  change  arises  in  the  expressions  for  p  and  9. 

S.  But  by  the  preceding  §  the  function  denoted  by/ 
is  of  the  form 

/:  (y)  (1^0  (^'0  (^0  =/•  (^'0  (^0  (^0  (^ 
consequently  also  p  and  q  are  functions  of  this  form. 
Therefore  p  and  q  are  functions  of  the  form 
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f :  (x')  (j")  (j;"0  (a")  =  ^ :  (x"0  (x")  (i^O  (j/) 

=  ^  .•  (y)  (i")  (i^o  (x'") 

and  this  fonn  gives  no  more  than  three  different  values, 
viz. 

f :  (p/)  (x^O  (x^'O  (^0 
^ :  (x')  (x'")  (x")  (x'O 
^.•(xOCx'O  (x^0(^'O 

4.  .  Therefore  the  coefficients  p,  q  depend  only  on  two 
cubic  equations 

p3  -  jy  +  JB>  +  (y  :^  0 

If,  therefore,  we  denote  the  three  roots  of  the  first  equa* 
tion  by  //,  |/^»  p^^\  and  the  three  roots  of  the  second  by 
9^1  9^^  ^^'*  ^^  ^^^^  obtain  the  three  following  equations 
of  the  second  degree : 

(f  -^j/a  +  q^  3=  o 

into  whidi  •  *  •  the  equation  of  the  sixth  d^ree  fer  a  wobj 
be  analyzed* 

CotoUahf.  If  we  substitute  the  roots  j/^^,  j/^  ler  one 
another  in  the  expressions  ilf,  Nj  P,  Q,  in  5  of  the  pre- 
^oBoMg  ^^tbe  eotpressiona'JIf  and  P  remain  the  same ;  the 
expressions  N  and  Q,  on  the  contrary,  are  tramforined 
into  — iV,  — Q.     If  .\  we  put  * 

/••  (^  (»-o  (X--)  (O  =  -  p  to^^l! 
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then 

/:  (xO  (^'0  (^'0  (x"0  =  -  ^Zq^ZI 
Therefore 


or 


From  these  (unctions  the  equations  for  p  and  q  may  be 
actually  fimnd  by  the  method  given  in  the  third  chapter. 


SECTION    CXXXIV. 


The  results  in  the  two  forgoing  Sections  may  also  be 
immediately  derived  from '  considering  the  equations  (^) 
in  2,  §  CXXXIL  Thus,  in  §  CXXXII,  in  ordtc  Do 
comUne  the  Jbur  values  pf  x  with,  tbe  fimr  values  of  9f  in 
aU  possible  ways^  instead  of  pre^supposing  a  tranafimaft- 
tioaof  the  Smaet^  asowas  there  done,  we  assumo  a  tnuMh 
fcnnatipn  of  the  latter*  The  equations  (^),  by  the  6m 
aa.  well  .as  the  other  trana&nmation,  undergo  twenty-Aur 
ebanges;  and  sinca  each  such  change  guras  a  value  of  a, 
we  ehtaxniwcitty-£mr  vahiea  of  a,  of  whidiy .  as  w^bmt 
afacsadyaeeny  no  niore.diaa.8ix  are  diffisrent    . 

This  conehisioB,  however^  ^might  have  been^  fbreseei^ 

i^pKicni,  without  knowmg  (he  value  pf  a.  .  Amongsl.tlie 

twenty.fbur  combinations  of  the  roots  a/,  j/',  j/^^,  x'^  with 

y^—S^j  S^'/— If— y  V— If  there  are  also  the  fdlowing 
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x^  +  ax^  +bx^  +c=    y\/— 1 

^//s^.  a^y//«4.  jy//^  c  =-y^ 

and  these  four  equations  might  have  been  obtained  from 
those  in  2,  §  CXXXII,  by  substituting  throughout 
y  \/— 1  fory.  However,  by  such  a  substitution  as  this, 
the  value  of  a  can  undergo  no  change ;  for  after  we  have 
eliminated^,  it  matters  not  in  the  least  what  we  sub^ 
stitute  for  it  Hence  it  follows,  that  these  equations  must 
give  the  same  value  of  a,  as  the  former ;  and  since  the 
former  might  also  have  been  obtained  from  the  latter  by 
substituting  the  roots  j/,  j/^  a/^'',  j/%  for  x^^\  j/%  j/^  o/, 
consequently  it  follows,  that  the  expression  for  a  must  be 
such,  that  it  suffers  no  change  by  the  above  substitution; 
it  must . *•  necessarily  be  of  the  form 

/:  (a/)  (i^O  (^^0  (^')  =/.•  (^^0  (^")  (^0  (^ 
which  coincides  with  6,  §  CXXXII. 

If  in  the  equations  (^)  in  2,  §  CXXXII,  we  suk 
stitute  —  a/— 1,  for  \/-— 1,  we  again  obtain  a  new  set 
of  equations,  which  only  differ  from  the  equations  (0)  in 
this,  that  in  the  former  j^*^  is  combined  withy \^— I, 
and  x/^^  with  — y  V—  1 ;  whereas  in  the  latter  the  reverse 
of  this  is  the  case ;  we  might . *•  have  obtained  them  also 
merely  by  substituting  j/^^  for  s/".  But  hence  it  follows, 
that  the  expression  for  a  must  be  such,  that  we  obtain 

/:  (x^)  (x^O  (^0  (^O  from/:  {x^  (^^0  (^'0  (^0 
when  we  merely  put  —  >v/— ifor  >v/—l,' which  agrees 

with  §  CXXXIII,'  Corollary. 

'  Further,  since  the  functions  p,  q  of  the  preceding  §» 
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as  sum  and  product  of  the  two  functions/:  (j/)  (x'^) 

(j^^O  (^0»/-  {^')  (^0  (•^'0  (^^'0»  l>y*e  substitution 
of  — a/— 1  for  \/— 1  suffer  no  change,  so  likewise 
they  undergo  no  change  by  the  substitution  of  a/^^  for  x'  ; 
and  they  are  consequently  functions  of  the  form 

^;  (lO  U^O  W").(^')  =  «•■  (x')  (j/0  (:r"')  (^'0 
and  since  they  are  also  functions  of  the  form 

^:  (:r^)  (j^O  C^'^O  (^^0  =  0  •  C^'O  (^'0  (^'0  C-^) 
Ibecause  they  are  compounded  of  these ;  it  follows  then,  as  in 
the  foregoing  §,  that  they  can  have  three  different  values 
only,  and  they  consequently  depend  on  equations  of  the 
third  degree. 

SECTION    CXXXY. 

Peob.  To  transform  the  equation  of  the  fifth  degree 

a:*  +  Jx*  +  JBj:3  +  Ci^  +  Dr  +  £  =  o 

into  one  of  two  terms  y^  —  F  =  o,  assume  the  auxiliary 
equation : 

X*  -^  ai^  -{-  bx^  -{•  ex  +  d=y 

required  to  find  the  degree  of  the  equations,  which 
must  be  solved,  in  order  to  determine  the  coefficients 
Oj  bf  Cf  d, 

SobUitm  1.    If  a  denote  one  of  the  imaginary  roots  of 

the  equadon  y  — .  l  =  o,  and  we  put  sj  V  ^j/y  then 
3/9  «y»  «V>  «V»  *y>  as  we  know  already,  are  the  five 
roots  of  the  equation  y  —  F=o.  If  we  introduce  these 
•values  of  y^  together  with'  the  values  of  x,   into  the 

9,  L 
\ 
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auxiliary  equation,   we  then  obtain  the  five  fidlowing 
equations . 

'    j'''^*+  ar^/^»+  Jj^'''^+  ca^'"  +  d  =  «y 

2.  By  these  equations,  which,  with  reference  to  a, 
bf  c,  d,  are  only  of  the  first  degree,  we  can  express 
each  of  these  coefficients  by  the  roots  j/,  x^\  jf'^^  3/^9  ^> 
and  then,  as  was  done  in  the  foregoing  §  in  equations  of  the 
third  and  fourth  d^rees,  permute  in  the  expressions  thus 
found  the  above  roots  as  often  as  possible ;-  in  the  present 
instance  1  .2. 3. 4.  5=1 20  times;  the  number  of 
different  values,  which  we  obtain  by  thes^  means,  will 
then  determine  the  degree  of  the  equations  on  which 
the  magnitudes  a,  ft,  c,  d  depend.  But  let  it  not  be 
supposed,  that  the  elimination,  and  also  the  comparison 
of  the  120  results,  are  very  laborious  in  themselves : 
another  particular  inquiry  will  always  be  required,  if  the 
equations  obtained  last  cannot  be  reduced  lower«  We 
wish  •  * .  to  try  whether,  firom  the  nature  tf  the  above 
equations  themselves,  there  are  not  certain  indicationa  by 
which  w^  may  more  easily  attain  the  desired  object. 

9*  Since  the  number  of  the  va)u^  pf  eaph  of  tb? 
coefficients  a,  by  c,  d,  say  a^  (the  sf^me  eondusions  in^ 
be  made  for  the  others)  has  its  foundation  merely  in  tU^i 
that  the  values  of  x  and  y  may  be  combing  in  mpr^  wys 
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than  one^  it  tmlj  remaini^  to  examine  the  results  of  these 
difierent  oomhinations.  But  we  obtain  all  the  possible 
combinations  of  the  values  of  x  and  y^  when  in  the  above 
five  equations  we  either  permute  the  values  of  x^  or  the 
values  of  jr  in  every  way.  If  we  make  choice  of  the  first 
method,  and,  aooording  to  Hindenbu)rg's  Rule  of  Permu- 
tation, let  x^  retain  its  place  in  the  first  equation,  when 
we  transpose  the  roots  j/',  x^'^,  x^\  x^y  we  then  obtain 
twenty-fimr  sets,  each  consisting  of  five  equations.  If 
after  this  we  introduce  the  roots  j/'',  a/'^,  a/%  x^,  succes- 
sively into  the  first  equation,  i^hen  we  permute  the 
fbur  remaining  nxyts,  we  then  obtain  120  sets  in  all, 
each  consisting  of  five  equations,  and  consequently  all 
the  combinations  of  the  values  of  x  with  the  values  of  y. 
Each  such  set  gives  a  value  of  a;  .'•  collectively  120 
values  of  a, 

4.  Now  I  assert,  that  amongM  these  120  values  of  a, 
thete  are  no  taxjue  than  tWeAty-four  diffisrent  ones,  and 
that  these  diftrent  values  are  detained  from  the  first 
twenty-four  sets.  For,  in  the  first  place,  it  is  easily  i^een, 
that  it  is  qaite  immaterial  whether  we  introduce  the 
reots  ^^  a/^^9  x^^f  x^y  successively  in  the  first  equation, 
and  permute  the  other  roots,  or  whether  we  substitute  in 
aU  the  five  equations  *y,  ««/  *y,  a^ ,  successively  fot 
3^)  and  after  each  such  substitution  permute  the  roots 
y^  a/'^,  5/^  x^y  when  j/  retains  its  place  in  the  first 
equation.  Now,  since  y^  occurs  only  ono^  it\  the  value  t{ 
a,  because  it  was  eliminated  at  the  very  beginning  in  the 
siwve  equatibns,  so  with  respect  to  this  value  it  matters 
net  what  we  substitute  fory ;  and  .  *.,  by  the  above-men- 
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tioned  substitutions,  we  shall  find  no  other  values  than 
those  which  we  obtain,  when  we  let  j/  retain  its  place, 
and  merely  permute  the  roots  j/^,  x/"y  x'^^  x^. 

5.  Now,  we  are  certain  that  the  expression  for  a, 
which  we  obtain  by  actual  calculation,  is  such,  that 
amongst  the  120  values  which  arise  from  the  transpo- 
sition of  all  the  five  roots,  x^,  x^\  j/^^,  x^^j  x%  there  are 
no  more  than  twenty-four  difierent  ones,  and  that  these 
last  values  are  those  which  are  obtained  exclusively  from 
the  transposition  of  the  four  roots  x^\  x!"^  j/%  x''.  The 
equation  for  a  .*.  rises  no  higher  than  the  twenty-fourth 
degree.  We  shall  now  see  whether  this  equation  cannot 
be  reduced  to  others  of  lower  degrees. 

6.  Since  we  do  not  know  the  expression  for  a,  we  shall 
. ' .  immediately  assume  the  transposition  of  the  roots  j/^, 
x/'^y  x^^j  x^y  in  the  above  five  equations,  while  in  this  we 
set  the  first  completely  aside,  because  x'  may  be  considered 
as  a  constant  magnitude.  For  this  purpose,  according  to 
Hindenburg's  Rule  of  Transposition,  we  again  let  xf' 
retain  its  place,  and  only  permute  the  roots  x/^\  x/^y  x% 
we  then  obtain  six  sets,  each  consisting  of  five  equations. 
If,  after  this,  we  put  j/^'',  j/*',  x^^  successively  for  a:^'' in  the 
second  equation,  and  after  every  such  substitution  per- 
mute the  other  three  roots,  we  then  obtain  in  all  the 
twenty-four  sets  of  equations,  which  give  the  twenty-four 
difierent  values  of  a, 

7.  Instead  of  the  above  method,  we  can  also  make  use 
of  the  following  one.     First  put  in  the  above  five  equa- 


261 

tions  «^,  a^  a^  successively  for  »,  we  then  obtain,  since 
»^z=zat^  a^=za^,  c?^e?y  &c.,  the  fouT  following  combina- 
tions of  the  values  pf  x  and  y  : 

y\a^,  «y,  «y,  ay 

and  if  we  permute  in  each  of  these  combinations  the 
three  roots  3/^\  j/%  x^^  we  then  obtain  the  twenty-four 
combinations  of  the  values  of  x  and  y^  which  are  possible 
only  under  the  condition  that  a/  continues  to  be  combined 
withy. 

8.  If  .-.  we  had  expressed  the  coefficient  a,  from  the 
five  equations  in  1,  by  the  roots  a/,  j/^,  x^^',  xf^^  x%  it 
would  only  have  been  necessary,  in  order  to  find  its  twenty- 
four  different  values,  to  have  transformed  «  into  a%  a^,  «^, 
in  each  of  these  four  values  merely  to  have  permuted 
the  three  roots  xf'^y  j/%  x^. 

9.  Now,  if  we  assume  that  the  values  of  a,  which  give 
the  ibur  combinations  in  7,  are  the  roots  of  an  equation  of 
the  fourth  degree 

(t*  —  fij?  -f  qof  —  ra  +  «  =  o 

and  if  we  denote  these  roots  by  o^,  d'^  o^^^,  al^^  then 

f^d  ^-d'  ^-d'^  ^d"" 
^^dd'  -{■  dd'^  +  dd"^  +  d^d^'  +  &c. 

8ic. 
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Now^  flidoe  the  functions  a^,  d'^  iil^\  af^j  are  such,  that 
by  the  substitution  of  «  fer  a%  s?^  a\  they  merely  are 
transformed  into  one  another,  eonsequently  p,  q^  r,  s,  ate 
symmetrical  functions  of  the  roots  of  the  equation 
y^—  1  =0,  and  . ' .  they  cannot  contain  «.  The  functions 
P»  ii  ^9  h  consequently  contain  neither ^  nor  «;  and  .*. 
in  all  the  transpositions  of  the  roots  j/,  j/^,  j/^\  x'^ y  j:% 
have  no  more  than  six  different  values,  viz.  only  those  which 
arise  from  the  permutation  of  the  roots  jf^^  a/%  x^. 

10.  Consequently  the  coefficients  p^  9,  r,  j,  all  depend 
on  equations  of  the  sixth  degree ;  and  if  we  do  not  mind 
the  trouble,  these  equations  may  be  bctually  £)und  by  the 
method  given  in  the  third  chapter.  But  whether  they  are 
capable  of  any  further  reduction  or  not,  will  be  seen  in  the 
sequel.  I  shall  now  only  observe,  that  it  is  quite  sufficient  to 
flolyeone  of  these  equations,  viz,  that  for  p,  because  then, 
as  will  be  seen  in  the  following  chapter,  the  coefficients 
q^  r,  s,  m&y  be  feund  directly. 

SECTION   CXXXVI. 

Faob^  T#  tnunibrm  the  given  equation 

into  one  of  two  terms,  viz.  y  —  F  =  o,  we  assuMi  the 
auxiliary  equation  . 

aT"*  +  flj:^'  +  hf^-\-  +  fcr  +  /  =^ 

with  n— 1   undetertaiined  coefficients  a,  b,  c, fc,  ?  * 

on  the  supposition  that  h  is  a  ptime  jiumbet^  required  to 
determine  the  degrees  of  t^  eqVkatiotts,  Which  must  be 
solved,  in  order  to  find  the  asd^omed  coefficients. 
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Solution  1.  If  we  put  \/  F  =  y ,   and  «  denote  an 
imaginaiy  root  of  the  equation  y «—  1  =  o,  then  j/,  a^, 

«y>  «y> *"~y>  ^^^  tJ»®  >»  roots  of  the  equation 

y  —  Fsro.  If  we  combine  these  values  with  the  roots  of 
the  given  equation,  we  obtain  the  fcllowipg  n  equations : 

x^'^'  +  oj/*-'  +  bi/'^  + +  fcy  +  /=  y 

^//^i  +  ax'^*-*  +  ftj//-»  -f  +42^/+/=  «y 

^^///iHri^  ax///T-2^  6stW-^4.  4-  fcj///+  /=:»y 

&o. 

from  which  we  first  eliminate  y,  and  from  the  n  —  1 
equations  obtained  by  this  elimination,  the  values  a,  b, 
c,  d,  &C.  may  be  determined  by  the  roots  j/,  a/',  j/''',  a/^ 
ftc 

9.  The  coefficient  a  (and  this,  as  well  as  whal  ftUows, 
obteina  also  of  b^  c,  d,  &c.)  in  general  oontalnfl  as  many 
values  as  the  n  values  of  x  may  be  oombined  with  the  ft 
values  of  ^,  in  sets  of  n  equations,  as  these  in  1,  on  the 
condition,  that  every  such  set  is  diffeveot  from  ihe  ethers 
in  the  same  set.  Of  these  combinations,  however,  there 
are  ezaotly  as  many  as  there  are  transpositions  in  the  n  roots 
in  the  above  set  of  n  equations ;  consequently  the  niimbep 
of  the  values  wbioh  the  coefficient  a  can  have  s  1  •  S  .  9 

n.      Consequently  also  the  equation  oo  wli«^  a 

dependa,  must  be  of  the  1  •  2  .  9  ...,,.  nth  degree^ 
flMppoemg  that  amongst  these  values  ihmte  are  no  eqwil 


SL  When  in  the  above  equations  we  substitute  ^, 
^9   «^9  • «•  ft^^y   successively  for  y,  we  the» 
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obtain  n  sets  of  equations,  in  which  the  values  of  x  and 
y  are  arranged  according  to  the  following  scheme : 

y.  «y.  «y.  <»y.  «y> <»"~y 

4^.  -y.  «y,  «y,  *y. y 

«y,  <«yi  «y.  «y.  ^y. <*y 

y,  .y,  -y,  -y,  «y, «y 


«» 


• 


«*-y,  «-y,    y,    ^,  «y --y 

.^y,     y,    «o^.  »y>  «y. --y- 

Here  we  find,  as  may  be  seen  on  inspection,  j/  always 
united  with  another  value  of  ^,  while  at  the  same  time 
the  remaining  n— 1  values  of  x  are  combined  with  the 
remaining  n — 1  values  of  ^.  If  now,  in  each  of  these 
n  combinations  we  permute  the  roots  a/^,  j/^',  a/''  •..j:^"^, 

we  then  always  obtain  1  .  2  .  3 n— 1  combinations, 

and  consequently  irom  the  whole  together  all  the  1  . 2  .  3 

n  combinations,  in  which  the  values  o(x  can  enter 

with  the  values  of  ^. 

4.  In  order  .* .  to  find  the  results  of  all  the  possible 
combinations  of  the  values  of  x  and  y,  it  is  only  necessazy, 
in  the  above  equations,  tosubstitute  ay^,  a?yl^  ^]fi*^*»^^yf 
successively  fotv  y\  then  transpose  the  roots  a/',  jf^\  j/% 
...  f  (')  in  aU  possible  ways,  and  from  each  set  thus  ob- 
tained find  a  value  of  a ;  or,  which  is  here  the  same,  find 
first  the  expression  for  a,  and  then  make  use  of  the  above 
substitution  and  transposition.  But  since  \f  has  totally 
vanished  in  the  expression  for  a  (1),  so  by  the  substitu- 
tion of  *t/,  ay,  «y, «— y  for  y,  this  expression 
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siifiers  no  ehange^  and  .*.  there  ane  no  more  different 
values  of  this  magnitude,  than  arise  from  the  trausposi- 
ttoB  of  the  s  —  1  roots  a/^  j/^^  j/% x^\ 

5.  CcBsequentLy  the  magnitude  a  dqtends  on  9a  equa^ 

tioQof  the  1.2.  S n— 1th  degree,  and  its  roots  aro 

the  values  of  the  expression  for  this  magnitude,  whith 
arises  from  the  transposition  of  the  roots  a/\  j/^^,  •••  jf^\ 
Heoee,  then,  this  equation  may  actually  be  fi>und,  by  the 
method  given  in  the  third  chapter,  and  may  be.  eacpressed 
in  Imown  magnitudes. 

6.  Since  the  unequal  values  of  a  belong  exdusively  to 

the  %  .  it  .  3 n^l  sets,  which  arise  from  the  trans- 

poaition  of  the  n  —  1  roots  o/^,  a/^\  j/% 3fi'\  in  the 

abovie  equations,  it  is  allowable  to  consider  the  first  equa- 
tion, together  with  ifs  roots  a/,  y,  as  constant  and  inva- 
riaUe,  and  conseqnentLy  we  only  require  to  take  into 
eoondeiatioa  the  s  —  1  equations 

x^''^-'  +  or^^^— +  +  kj/''^  I  =  o?y 

&c. 

If  in  these  equations  we  transpose  the  roots  a:^^  j/^^ 
..^\  19  all  possible  ways,  we  obtain  all  the  combina- 
tions between  these  roots  and  the  wol^  ot^^  o^,  x?}^^ 
...  a*'y.  But  these  combinations  may  also  be  found 
as  fellows. 

7.  In  §  LXXXVII,  Cor.,  it  was  diown  that,  when  in 
the  series  of  roots  ck,  o*,  o?y ...  a***  we  successively  substi- 

2  H 
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tute  a*,  e?j  a\ a*^*  for  a,  the  same  roots,  but  in  a 

different  order,  always  present  themselves.  Benoe  it 
follows,  that  when  in  the  equations  in  6,  we  substitute 

sucoessivdjo^,  a?,  a^, a"~'  fiir  a,  the  n  —  1  sets  of 

equations  thus  obtained,  only  differ  from  one  another  in 
the  combination  of  the  values  of  x  with  the  values  of  y. 
Now  since  also  every  set  has  also  another  of  the  magni- 
tudes af/y  o^y,  o^y, o^^j/  in  the  first  place,  it 

follows,  that  we  obtain  all  the  combinations  of  the  values 
of  X  with  the  values  of  ^,  when  in  each  set  we  permute 
the  It  —  2  roots  a/^',  a'% sf^*^  in  the  n  —  2  last  equa- 
tions in  all  possible  ways. 

8.  The  changes  which  we  have  effected  with  the  equa- 
tions themselves,  we  can  also  effect  with  their  result,  the 
expression  ibr  a.  Thus,  if  by  the  equations  in  1  we  have 
expressed  the  magnitude  a  by  a/,  a/^,  j/^^,...x^%  we  then 

substitute  in  it  successively  o^,  a\  a^ a"~*  fo^  ^  ^ 

permute  in  each  of  the  values  thus  obtainisd,  merdy  the 

roots  x'"^  a/%  a:% 3f^\  while  we  let  j/  and  a/''  retain 

their  places. 

9.  Now,  if  we  denote  the  H— 1  values  of  a,  which  arise 

from  the  substitution  of  a*,  a*,  a*, a^',  for  a,  by 

a/y  a!\  a/^'y d'\  and  assume  that  they  are  the  roots 

of  the  following  equation  of  the  n—  1th  d^ree: 

a"-*  — |w^  +  qd"^  —  m*-*  +  &c.  =  o 

then  the  coeflScients  ji,  ;,  r,  &c.  merely  as  functions  of 

a ,  af\  al^\ rf*"*>,  in  like    manner  can    have  no 

more  different  values  than  the  1  .  2  .  3 n— 1,  which 
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arise  from  the  substitution  of  a  for  a^  cfi,  a\ a*'^» 

and  from  the  tnuisposition  of  the  roots  a/^^j  j/^  3[^^...af^*\ 
But  since  these  coefficients  are  also  at  the  same  time 

symmetrical  fimctionsofa,  ef^  of^ a^*"*', consequently, 

of  the  roots  of  the  equation  y  — 1=0;  .*.»  by  the  fore- 
going chapter,  they  must  be  rational,  and  consequently 
do  not  contain  a.  Where&re  these  coefficients  have 
no  more  than  the  1  .  2  .  ^.^.n-^^  different  values,  which 
arise  from  the  transposition  of  the  roots  j/^^,  x/^y.a^y 
...sfi^y  and  .*.  they  all  depend  on  equations  of  the 
1.2.3 11^— -2th  degree. 

10.    Let  1.2.  d n— l=|i,  and  let 

p"  +  A'p^^  +  B'j^-^  +  cy^  +  &c.  =  o 

be  the  equation  for  f ;  then,  as  is  already  known  from 
the  third  chapter,  the  coefficients  A\  B\  C^,  &c.  may 
always  be  found,  and  expressed  rationally  by  the  coeffi- 
cients A^  By  C,  &c.  of  the  given  equation  vf + Asf*'^  +  &c. 
=  o.  If,  then,  we  can  solve  this  equation,  and  from  it 
determine  the  values  of  p,  then  also  we  may,  as  will  be 
shown  in  the  following  chapter,  find  the  coefficients  },  r,  $y^ 
&c.  directly,  and  without  solving  any  other  equation.  Now, 
if  we  denote  the  values  of  p,  9,  r,  &c.  which  we  thus  obtain, 
by  f/,  ^,  r',  &c,  j/^  f,  r^',  ftc,  //^  ?^^  r^^  &c,  ftc. 
we  then  obtain  the  following  1.2.  3...1}— 2  equations: 

cr-»  +  jjIdT^  +  S^fiT^  +  /a^  +  &C.  =  o 
(T-*  +  ^'cT^  +  ^^o^  +  r^/flT*  -h  &c.  =  o 
cT-i  ^-  ]^f'ff^j^  (^''(T^^  t^*'fir^^  Ac  =  o 

&c. 

into  which  the  equation  for  a  in  6  may  be  analyzed.    But 
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whether  or  not  the  equation  for  p  is  capable  of  any  reduc- 
tion, this  18  not  yet  the  proper  place  to  inquire. 

RsHABK.  Henoe  it  fellows,  that  an  equation  of  the 
nth  degree^  when  n  is  a  prime  number,  leads,  aocofding 
to  this  mode  of  transfennation,  to  an  equation  of  the 
1  •  S .  3.*.n*-2th  degree;  ooniequently  an  equation  of 
the  fifth  degree  to  an  equation  of  thd  dfeth  degree^  and 
an  equation  of  the  seventh  degree  leads  even  toYMM  of  the 
IdOth  degi«e ;  and  so  on. 

SECTION  CXXXTII. 

PaoB.  All  that  has  been  said  in  the  problem  in  the 
fyiegomg  §  obtains,  only  n  is  a  compound  number: 
determine  the  degree  of  the  equations  on  whidi  the 
assumed  coeflScients  a,  ft,  c,  d,  &c.  depend. 

Solution  1.  When  we  suppose  a,  not  to  be^  as  in  the 
preceding  §,  any  arbitrary  iipaginary  root  of  the  ^nation 
y— Isso,  but  only  a  primitive  root  of  it,  theti  indeed 
all  the  conclusions  made  in  1,  i,  5,  4,  5,  6,  of  die  pte- 
eediug^  are  applicable  to  this  case;  on  the  cdier  hAnd, 
the  following  scdutions,  (7)  8,  9,  10),  t>ta  a^Muni  of 
this^  yerj  circumstance^  must  imdergb  some  alteMaoos. 
Thus,  if  we  substitute  here,  as  in  7  of  the  prefteding  §, 
in  the  sertes  of  roots  a,  a^,  a?,......a*~'^  the  powers  a^,  cf^ 

a^s o^*  indiscriminately  for^  we  shdl  not  always 

find  again  the  same  roots^  but  this  will  only  be  the  case 
for  those  powers  amongst  them,  a%  a«,  of,  &e.  whose 
exponents  v,  w,  p,  fte.  have  no  common  measute  with  n, 
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because  di€K  only  aie  primittVe  toots  of  the  equatkm 
y"_  1  so  (§  XCI).  Thus,  if  a  be  a  primitiYe  root  of  the 
equadon^— 1=0,  when  in  a,  aS  a?,  cd^  ef^  we  suoees* 
sivelj  substitute  cf^  cf,  a\  efi^  for  a,  we  obtain  the  follow- 
ing results  c  aS  o^,  1,  «">  a^;  a?,  1»  cf^  I,  cf\  c^^  a% 
1,  1^,  M^ ;  d",  a^  a',  «S  a,  of  which  only  the  last  eoii» 
tains  again  the  same  roots. 

8.  Hence  it  fidlows,  that  what  has  been  said  in  ihe 
pieoedbg  §  in  7,  and  the  following  sdutions>  respecting 
t^e  substitution  of  the  roots  e^^  a*,  <«*,...%..«*"*  for  a, 
must  be  limited  to  «%  a%  at,  ftc  whose  exponents  v,  ir,  p, 
&c.  have  no  common  measure  with  n.  If  .* .  we  assume, 
that  X  is  the  number  of  the  primitiyes  a%  ^j  «^,  Ae»  and 
that  the  A  vahies  of  a,  which  we  obtain  by  the  substi- 
tution of  these  roots  for  a,  are  the  roots  of  the  followiiig 
equadons : 

a!"  +  fd^'^  +  qa!^  +  ra^^  +  &c  =  o 
consequently  p  (and  the  same  obtains  also  of  9,  r,  Ac.) 
is  such  a  function,  as  by  the  substitution  of  the  root « 
for  cf^  a*,  nf,  Ac,  or,  which  is  the  same,  by  the  substi- 
tution of  the  root  Jt^^  for  3^%  sf^\  s<*\  &«.  it  remains 
unchanged.  Now,  since  by  these  means  all  the  1 .  2  •  8 
^..»— 1  values  of  p,  taken  X  and  X  togellier,  are  equal, 
it  fiRows,  that  thb  magnitude  depends  on  an  equation, 
whose  degree 

X  .  z  •  0  ••••••fl  "^  1 

Moreover,  in  order  actually  to  find  the  equation  a^  + 
/'^'"'+&e.so,  it  is  only  required  in  the  expression  for  a, 
wliioh  we  obtain  from  1  of  tiie  forgoing  §,  to  eliantnate 
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the  root  »,  by  means  of  that  equation  which  only  contains 
the  primitive  roots,  the  method  to  find  which  was  given 
in  §  LXXXIX. 

Rbmabk.  Therefore  the  equation  of  the  nth  dqpree, 
when  ft  is  a  compound  number,  leads  to  an  equation  of 

the  — ^ — *- — l^^^ th  degree,  in  which  X  denotes  the 

number  of  the  primitive  roots  of  the  equation  jf^lso; 
consequently  an  equation  of  the  fourth  d^ree  leads  to  an 
equation  of  the  third  dqrroe,  because  the  equation  a^  — 
1  =s  o  has  two  primitive  roots,  a  and  ef ;  an  equation 
of  the  sixth  degree  to  an  equation  of  the  sixtieth  d^ree, 
because  the  equadon  x'  —  1  ==  o  has  also  two  primitive 
roots,  viz.  a  and  cfi ;  an  equation  of  the  eighth  degree  to 
an  equation  of  the  lS60th  degree^  because  the  equation 
ofi  ^  I  zsi  o  has  four  primitive  roots,  viz.  a,  g?^  cf^  cff ; 
and  so  on. 

From  this  and  the  foregoing  §,  it  follows,  that  the 
reduction  of  the  equation  ^  +  A:^^  +  &c.  =  o  to  one 
of  the  form  y"  —  ^  =  o,  always  leads  ton  higher  equa- 
tion than  the  given  one  itself,  whenever  the  given  equation 
exceeds  the  fourth  degree.  However,  I  shall  not  enter 
here  into  the  proof  of  other  methods  of  transfiirmations, 
because  the  whole  of  this  subject  will  be  considered  here- 
after in  a  higher  point  of  view,  to  which  this  is  only 
preparatory. 

SECTIOH   CXXXVIII. 

When  we  make  the  equation  x  tsia\/p  +  b  vp« 
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+  ^wl^  + +  ^  VjP*"*>  ^^   ^'^^  generally  the 

equation  x  =  a  +  6  \/p  +  c  V^P*  +  ^  v  JP*  + 

+  k  \/p^^  rational^  we  arriye,  as  we  know  from  the 
finr^oing  chapter,  at  an  equation  of  the  nth  degree,  whidi 
I  shall  represent  by  ^  +  JU— *  +  »x^  +  Cc""^  +  &c. 
=0,  in  which  the  coeflScients  9,  S,  C,  9>  &c.  are  cer- 
tain rational  functions  of  the  magnitudes  a,  by  c,  d^  &c.. 
and  p.  Conversely,  if  an  equation  of  the  nth  degree 
iT  +  Jbr-^  +  BxT^  +  CoT^  +  &c  =  0  be  pven,  and 
we  assume  that  the  roots  have  the  above  form,  we  then 
have,  for  the  determination  of  a,  &,  c,  d,  &c.  the  n  con- 
ditbnal  equations  fl  =:  i4,  38  =  £,  tf  =  C,  &c  If  we 
solve  these  equations,  and  from  them  determine  a,  b^  c,  &c. 
we  then  have  at  once  the  n  roots  of  the  given  equation, 

when  we  substitute  successively  for  \/p  its  n  values. 

Consequently  all  depends  on  the  solution  of  these  con- 
ditional equations.  How  difficult  and  troublesome  this 
solution  must  be  for  equationa  of  rather  high  degrees* 
may  be  perceived  from  the  form  of  those  equations,  which 
were  found  fiir  the  fiflh  degree  in  7,  ^  CIX.  Waring 
and  Euler  thought,  that  in  this  way  we  must  arrive  at 
the  general  solution  of  equations,  by  properly  arranging 
and  finishing  the  calculation,  without  regard  to  the  trouble. 
But  this  trouble  may  be  spared  by  subjecting  k  priori 
(as  M.  Lagrange  does  in  the  third  volume  of  the  New 
Memoirs  of  the  Berlin  Academy)  the  method  to  a  preli- 
minary proof 


272 

SECTION   CXXXIX. 

PnoB.  Let  it  be  assumed  thait 

is  a  root  of  th^  given  equatiqii 

af  —  As!^  +  BsT*  T-  CsT^  +  Ac  =  o 

on  the  supposition  that  it  is  a  prime  number,  required  to 
determine  the  d^rees  of  the  equations  on  which  the  coeffi- 
cients a,  ft,  c,  dj  &e.  depend. 

Solution  1.    Put  \/p  55  y ;   then  y,  ay,  /^,  yy,  &y, 

&e.  are  the  n  values  of  \/jP»  ^^  ^»  ^  ^9  Y>  ^»  ^  ^^ 
the  »  roots  of  the  equation  2*  -*«-  1  ss  a  If  .*.  ve 
denote  the  reoifes  fif  the  given  equadon  bf  4/,  t/^t  ^'^9  ^ 
we  have  the  following  n  equations : 

x^  ^«+  ^+    c/+    i/+ .+       V"' 

ftc 

fionn  wUch  the  %  unknown  magnitudes  a^byC^dy k, 

must  mm  he  determined. 

2.  If  we  multiply  these  equations,  in  the  order  in 
which  they  stand  vertically,  first  by  the  powers  1,  of,  /T, 
/,  ftc,  then  by  the  powers  1,  o^,  g*^,  /"',  4c^  after 
this  by  the. powers  1,  a^,  /S"^,  y^,  &c.,  and  so  on; 
lastly  by  1,  a,  /?,  y,  &c.,  and  add  the  n  results  ob- 
tained by  every  such  multiplication  together;    we  then 
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get,  since  ^[n]  s=:  n,  and  every  .  numerical  expr^ion 
^[p]f  whose  radical  exponent  j!»  is  not  divisible  by  n=o, 

flj^b:nX^+i3^a/r+  fT'xf^'  +  f- V  4-&C. 

nyc=j/+a^j:^^+^V^' +7*^y -f&c. 
«^s=j/+«-«x^/-f.^x^/^+Y"^x'''+&c. 

8.  Hence  now  we  may  immediately  determine  a  ;  for, 
since  x^  +  a/^+  a/^^  4-  y  +  &c.  ss  [l]  =  J,  we  then 
obtain  from  the  first  equation 

A 
n 

Consequently  a  has  only  one  single  value ;   on  the  other 

hand,  all  the  remaining  magnitudes  by  c,  J, t,  A:, 

•  haveiiBore  .values  than  one,  which  may  be.  obtained  from 
the  n*- 1  following  equations,  by  transposing  thi^ir  iPQts 

j/,  d/^,,j/''^, j<">  in  allpossible  ways.    TheequAtion 

OD  which  each  of  them  dqpendS)  is  .*.  generally. Assuined 

rto  beof  the  1.2.8 nth  degree.    But.if.aiiM»^t 

these  values  there  should  be  any  equal  ones,  or  any  re- 
lation amongst  them,  then  the  degree  of  the  equations 
can  be  reduced. 

4.  $iacevjQBeofithe/n+l  n>ag^oitttd^:a,.&,  c,  ii,...ft,p, 
•may  lie.#fai»Qed  to  Jbe  jEudntraiy,  we  shall  put  p  =  1 ; 
.  - .  Aboijf  ss  1 .    •  Ati the  ,99me  time,  in  order  to  make,the 
fiomrakemore  simple,  we. #ball  put 
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d     .     d'     ,     d'*  ,      a<-'' 


*=  -,  «=— J  A= — > *  = 


n  n  It  n 

By  these  means,  if  we  omit  the  first,  and  set  down  the 
others  in  fin  inverted  order,  the  equations  in  S  are  trans- 
formed into  the  following  ones : 

d    =  x'  +  oj/'  +  fix'^'  -f  7J/'  +  &c. 

o^/   =  x'  +  fl«x^'  +  0":^^''  +  yV'^  +  &c. 
a^/^  =  a^  +  08x^/4.  /s»j///  +  y^x^^  +  &c. 

a<-»>  =  ^c'  +  a- V^  +  fT'  3/"  +  7-^  ^''^  +  Ac 

6.  Since  the  roots  of  the  equation  2^  —  1  =0  (because 
by  the  hypothesis  n  is  a  prime  number)  may  be  espiicsaed 

by  1,  a,  a%  c?^ a*~~*,  let  a  denote  any  imaginary 

root  whatever ;  then  we  can  put  a^,  o^,  a^  &c.  for  j?,  y,  S^ 
&c. ;  by  these  means  we  obtain  the  first  equation 

a'  =3  j/  4-  «^'  +  aV^'  +  o'jr^''  + +  or*  x«"> 

and  the  values  of  tf''^,  a^^',  d^^ o^*""  are  derived  firom 

this  value  of  o^,  when  we  substitute  a%  ^9  ^9 oT"^ 

for  a,  consequently  when  we  substitute  for  a  every  imagi- 
nary root  of  theequation  y"  —  1  =0.     If.* .  undetermined 

%  denote  each  of  the  magnitudes  a',  d\  d'\ o^*"', 

then 

<  =  x'  +  «i^^  +  «V^^  +  a»x^''+  +  a-'a:<'» 

6.  Now,  in  order  to  find  all  the  values  of  which  t  is 
tepable,  it  is  only  necessary  to'  permute  the  roots  j/,  mf'^xf^y 
2^'^  in  all  possible  ways;  For  our  purpose,  how- 
ever, it  is  more  convenient,  in  this  case,  to  proceed  as 
follows :   1st,  we  only  transpose  the  n  —  2  roots  ^a/^^  x"^. 
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x% jfi"^,  while  we  let  j/,  x^'  retain  their  places, 

consequently  we  obtain    1  .  £  «  3 n  —  2    results; 

2ndly,  we  put  in  each  of  the  results  thus  obtained,,  first 
a^,  afterwards  a',  then  a\  and  so  on,  and  lastly  a"~'  for 

a ;  then  generally  we  have  1.2.3 n  —  1  results, 

which  we  should  also  have  obtained,  if  we  had  let  aif 
retain  its  place,  and  merely  transposed  the  roots  3/'^  jf^'y 

3/^ 3fi^\    Srdly  and   lastly,*    we   multiply    the 

1.2.3 n  —  1  results  so  found,  successively  by 

a,  a%  a', a*"',  and  we  obtain,   together  with   the 

former,  the  1  .  2  .  3. n  results,  which  arise  from  the 

transposition  of  all  the  roots  j/,  s/\  x/^'y x^'^  and  at 

tlie  same  time  also  all  the  values  of  U 

7.  If.*,  we  denote  the  1  .  2  .  3 n—  1  values  of 

/,  which  are  obtained  by  the   two  first  operations,   by 

i\  i'\  t!'\  <^^  &C.,  then  all  the  1.2.3 n  values 

of  {  may  be  expressed  in  the  following  way  : 

t'y    aif,    a^tfy    e^if,    M, a^'tf 

If',  aUf\  a^tf\  cfie\  a^tf\  a^Hf' 

if'',  atf'\  afi'",  c?tf",  o^t!'', a-V^'        ^ 

&c. 

if  we  put  <^-  =  V,  i''^  =  r,  ^/^'  =  W"  &c.,  then  the 
values  in  the  first  horizontal  series  are  the  roots  of  the 
equation  t*  —  9^  =  o,  those  in  the  second  series  are  the 
roots  of  the  equation  t"  —  0^^  =  o,  &c. ;  consequently  the 
equation  for  i  is  the  product  of  the  equations 

<•-  fl'  =  o,  r  -  r  =  o,  r  -  r'  =  o 

&c. 


276 

8.  Hence  it-  follows,  thikt  the  equation  for  t  only  oon- 
tains 'SQch  powers  as  are  divisible  by  n.  If  .*.  we  put 
t*ss0y  so  tbat 

m^  then  dbtaid  an  equatidn  for  0  of  the  1.2.  5...n— Ith 
degree,  wh6se  roots  arc  d',  0^',  fl^'^i  fro.  which  wfe  obtain 
ftorii  0,  by  transposing  the  n— 1,  roots V,  a/^'  j/^....j5'^ 
and  allowing  x  to  retain  itk  place. 

9.  Instead  of  transposing  the  rootsx^',  j/'^  x^^ x*^ 

in  th^  expression  0,  it  i^l  li^  quitb  soflddi^  ad  in  f, 

merely  to  pfetinute  the  n— 4  roots  if^^f  a/%  x^, j5**, 

then  substitute  a-,  a^,  o^, o*^'*  fo^  a,  and  in  the 

n  —  1  values  of  0  thus  obtained,  transpose  the  roots  x^'^j 

10.  We  lioW  assume,  thkt  th^  H- 1  values  of  0,  trUdi 
arise  from  the  substitutioti  6f  o^,  d^,  a^,  ...'••.  a"*^  for  a, 
are  roots  of  the  following  equation ; 

CJ) er-'^pe^+qe^-^r6r^+&c  =ro; 

then  the  coefficients  p^  jr,  r,  &c.  are  fiiinctions  of  these 
values,  and  can  .  *.,  as  itf  the  case  also  with  these  last, 
suffejf  ^'change  by  the  transpositioir  of  2<.  Bttt  t&ae& 
they  are  alto  symmetHtitf  v^iA  respect'  to  these;  values, 
consequently  they  canr  fikewne  lindei^go  no  chai^  by* 

the  subtftiturtion  6f  a",  cfi,  ^, d^^  for  dt,  beteife^d&e 

only  consequence  arising  ^m  this  stiktitutiim  is^-  that 
of  the  n  —  1  values  of  0,  one  is  merely  transformed  into 
the  otheri  Hence,  however,  it  follows,  that  these  coeffi- 
cients  can  have    no  more  unequal  values,  than  those 
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arise  exclusively  firofii  the  thmsposition  of   the 

n  —  2  roots  j/''',  ^^^x^* ^"^  and  that  consequently 

they  all  depend  on  equations  ofthe  1  •  2  .  S n^^th 

degree. 

11.  Thereftire  the  equation  for  0,  which,  as  we  have 

seen,  is  of  the  1  .2.3 n— 1th  degnee^may  always, 

when  n  is  a  prime  numher,  be  analyzed  into  1  .  2  •  3  ••• 
r..  n  -*  2  equatidWof  the  n  —  Ithdegree.  Now,  if  (l^)f 
be  one  of  these  equations,  and  tf',  ff'^  9^' ©<*-»' 

its  »  -  1  roots,  then  \/V,  \/r,  \/r^ V"©^-", 

are  the  corresponding  values  of/,  or  of  a^,  al\  a^^^,  .>..... 
...  a^"'),  and  if  we  substitute  these  values  in  any  order  in 
the  expressions  id  4^  we  then  obtain 

n  n  n 

consequently,  since  we  have  put  p  =  1, 

*H         ft 

But  that  tat  9  only  those  of  the  1  .  2  .  3 Yt  —  1 

values  may  be  assundcfd,  which  belong  to  one  and  the 
same  equation,  it  matters  not  which,  9^^  —  p  0*^+ Ac; 
ss  o,  i^pears  from  thiir  dieumstanoe,  that  the  n  —  l 
values  off,  consequently  the  corresponding  values  of  0 
mnst  so  depend  upon  one  another,  diat  we  cibtaiir  t&enr 

all,  when  in  one  of  dxem  we  substitute  o^,  afi^  tt*, e^' 

ht  CI,  6. 

12.  If  we  wish  actually  to  fintf  the  equation  (^,  first 
of  all  we  solve  the  (unction 
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according  to  the  powers  of  «,  which  may  very  easily  be 
done  by  means  of  the  polynomial  theorem.  But  since 
a%  a**"',  a""*"*,  &c.  are  no  other  than  1,  a,  a%  &c,  conse- 
quently this  development,  after  the  proper  reduction, 
takes  the  following  form : 

and  5^  5^^  ^'\ 5^*"*^  are  mere  functions  of  a/,  j/', 

o/'^^, x^*~*^  without  a.     If  in  this  value  of  ft  we  put 

a-,  a',  aS  «*"*  successively  for  a,  or,  which  is  the 

same,  |?^  y,  S,  &c.  for  a,  we  then  obtain  the  values  of  V^ 
r,  r^ e^-»,  viz.: 

V   ^l'  ^  r«  +  5'''«"  + +  ?•'«•"- 

r  =  5^  +  5^^p  +  r'^/s«  + +  e-^/T-' 

0///  ^  5/  ^.  5//^  +  ^//y  +  ^.  gwy-i 

&c. 

from  which  the  equation  i^A)  may  be  compounded  in  the 
usual  way.     The  coefficients  p,  9,  r,  &c.  are  then  still 

functions  of  the  roots  j/,  j/^,  j/^^, x^%  but  such,  that 

th^  only  change  when  the  rootsj/''',  j/%  j:^, j:*"' 

are  transposed.  The  equations  for  these  functions  may 
be  found  by  the  method  given  in  the  third  chapter. 
Moreover  it  is  quite  sufficient,  as  will  be  shown  in  the 
following  chapter,  to  find  one  of  these  equations,  for 
instance,  that  for  p,  because  firom  the  known  value  of  p, 
the  values  of  9,  r,  &C.  may  be  found  directly,  and  without 
the  solution  of  any  other  equation.  It  is  likewise  suffi- 
cient, as  follows  from  11,  to  find  only  a  single  value  fiir 
each  of  the  coefficients  />,  f ,  r,  &c. 
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IS.  From  all  that  has  hitherto  been  said,  it  follows,  that 
the  solution  of  an  equation  of  the  nth  degreoi  when  n  is  a 
prime  number,  depends  on  the  solution  of  an  equation 
for  p  of  the  1  .  2  .  3  ..•  n  —  2th  degree ;  and  this  result 
coincides  with  that  which  has  been  found  by  another 
method  in  §  CXXXVI.  With  the  view  to  further 
elucidation,  I  shall  now  apply  it  to  an  equation  of  the 
fifth  degree. 

RsHABX.    When  n  is  a  compound  number,  then  the 
conclusions  drawn  with  respect  to  the  substitution  of  the 
root  a  for  a^,  o',  a\......0^',  suffer  the  same  changes,  as 

the  conclusions,  §  CXXXVI,  §  CXXXVII,  must  un- 
dergo in  the  same  case,  and  we  shall  then  find,  as  we  did 
there,  that  an  equation  of  the  nth  degree  leads  to  an 

*  I  Q  O  jt  I 

equation  cif  the  — — '  J" th  d^ree,  when  X  denotes 

the  number  of  the  primitive  roots  of  the  equation  y*  —  1 
=  o. 


SECTION   CXL. 

PaoB.   From  the  given  equation  of  the  fifth  degree 
a^  -  ^jr*  +  JBr»  —  Cx«  +  Z>x  —  JS  =  o 
find  actually  the  reduced  equation  for  the  magnitude  ji  of 
the  forcing  §. 

Solution  1.  The  equation  {A)  in  10  of  the  foregoing 
§,  when  n=5,  is  here 


280  , 

and'  the  iykiU  of  this  equation  are,  when  >,  ^,  y,  S,  denote 
the  imaginaiy  lOOts  of'  the  equation'^ — 1  =o, 

r  =  r  +  r^  +  rv  +  ^'^ + r^ 

%.  If  we  add  these  equations  together,  we  then  obtain, 
when  fl'+r+r'+e"'=/»,  and«+e+y+8  =  tl]-l 
=-1,  ■a«  +  |3«  +  y»  +  8«=i'[2]-lB-l,*»  +  p»  +  -y» 

+8»=^8]-l  =  -l,  «*+/S«+7*.+8*=:'W -1=-- 1 ; 

3.  The  seeood  part  of  the  expremon  finr^,  m.-^'^-f 
^//  ^  ^w  ^  ^/K  ^  gF^  pjgy  ^  g^jjj  immediatdy.    For 

from  IS  of  the  foregoing  §  it  f(dIows,  that  the  develop- 
ment  of 

assumes  the  following  fiirms : 

tf  +  V'»  +  $"V  +  5'V  +  r«*; 

and  this  form  of  tb«devdopiDent.ia  always  correct,  wbidi- 
ever  root  of  the  equation  2*—  1  s  o  we  ssabstitute  for  a ; 
oonai^quently  also,  when  ve  put  a=  1 .  Jf  this  is.actually 
done,  we  find 

V  +  v  +  K'"  +  r-  +  r  = 

=  [1]»  =  A^ 
We  have  .■.  also 
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4.  In  ordet  •«.  to  determine  p,  it  is  only  neoefoary  to  find 
Jlfj  consequently  that  term  in  the  development  of  (a/  + 
€U^^  +  aV^'  +  cfix^"  4"  a*Jf'')*>  which  does  not  contain  a. 
For  this  pnrpose  we  can  give  this  expression  the  following 
form: 

0K9  since  a^ss  1,  the  fellowbg  one 

(ax  +  cfx"'  +  aV^'  +  aV^  +  c^xy 

from  which  we  derive  this  advantage,  that  the  dashes  over 
X  coincide  with  the  exponents  of  a.  For  now  we  have 
nothing  more  to  do,  as  is  shown  in  the  polynomial  theorem, 
but  to  combine  the  roots  x^,  j/^,  a/^^,  a/*',  x\  in  all 
possible  ways,  in  such  a  way  that  the  sum  of  the  daihes 
=  5,  =10,  =15,  =20,  =25,  because  a*=a**=a"=a*^ 
=«*=  1.  In  this  way  we  find,  when  [5],  [1*],  are  sub- 
stituted fi)r  x"'  +  x^^«  -h  :r^^/*  +  x^""'  +  x^,  a/a/V'^V V, 

r  =  [5]  +  [1*]  + 

Cx^x^'x""  +  y^x^^V  +  x^i^^V^^  +  x^j^V*  + 
20  ^^r^a/^^x^  +  x'^j^V  +  x^V^/V+  x^x^^x^^ 

r  x^y^y'^  ^-x^x^V'^  +  x^x^^^x^  +x^x'^x'^+ 
+  SoV^'*x'*  H-xV^'V^  +x/'«x'/^«x'^+x^'«x'^V^ 

or  when,  fi)r  shortness*  sake,  in  the  value  of  ^^,  we  denote 
by  Z  that  which  is  not  to  be  found  in  the  crotchets  we  get 
%^  =  [5]  +  [1^+2: 

p  =  5?  +  5[5]  +  5[1»]  -  ^ 

5.  AnMmgBt  the  ISO  values,  which  the  function  ^  con- 
tains by  the  traxupodtion  of  the  roots  j/,  «^^  x"',  a/%  «% 

8  o 
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w«  find  no  more  than  six  unequal  odcs^  and  they  wQl  be 
escactly  those  which  arise  ezelttsivelj  from  the  tnmspo* 
aition  of  the  three  roots  x''^  ar^%  x^     If  we  denote  these 
Yalues  by  ?',  V^,  V'\  K'%  Vs  V,  and  the  oonesponding 
values  o£  phy  j/9  j/^y  p%  //%  /)%  p"^,  we  then  obtain 
j/  ^6V  +5[5]  +  5[l«]-^ 
j/'  =  5  ?^^  +  5  [5]  +  5  [1*]  -^  ^ 
j/'f^  5  ?^^/+  5  [5]  +  5  [l«]  -  ^ 
j/^^  5Z'''+  5  [5]  +  5  [1*]  -  J^ 
J,''  =r  5  r  +  5  [5]  +  5  [1»]  -  ^* 

Jl'^^rr  5  2^^  +  5  [5]  +  5  [1«]  -  ^ 

and  these  six  values  of  p  are  the  roots  of  the  required 
equation.  We  already  know,  from  the  third  chapter, 
how  to  proceed  further,  in  order  to  find  this  equation 
itself.  It  would  be  better,  however,  instead  of  the  equa- 
tion for  p  to  find  that  for  £;  for  if  we  have  (,  we  have 
also  p. 


(    183    ) 


VII.— A  GENERAL  METHOD  BY  WHICH,  FROM  THE 
KNOWN  VALUE  OP  A  GIVEN  FDNCTION  QF  THE 
ROOTS  OF  AN  EQUATION,  TO  FIND  THE  VALUE 
OF  EVERY  OTHER   FUNCTION   OF   THESE   ROOTS. 


SECTION    CXLI. 

ALL  the  methods  whidi  we  have  hitherto  applied  to 
the  solution  of  equations,  are  founded  either  on  analysis 
or  transformation.  The  first,  from  its  very  nature,  cannot 
he  general,  because  every  equation  will  not  admit  of  being 
analyzed  into  others  of  lower  degrees*  Consequently^  in  the 
general  solution  of  equations,  we  have  no  other  mode  left 
us  but  to  transform  the  given  equations  into  others,  which 
in  themselves  are  either  solvible  by  the  methods  already 
known,  or  may  be  made  so  by  analysis. 

Now,  let  it  be  assumed  that  we  have  transformed  in 
any  way,  no  matter  which,  the  given  equatbn 

sT  +  ^J^*  +  Bx'^^  +  Co^  +  &c.  =  0 
into  another 

thea  the  roots  of  the  last  equation  must  stand  in  some 
one  zdaiion  to  the  roots  of  the  first,  or,  in  other  words, 
t  must  admit  of  being  expressed  by  some  function  of  the 
Noti  osf^  tf'y  7f"^  Ac    Now  I  affirm,  that  it  is  always 
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allowable  to  assume  t  to  be  a  rational  fiinction  of  these 
roots.  For,  let  F:  (:r^)  (a/0  (i^O  ...  (^"0  be  any 
irrational  function  of  these  roots,  and  let  t^F:  (x/)  (a/') 
(j/^0..-(^'0  5  *b®^  *b^  equation,  as  has  been  abready 
shown  in  the  fifth  chapter,  can  always  be  made  rational 
by  removing  the  irrational  magnitudes.  We  shall  thus 
get  an  equation 

t^  +  A'^V"^  4-  B^'tf"^  +  C'^V"^  +  &c.  =  o 

in  which  the  coefficients  -4^^  B^'y  C\  &c.  are  all  rational 
functions  of  a^,  a/^,  j/^\  &c.  Now  if  we  eliminate  fi-om 
this  equation  and  the  equation  <*  4-  AH"*^  -f  5^/*"*+ 
&c.=so  all  the  powers  of  t,  as  far  as  the  first,  we  then 

■ 

obtain  for  ^  a  rational  function  only. 

In  the  first  place  .  * .  it  is  only  necessary,  in  the  trans- 
formatioQ  of  the  equations,  to  find  such  rational  fiinctions 
of  a/,  x^\  j/^\  &c.,  for  which  the  transformed  equation  is 
either  immediately  solvible,  or  at  least  may  be  made  to 
depend  on  solvible  equations.  But  this  is  not  all ;  it  is 
not  sufficient  to  know  the  values  of  the  assumed  function ; 
we  must  also  be  able,  firom  these  values,  to  find  the  roots 
a/,  j/^  x^^\  &c.  I  shall  first  handle  the  second  subject, 
and,  according  to  Mr.  Lagrange,  in  the  third  volume  of  the 
New  Berlin  Memoirs,  ^ow  the  method  by  which,  from 
the  known  values  of  a  given  fiinction,  the  value  of  every 
other  function  may  be  found,  consequently  also  the 
roots  themselves.  Here  two  cases  must  be  taken  into 
consideration,  viz.  first,  the  case  in  which  the  given^aad 
the  required  function  are  homogeneous;  secondly,  the 
case  in  which  they  are  not  so. 

For  the  sake  of  greater  perspicuity,  when  I  treat  of  the 
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▼slues  of  a  function,  I  shall  sometimes  distinguish  the 
values  of  forms  from  numerical  values;  the  first  aie 
the  different  forms  themselves,  which  arise  from  the  trans- 
position of  the  roots  2^,  x'*^  'a/^\  &c. ;  the  latter,  the 
actual  values  of  these  forms  expressed  by  given  magnitudes. 

SECTION  GXLII. 

PaoB.  Let  it  be  assumed  that  the  given  equation 

I.  jf  +  ^x-»  +  Bar^  +  Cx'^  +  &c.  =  o 

by  the  introduction  of  a  new  magnitude  t  =f:  (j/) 
(x^^)  {x^^^),..(jr'^)^  according  to  the  method  in  the  third 
chapter,  is  transformed  into  an  equation 

II.  r  +  PV^'  +  Qr-^  +  i?<'^+  ...  +  (7=0 

which  is  completely  solvible^  consequently  all  of  whose 
roots  may  be  found  :  from  these  known  numerical  values 
of  the  function  ^,  it  is  required  to  find  the  numerical 
values  of  any  other  function  y  =  ^:  (j/)  (j/'')  (j/''^) 
•..'(j:^'^)  respecting  which  it  is  assumed  that  it  is  homo- 
geneous to  the  former. 

Solution  1.  Since  the  functions  tj  y,  according  to  the 
hjrpothesis,  are  homogeneous^  then,  by  the  transposition 
of  the  roots  j/,  j/^,  x^^^^  &c.  the  former  must  contain 
exactly  as  many  unequal  values  as  the  latter.'  The  fimc- 
tion  f,  however,  has  tt  values,  because  the  equation  II,  by 
which  it  is  represented,  has  been  assumed  to  be  of  the  irth 
degree  consequently  the  second  function  has  also  ir  values. 
I  shall  denote  the  values  of  forms  of  t  by  t^,  t^^y  t!"^ 
..•1^'^,  and  the  values  of  forms  of  y  byy,  j/^yj/^^i^^y^^^ 
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and  IttBume  besides,   that  those  which  have  the  mmm 
Biunher  of  dashesi  arise  fiom  the  same  transpositioiis^ 

2.  Since  I  aad  y  are  homogeneous  fiinctioDSi  oonae* 
quently  any  exptession  whateveri  which  is  compounded  of 
these  functions,  can  have  no  more  unequal  values  of  forms 
than  these  functions  themselves.  Consequently,  also>  sudi 
an  expression  as  ^y  can  have  no  more  than  w  differoit 

values,   and  these  are   l^y,   tf^^^,  tf^^^^+ + 

(t(v>y(«)).     If  we  take  the  sum  of  all  these  values,  we 
obtain  the  function 

()P) ty  +  tf'Y  +  ^''V  +  -  +  i^'W'^ 

and  this  function  has  the  property  of  remaining  the  same, 
however  we  transpose  the  roots  a/,  j/',  o/'^,  &c.  ;  it  is  .  • . 
symmetrical  with  respect  to  the  former  roots,  and  con- 
sequently, let  X  be  any  number  whatever,  may  always  be 
expressed  rationally  by  the  coefficients  J^  A,  C,  &c  of 
the  given  equation. 

» 

8.  If  we  denote  the  numerical  values,  whidi  the  funcp 
tion  {\p)  contams,  when  we  substitute  0,  1,  8,  5,...ir— 1 

sucessively  for  X,  by  Zoy  z„  z„  z» «»-i,  we  obtain  the 

following  ir  equations : 

y'+   y'+   y''+ +      y^"*.  . 

^y  +  t^v  +  <'"y" + +  («'W^ = «. 


|/— y  +  «//— y/  +  1///-^//  ^  ...  4.  (|(»))— y-)  _ 

in  which  z^,  z„  x^  7, a^xy  an  all  known  magutodea 

.expressed  bjr  the  coeffidents  of  the  equation  I. 
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4.  Now,  let  ^^  i'\  i!'\ eW,  instead  of  the  valuek 

of  forms  of  the  Ainctioiiy  denote  its  nuiaerical  values, 
then  these  are  no  other  than  the  roots  of  the  equation  II, 
consequently,  by  the  hypothesis,  are  all  known.  There- 
fore in  the  foregoing  tr  equations  there  are  no  other  un- 
known magnitudes  but  y ,  jf'j  y^^ . .  .y  (*> ;  and  since  their 
number  is  ir,  consequently  we  have  exactly  the  same 
number  as  of  equations ;  they  may  .  * .,  with  a  few  excep- 
tions (which  will  be  inquired  into  hereafter),  always  be 
calculated  and  expressed  rationally  by  the  magmtudes  (^, 

tf'y  tf" t^*^  and  «oj  «i, ««,  *3* ...  «»-i,  consequently  also 

by  the  magnitudes  <',  tf\if^* f^*),  and  the  coefficients 

A^  B,  C,  &c.  of  the  given  equation. 

Example.  When  tt  c=  I,  we  only  have 

y  =  ^a 

which  must  also  be  the  case,  because  then  t  and  y  are 
aymmetriod  functions  of  a/,  j'\  j/^  &c.  and  .-.  y  w 
longer  depends  on  f ,  but  only  on  the  coefficients  A,  S^^ 
C,  &a 

When  IT  =  2,  we  have  the  two  equations 
and  hence 

When  /r  =  3,  we  have  the  three  equations 

y  +    y  +    y"  -  «o 
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and  hence  we  obtain 


y  = 


(f  -  tf')  it'  -  tf") 


y  -     (f /  -  tf)  (f  - 1'") 

• ..///  »'  -  0'  +  <"'>'  +  *^^'\ 
y  -     (jif"  -  I')  {ff"  —  If') 

In  the  same  waj,  when  ir  ^  4,  we  fin4  the  fiillowuig 
▼alues  for  y,  y,  y"',  y" . 

«,  -(tf'  -H  tf" + «^>, + jtf'e" + tf'if^ +tf",tf')z,  -  t"t'"e\ 

(«/  _  t")  (f  -  a")  {jf  -tf^ 

,,  ^  (tf^tf"^l!'^z^-¥{jli"'->ft'l"'\-t"'tf^t,-lfif"trz^ 

{f"  -  If)  {If"  -  If')  {If"  -  f^) 

»3  -  (f +e'+ t"')z^ + {t'tf'  +  u^" + li'^'iyt,  -  H'H'% 
{H^  -  o  (f''  -  t'o  (*"  -  O 

from  which  the  law  of  the  progression  may  be  verj  easil  j 
seen. 

SECTION  CXLin. 

Pbob.  All  that  has  been  said  in  the  problem  in  the 
forcing  §  holds,  with  this  sbgle  difference,  that  all  the 
roots  of  the  equation  11,  as  was  there  assumed,  are  not 
known,  but  merely  one  of  them :  required  now  to  find 
the  numerical  value  of  the  function  y  corresponding  to 
this  numerical  value  of  the  function  U 

Solution  1.  Let  t^  be  the  known  root  of  the  equation 
II.  If  we  divide  this  equation  by  e  —  (^,  we  obtain 
another  equation 
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III.  r-'  +/r-2  +  Q^^ir-i  ^ +  17  =  a 

in  which 

F"  :^e  ^  p 

Q'  =  //«  4-  Pt^  +  Q 

5^  ==  <'*  +  Ptf^  +  qe^^  Rtf  +  8 

wid  the  loots  of  this  equati^m  are  tf\  e'\  i^^, ^^\ 

2.  But  since  in  this  case  the  single  root  ^  was  assumed 
to  be  known,  we  must  merely  endeavour  to  express  y 
by  tf:  and  this  object  is  most  easUy  attained  in  the  follow- 
ing way  by  means  of  the  method  of  elimination  given 
in  §  LVIII.  Multiply  the  equations  in  8  of  the  fore^ 
going  §,  beginning  with  the  last  but  one,  and  proceeding 
upwards,  by  P^,  Qf,  R'^  &c.  viz.  the  last  but  one  by  P', 
the  one  preceding  it  by  Qf,  and  so  on  to  the  first,  which 
is  multiplied  by  U',  and  then  add  the  results  thus  ob 
tained  to  the  last  equation ;  by  these  means  we  obtain 

z^    +  Fz^    +  q;z^    +  +  U^z^ 

=y  (^'"'  +  Pi^"^  +  Qftf"^^  4- +  u) 

+y^     (|//ir-l     ^    /V^/Zir-Hi     ^    Qflffn^    ^   ^    f//^ 

&c. 

8.  Since  t'^,   f^^^,   r, t^-\  are  the  roots  of  the 

equation  III,  then  all  that  which  has  been  multiplied  by 

y  » y^^y^ y*^  in  the  second  part  of  the  equation 

just  found,  =  0.    We  only  .  • .  retain 

z^,  +  P^z^^^  +  Qfz,^  +  +  u\ 

==y(<'-*  +  P'f'-^*  +  QOf^-^  +  +  vy 

2p 


0 


»0 
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and  hence  it  follows 


j_z^,  +  Fz^  4-  (yg>-3  4- +  jy^o 

4.  If  in  this  we  substitute  fer  f^  eveiy  other  root  of 
the  equation  II,  we  then  obtain  the  numerical  values  of 
y>y^^  }/vj y^-  if  .•.  <  and  y  which  are  unde- 
termined, denote  two  corresponding  values  of  the  functions 
just  given,  we  then  have  generally 

gc^i  +  P'z^^  +  Q!z^  +  +   U% 

^^t"^'  +  /vr-*  +  Qft"^  + +  IP 

and  it  is  then 

P'  =:t     +    P 

Q^  ^  fi  +  Pt   +  Q 

R^  ^  fi  +  Pfi  '\-  Qi  +  R 

&c. 

Example.  In  ^  XXXIX  we  find,  that  when  i^  -  As^ 
+  jBi^— Cr+2)=o  is  the  given  equation,  the  function 
t  =  a/s/^  +  j/^V  depends  on  the  following  equation  of 
the  third  d^ee : 

fi^Bi^+  iAC  ^4^D')t^Q(?^  4BD+^2>)=o. 

I  shall  now  assume,  that  we  have  so  far  solved  this  equa- 
tion, that  we  have  found  one  of  its  roots,  and  that  we  now 
wished  to  determine  from  it  the  value  of  another  function 
y  =  (a/j/^  —  j/^V)*,  which  is  homogeneous  to  the 
former. 

Since  here  w  =  8,  we  then  have 

z,  +  P'z,  -f  Of  to 


291 
Further,  since  P  =z  -^  By  Q=^  AC  -^  4Z>,  we  ha?c 

Q'  =  <»  +  Pt+  Q=ze  ^Bt  +  AC  -4D 
It  only  remuns  now  to  determine  the  values  of  Zq,  Zi^ 
Zg.    But 

which,  when  we  take  the  numerical  expressions  from  the 
annexed  Tables,  give  the  following  values : 

.,,=y  +  y/  +  y/'=[2«]_6[i*] 

=  J?«-2JC-4D 

«,  =  ty  +  t/Y  +  ^"i"  -  [3*]  -  [i«2*] 

=  IP  -  3^5C  +  3C»  +  8^Z)  —  4S2) 

=  fl«  -  i,AB^C  +  2^»C?  +  4fiC»  +  ^J?BD 
—  45*i>  -  iACD 

If  we  substitute  the  values  of  P\   Q\  Zq,  z^j  z,  here 

found,  we  obtain 

AB'^2AC-'4^D)fi'-{ABC'-  3C^'-3AW)t\ 
[  'hl6J>^--4,B'D-\-BC^-{^A^BD--4iACD  ) 

J^""  St^  -  2Bt  -^-AC^^D 

and  by  means  of  this  expression  we  are  now  enabled,  for 

each  numerical  value  of  the  function  t,  to  find  a  numerical 

value  of  the  function  y, 

RsMABK.  By  means  of  the  differential  calculus,  we  can 
^ve  the  denominator  of  the  general  expression  for  ^  in  4 
A  more  simple  form.     Thus,  since 

{i-^if)  (r-'  +  P'r-«  +  Q^r-^  + +  U^) 

=  (r  +  Pr-*  +  Ql''-'^  + +  U) 


ive  then  have,  when  we  difiereniiate  both  sides,  in  leferenfle 
to  tf  and  divide  by  the  differential  dt, 

Ct-l')  [tt- !)<'-*+ (tt-S)  P'r^+(ir-S)Q'«"^+&c.] 

If  in  these  we  substitute  t^  for  I,  we  obtain  the  equation 

5=^£/-i  +  (^^1)  p^-*  +  (;r-2)  Qt^'^  +  &c. 
iind  since  this  equation  must  be  correct,  whatever  root 
we  assume  for  i'^  we  then  have  generally 

V^'  +  FH"^  +  QV^^  +  &c.  = 
^r-»  +  (7r-l)  Pi"^+(7r~5)  Qr-^  +  (ir-3)Bl'^+&c. 
Consequently  the  value  of  ^  may  also  be  expressed  in  the 
following  way 

_g^i  -f  f^g.,a  +  Q!z^  +   +   U^Zq 

^  ""  irV"'  +  (tt-I)  /^t--^  +  (7r-2)  Q/*-*  +  ...  +   T 

SECTION     GXLIV* 

If  the  fimnula  of  the  foregoing  §  be  geoeiaDy  appli- 
cable, we  are  enabled,  from  the  given  value  of  any  fimctite 
/;  (j/)  (j/0  (^''0  ......  (^•^)  to  find  the  value  of  every 

other  function  ^:    (j/)  (o/O  {^^^) (^'0*  hoH»- 

geneous  to  it,  and  that  immediatdy  merely  by  a  tatioiud 
expression.  But  it  is  also  actually  applicable  in  all  ima- 
ginable cases,  with  the  single  exception  of  the  one  in 
which  the  value  of  t  is  such,  that  the  denominator  of  the 
expression  for  j^  ^  o ;  a  case  which  was  mentioned  in 
§  LK.  In  order  to  see  how  the  case. is  here,  I  shall 
consider  the  denominator  £^'"*  +  PV"^  +  QY*^+&c, 
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in  tlie  eatpreasion  fi)r  jf  in  3  of  the  foregoing  ^  It  is^ 
from  its  origin,  no  other  than  the  product  of  the  fiuston 

if  ^iff.if^tf'^,  a^tr, ii--i'\    If.-,  it 

Tanishes,  then  one  or  other  of  these  fiiotors  s=  o,  and  t! 
■. '  •  must  be  equal  to  one,  or  even  more  of  the  roots  tf^^ 

i'^'^  t^% <('>.     Hence  it  fellows,  that  the  case  in 

whidi  the  denominator  in  the  expression  for  y  vanishes, 
can  only  obtain^  when  the  equation  II  has  equal  roots. 
But  now  it  may  likewise  be  seen,  why  this  expression 
cannot  give  the  value  of  y«    For  so  long  as  a  number  of 

roots  i\  tf\  if'\ t^*')  are  different  from  one  another, 

i'  gives  the  value  of  y ,  1/'  the  value  of  y^  &c.  But  if 
they  are  equal  to  one  another,  then  die  single  root  if  must 

at  once  give  the  v  vdusstf^^yf\f/^\ -y"^;  but  since 

the  e^quression  found  for  j^  is  rational,  this  k  impossible. 
Hence  it  may  be  further  concluded,  that  the  v  values  y, 

y^y^^ y^"^  must  be  given  by  a  single  irrational 

expression,  which  contains  exactly  v  values,  or,  which  is 
the  same,  that  they  must  depend  on  an  equation  of  the 
ftth  degree,  whose  coefficients  are  all  rational.  How  this 
equation  may  be  found,  will  be  seen  imme£ately. 

SECTION   CXLV. 

Auxiliartf  Rule. 

Prob.  Let  n  denote  any  function  of  at,  and  let  the 
equation 

y=(ar-a)«n 
be  given :    required  to  find  the  value  of  the  differential 

proportional   ~  for  the  case,  where  jt  =  a. 
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Solutum  h   Let  m  =  1;  .'.^  =  (r— a)  n.     If  we 
differentiate  this  equation,  we  find 

dy  =  (x— a)  dn  +  Ildr 
If  in  this  equation  we  put  x  :=a,  then  the  first  term  of 
the  second  part  vanishes,  and  we  consequently  have, 
when  n^  denotes  what  n  becomes  when  we  put  x  =  a^ 

dy  =  n^dx,  and  ^  =  n^ 

dx 

%.  Let  m  =  2  ;  .*.  ^  =  (x  —  a)'n.  If  w^  differen- 
tiate this  equation  twice  successively,  we  find 

dy  =  (x-a)«  dn  +  2  (x— a)  Ildx 

dfy  =  (x— a)'cPn  +  4  (x— a)  dlldx  -f  1 .  2  Ildx* 
If  we  put  X  =  a  in  the  second  equation,  the  two  first 
terms  of  the  second  part   vanish,  and    we    then   have 

d^y^l  .2  n'dx*;  consequently  ^  =  1  .  2  11^ 

S.  Let  m  =  3  ;  . ' .  y  =  (x  —  a)^  n.  If  we  differen- 
tiate this  equation  three  times  in  succession,  we  theft 
obtain  successively, 

dy  =  (x-aydn  +  3  (x-a)«ndr 

cPy  =  (x-a)3ri«n-|-6  (x~a)yndx  +  2  .3  (x-fl)ndi* 

cPy  =  (x-aj^ePn  +  p  (x-a)«(PndrH-18(x-fl)£fndx» 

+  1  .2.3  ndx* 
and  when   we  put  x  =  a,  d^y  =1.2.3  Q^dz^,   .*• 

4.  Generally,  as  is  easily  seen  fi*om  the  continuation  of 
the  calculation,^ we  find  for  d^y,  after  differentiating  the 
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equation  ^=(x—a)"n  m  times,  a  differential  ezpressron, 
vhofie  last  tenn  is  1.2.3...  mlldt*,  and  in  which  aU 
the  remaining  terms  contain  the  factor  ;r— a.     If  •*.  we 

put  x=i(h  we  then  obtain,  d^y  =1.2.3 mll'^dr", 

and  consequently 

T^=  1  .2  .  3 mU^ 

or" 


SECTION   CXLVI. 

PaoB.    When  t  Bsxiy  denote  two  homogeneous  func- 
tions of  the  roots  a/,  j/^,  x^^\  &c.  of  the  given  equation 

I.  jc"  +  ^x^'  +  BjT^  +  CsT-^  +  &c  =  o     ^ 

from  the  known  value  of  the  function  <  it  is  required  to 
find  the  value  of  the  function  y  in  the  case  where  the 
equation 

II.  r  +  Pf-'  +  Qr-^  +  RV^  +  &c.  =  o 

on  which  the  first  depends,  contains  equal  roots,  amongst 
which  is  the  known  value  of  t 

Solutim  1.    In  the  remark  in  §  CXLIII,  we  find 
the  fbUowing  expression  for  y: 

_  g^,i  +  JPir,,,  +  Qfz^^  + +  U\ 

^       irr-'  +  (tt-  1)  Ff^  +  (tt— 2)  ar-'  +  &c. 

in  which  P^s  <  +  P,  Qf=t^  +  Pt  +  Q,  &c. ;  and  from 
this  general  expression  we  obtain  the  particular  values  of 
y^  y^>  y^^  Ac,  when  we  substitute  tf,  if',  t*"j  &c.  for  U 
Now  we  wish,  in  the  first  place,  to  give  this  expression  a 
form  which  will  be  more  convenient  for  our  purpose. 
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.   d.   Sinee  tfj  ^\  <%  &e.  are  the  roots  rf  the  equation 
II,  then 

r  +  Pi*-*  +  Qr-^  +  Ac  ^ 
(1-0  (<-0  (<-0  (<-0 (*-<^'0 

If  we  differentiate  this  equation  in  referenoe  to  IE,  we 
obtain,  after  dividing  by  <{t, 

»«—'  +  (ir-l)  Pt— *  +  (ir-2)  Qr-»  +  Ac  = 

(f-H')  (t-tf")  (t-tf') (<-<"') 

+  (t-f)   {t-tf")  {t—tf^^ («-<*") 

+  {t-f)  (t-o  (t-t^o o-tro 

&c. 
If  in  this  we  substitute  tfy  tf',  tf"y  &e.  successively  for  f, 
we  obtain 

Iff—'  +  (t-1)  JV'-*  +  (ir-2)  Q*''-'  +  &S.  = 

{if-tf')  (ff~tl'f)   (ff^lf^ (C-tt") 

Trf'-'  +  (,r-l)  P<''"^  +  (ir-2)  Qt""-'  +  &c  m 
(<//_«/)  (<//_|//')  iff'-e) ;.  (f'-t^**) 

(f''-0  (t'^'-O  (f''-t"')  {tf"-ir'^) 

&e. 

3.  Now,  if  we  denote  that  which  the  numerator  of  the 
expression  for  (  becomes  by  the  substitution  of  f,  t!', 
t"\  &c.  for  t,  by  Q',  Q"y  Q/",  &c.,  we  then  obtain,  by 
means  of  the  results  in  2, 

(<"-0  {t"-i"')  (("-I") (£''-<<->) 

r/"  = -         Of" 

"^       (t'''-<0  (t'''-0  (tf'—tf") (("'—««") 

&c. 
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From  the  form  of  these  values  it  is  evident,  that  when 
lf^t^\  the  denominators  in  the  values  of  y  and  j/^,  are 
both  =  o ;  whence,  by  §  CXLIV,  it  may  he  concluded, 
that  these  values  cannot  be  determined  singly  by  a 
rational  expression,  but  depend  on  an  equation  of  the 
second  degree.  In  like  manner,  when  we  put  tf  =  i^' 
=  tf'\  the  denominators  in  the  values  ^  j/tj/'iHf'^  all 
vanish^  and  consequently  in  this  case  these  values  must 
depend  on  a  single  equation  of  the  third  degree ;  and  in 
a  similar  way  it  holds,  when  more  values  of  f  are  equal 
to  one  another. 

4.  In  the  first  place  we  assume,  that  the  equation  II 
has  no  more  than  two  equal  roots  t!^  tf^.  First  let  them 
be  unequal,  and  let  them  differ  by  an  infinitely  small 
magnitude  A,  so  that  t^'  =t^  +  A.  Further,  let,  for 
shortness^  sake, 

{tf  -  if'f)  {if  -  tf"^ {if  -  e^'O  =  n' 

(e//  -  (//^  (f//  -  t''^) (t//  -  tc»))  -  n^/ 

we  then  have 

^  ""  {tf  -  t'O  n' ""  -*n' 


and  •*• 


y  -  (i^/  -  If)  n^/  -  Am 


5.  If  we  omit  the  infinitely  small  magnitude  in  this 
last  equation,  we  then  can  put  nf^  =  11^,  and  we  con- 
sequently have 

ft  « 
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y  +  y/  =  ____ 

But  aoeording  to  TayWs  Theorem 

C  —  Q'  ss  -7-7- h  -nr*  +  «c. 

If  •*•  we  divide  this  expression  by  A,  and  then  put  A=o, 
we  obtain 

y+y/  =  ^'._L 

6.  We  now  assume,  that  the  equation  II  has  three 
equal  roots,  which  are  t\  if',  H".  A»  befiwe,  consider 
again  these  roots  at  first  as  differing,  hj  an  infinitdy 
small  magnitude,  and  put  if'  ^  if  •\-  h,  tf"  =i  tf  +  k  ; 
further,  put 

(t'    -  n  (*'    -  O  C'    -  *'") (*'    -  **")  =  "' 

iff'  - 1")  {tf'  -  o  {f  -n («"  -  *"')  =  n: 

Then  we  have  (3) 

, O^ 1^   a' 

^  ~  (If"-  t')(ff"-  e')if,  ~ k (jfc-A)  i^ 

If  we  add  these  three  results,  we  obtain 

y+y/+y//  =  J,.0\      1 51'+ _J ^ 

at,  when  we  omit  the  infinitely  small  magnitude  in  this 
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last  equation,  and  put  n^'  s  n\  ==  nl, 
7.  But  by  Taylor^s  Theorem 

^         ^  ^  c/<^    1   ^   dl^    1.2^   A^»   1.2.3^ 

If  we  substitute  this  sum  in  the  expression  for  jf^}/' 
-k-y^'j  and  omit  what  ought  to  be  left  out,  we  then 
obtain 

NoW|  if  we  put  h  and  A;=o,  we  get 

8.  In  like  manner,  if  four  roots  ifj  tf\  t!'\  lf^^  of  the 
equation  II  are  equal  to  one  another,  when  in  the  beginning 
we  assume  these  roots  as  diflPering  by  an  infinitely  small 
magnitude,  and  t^'' 5=  4^+ A,  tf^'^t+k^  tf^=ztf  +  l^  but 
after  completing  the  calculation,  we  put  A,  k  and  Iszo, 
we  then  find  the  fi)llowing  result : 

y-ry  -rjr    -rjr         ^  i.g.sn, 
when  we  put 

Qf  -  to  (y  -  <^0  (^  -  ^'''O (^^  -  <^'')  =  ni 

9.  Hence  we  may  perceive  the  law.    Thus,  if  v  roots 
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<^,  i*'^  e",  ^^^ <<'•>  are  equal  to  one  another,  we  have 

•/-Ly/Z+V^// «C)-.   fL-ii I 

y^^^^  y  rf£/->      1.2.3...v-l.n' 

when  we  put 

10.  The  expression  n^  contains  the  roots  V^^,  C*^% 

1^'\    Now,  since  it  may  happen  that  we  know  no 

other  root  of  the  equation  II,  except  tf,  it  remains  to  be 
shown,  how  we  can  determine  this  expression  directly 
from  the  above  equation. 

11.  By  the  assumed  nature  of  the  equation  II,  when 
we  put 

(^-<(r+i))  (t-^^)  (t-e^*^)) <«-t«'0  =  n 

we  have 

(1-0  "n  =  e'  +  Pr-'  +  Qr^  +  &c 

If  we  differentiate  this  equation  v  times  successively  with 
reference  to  ^  and  then  substitute  tf  for  f,  we  then  obtam 
(forcing  §) 

„,  _  c^  (irtf-  +  Pe--'  +  QjL'^  4-  8cc.) 

or,  when  we  actually  differentiate  It  once 

1  .S.S...v.n^= 

d^' (we^*-'  +  (ir  -  1)P<^»-*  +  (w-  2)  Qt^'-*  +  &C 


V— i 


£ft^ 


12.    If  we  substitute  the  value  of  IW  which  we  derive 
from  hence,  in  9  we  then  obtain 
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y +y'+ ...  +y  =  d-»(iry'-'+(ir-i)Pt^-»+ &c.) 

the  differentials  taken  with  reference  to  i^. 

18.  We  have  .*•  found  the  sum  of  the  values  corres- 
ponding to  the  equal  values  of  y.  But  in  like  manner 
also,  we  may  find  the  sum  of  their  squares,  cubes,  and 
so  on.  To  effect  this,  we  only  require  in  the  equations 
in  S,  §  CXLIl,  for  the  function  y  to  substitute  its 
square  y,  its  cube  y,  &c     Since  by  these  means  the 

magnitudes  Zq,  Zi,  Zj, 2,^^  only  undergo  any  change, 

nothing  remains  to  be  done,  but  to  change  the  expression 

Q  =  z^,  +  P'z^^  +  (iz^^  4- +  U\  accordingly, 

and  moreover  to  retain  the  formula  just  found  ioxy^+y^' 

+y^^+ +y'''.     Having  obtained  these  sums,   we 

may  likewise  always  find  the  equation,  which  has  the 

values  y,  y^,  y^^, .y*')  as  rootSy  and  this  equation 

must  necessarily  be  solved,  if  we  wish  to  find  the  above 
values. 

Remark.  From  what  has  been  here  said,  we  see  the 
reason  why  it  was  said  in  10,  §  CXXXVI,  that  it 
would  be  sufSdent  to  solve  the  equation  for  the  coeffi- 
cient p,  in  order  to  find  the  other  coefficients  9,  r,  &c. 
immediately,  and  without  the  solution  of  any  other  equation. 
For  since  p,  f ,  r,  &c.  are  all  homogeneous  fimctions  of 
x\  x^\  7/"^  &C.  firom  the  known  numerical  value  of  one 
of  them,  we  may  represent  the  numerical  values  of  all 
the  others  by  mere  rational  expressions ;  because  the  cases 
in  which  the  denominators  of  these  expressions  vanish, 
belong  to  the  exceptions,  and  can  only  occur  in  particular 
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equations,  and  not  in  general  oneS|  of  which  we  treated 
in  the  above-mentioned  §. 

SECTION    CXLVII. 

For  the  sake  of  the  use  which  we  might,  perhaps,  make 
of  this,  I  shall  now  arrange  the  results  found  in  the 
foregoing  ^  together,  and  for  the  greater  generality,  instead 
of  the  function  y  itself,  I  shall  assume  any  power  of  it  ^, 

If  we  denote  the  symmetrical  functions  expressed  by 
the  coefficients  of  the  given  equation 

y«  +     y/-  +     y^/«  + +  (y'^)- 

«y«  +  «^y'«  +  «'v^^«  + -h  (<('5)  (yw)). 

t^y-  +  «'v^-  +  t^^iff'*  -f +  if'^y  (y'^)« 

in  the  order  in  which  they  succeed  each  other,  by  2o,  t^^ 

%^ z^^^y  and  put,  for  shortness^  sake, 

irt''-»  +  (7r-l)P^'-^  +  (ir~2)  Q(^'-*  +  8cc  =  ♦^ 

«,-.  +  Pz^  +  Q^«^  +  +  Uz^  =  iy 

(in  which  P'=t^+P,  Q^rrt'^+Pt'+Q,  if'st'^  +  iV* 
+  Q£^+ i2,  <&c.) ;  we  have  for  a  simple  root  of  the  trans- 
formed equation  for  t^ 

y  ""^» 

for  a  double  root 
for  a  three-fi>ld  root 


303 
for  a  four-fidd  root 

and,  in  general,  fi>r  an  v-fold  root 

y.  +y/-  +  yf",  + +  (y..).  =  y^, 

all  the  differentials  taken  in  reference  to  t!. 

By  means  of  these  formula,  we  may  find  the  sums  of 
powers  of  all  those  values  of  y,  which  belong  to  the 
complex  root  i\  Having  now  found  these  sums  of 
powers,  we  may  also,  by  §  IX,  find  the  equation  on  which 
they  depend.  I  shall  now  elucidate  what  has  been  just 
advanced  by  an  example. 

Example.  I  shall  assume^  that  in  order  to  solve  the 
equation 

I.    jr* —  Sj:*  —  8x«  +  llx  —  6  =  o 

we  have  transformed  it  into  another 

II.     I«  -  9t«  +  21(*  +  9^  — 54/«  +  32  =  o 

when  we  put  t  ss  a/  +  a/^.  I  shall  further  assume,  that 
we  are  able  to  find  a  root  of  this  last  equation,  and  that 
we  now  wished  firom  it  to  determine  the  value  of  the  func- 
tion y  =  j/j^^. 

Here  we  have  the  following  corresponding  values  of  i 
and^ 

^sf\     jfj/",     sfx'^     x'V^      x/V%      j^V^ 
and  these  give,  when  k  =  1, 
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=  [12] 

=  [IS]  +  2[2«] 

=  [14]  +  8  [23] 

=  [15]  +4  [24]  +  6[3«] 

=  [16]  +  5  [25]  +  10  [34] 
If  we  take  the  numerical  expressions  from  the  annexed 
Tables,  and  then  put  for  Ay  Bj  Cj  A  ^^  values 
3,  —  S,  —  11,  —  6,  we  then  find  «o  =  —  3,  z,  =  24, 
2,  =  90,  29  =  390,  z^  =  1542,  Z3  =  6174.  If  we  sub- 
stitute these  values  in  the  expression  for  Q^,  we  then 
obtain,  since  here    P^  =s  e^  —  9,    Q^  =  f'*  —  9^  +  21, 

jR''  =  t^^  —  9^*  +  21 1^  +  9,  -s^  =  «^* — gt''  +  21 1^  + 

91'  —  54,   T  =  «/«  -  9*^*  +  21 1^^  +  9t^  -  ^!^tfj  after 
the  usual  reduction : 

O'  =  5,  +  P'z,  4-  Qfz,  +  jR'z,  +  S'z,  4-  T^i^o 
=  —  3«^*  -f  51  /^*  —  189 1^  +  57 1^  4-  soot' 
Also 

^^  =  6  £^*  —  45<^*  +  84«'»  +  27^«  —  108*^ 

consequently 

,_— 3(^*-f  51  <^^—  189<^*+  57/^  +  300t^ 
'^""       6«'*— 45«^*  +  84<'«  +27<^— lost' 

One  root  of  the  equation  II,  is  e=  1 .     If  we  substitute 

this  root  for  t'  in  the  value  of  y  here  found,  we  get 

y  s  j/a/^  =  —  6.     Of  the  accuracy  of  this  result  wc 

can  convince  ourselves   by  solving   the  two    equatioiis 

a/  4-  a/'  s=  1,  j/j/^  =  —  6 ;  for  by  these  means  we  obtain 
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8  and  —  2  for  :r^  and  x^'^  and  these  ar^  actually  two  roots 
of  the  equation  L 

Another  rpo^  of  the  equation  II,  if  ( =  S  ^  and  this 
root  substituted  fiir  1^  i^  the  value  of  y>  gives  y  ==  1. 
But  from  j/  +  y^  =  2,  and  j/j/^  =  1,  we  find  jf  =3 
or^^  =  1 ;  whence  it  fbUows»  that  x  =s  1  is  also  a  root  of 
the  equation  II,  and  that  a  double  one. 

But  t  =  4  is  also  a  root  of  the  equation  II.    If  we 

« 

substitute  this  root  for  H  in  the  value  of  j/«  we  find  v =—  t 

^      o 

which  denotes  that  jjf  can  be  determined  from  i!  in  no 
other  way  than  by  an  equation  of  the  second  degree.    Ifi 
however,  we  differentiate  Q!  and  ^\  we  then  find 
dO^=:(-15<^*  +  204<^  —  567^^  +  W^^  +  300)  in! 

4^=:(^$qt^^isqt^*  +  ««t^+  5^tf  --  108)  ift' 


J  .    y,      «dQ' 


2. 


- 1  St'* + 204f^  +  567«^  f  1 1  ^t' +  SOO 


sot'*— 180<^+252<'*+54('  —  108 
If  in  this  we  put  t'  ss  4,  we  then  get 

In  order  to  determine  y  and  y  singly,  we  must  now 
ibid  the  value  of  y*  +  y '«• 

With  this  view,  we  put  m,^% ;  we  then  have 

jio=a/V«+ftc.ts;[2«] 

*i=(^+a^  j/*y'»+&c=:[28] 

jr3=(j/+a/'yx«;i^'«+&c.s=[25]+3  [84] 
if,=:(j/+a/0V»x''»+&fc=s[26]  +  4  [85]  +     6  [4«] 
«3=(:i^+j'0«y»i^'»+&c.5;;[27]  +  5[86]  +  10  [45]. 

S  R 


306 

If  we  take  the  numerical  expressions  from  the  annested 
Tables,  and  then  put  for  A^  Bj  C^  Dy  their  values  5, 
—  S,  —  11,  —  6,  we  then  find  Zq  =  6S,  z^  =  102, 
Zt  =  336,  Z3  =  11 88,  2:1  =  4668,  z^  =  18492.  If  we 
substitute  these  values  in  the  expression  for  Qfj  and  at 
the  same  time  for  /^,  Qf,  R\  iS^,  7^,  put  the  above 
expressions,  after  the  requisite  reduction,  we  find 

Q'=Z5  +  Pz,  +  Q!z^  +  fl^t,  +  5^s,  +  Tz^ 
=:6St^*— 465t'*+74ie^H87S«^— 1452<^— 1056 

dQ^=(S15t'^-1860t'»+2223«^4-1746t^-145«)dt' 
the  values  of  ^  and  d^  remain  the  same  as  before.     We 

obtain  .*• 

^       ,^_        315f^*-1860f^-h2223f^-f  1746/^-1452 

^  "^y    "     '     so</4-.    180£''-f    252^+     54 e'—    108 

If  in  this  we  put  <^  =s  4,  we  obtain 

y«+y/«  =  18. 

We  have  now  .  * .  the  two  equations 

y+y^=r  6,y«  +  y^2=  i8, 

whence  it  follows,  that  the  two  values  y,  f/\  depend  on 
the  quadratic  equation 

y  -  6y  +  9  =  o 

which  contains  the  double  root  3;  and  .'.  y=y^s=3. 
That  the  result  is  correct,  appears  immediately^  when 
we  solve  the  two  equations  a/  +  j/^  =  4,  a/o/'  =  3 ; 
for  these  give  1  and  3  for  the  values  of  j/  and  xf\  whid 
are  actually  two  roots  of  the  equation  I.  Besides,  because 
herey  depends  on  an  equation  of  the  second  degree,  wemay 
infer  firom  hence,  that  t  =  4  must  be  a  double  root  of  the 
equation  II ;  which  is  also  correct. 
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If  we  put  ^  =  —  1,  which  is  also  a  double  root  of  the 
equation  II,  we  find,  when  in  the  above  expression  for  j/, 

we  put  —  1    for  tly  y  =  — ,  as  required.     But  if  in 

the  two  expressions  found  for  j/  •\'  j/'  and  y*  +  y*,  we 
put  —  1  for  if  J  we  then  obtain 

y+y^  =  -4,y*+y^«  =  8 

and  consequently  the  values  of  y,  y,  depend  on  the 
equation 

y  +  4y  +  4  =  o 

which  has  the  double  root  y  =  —  2.  We  have  .*. 
j/  :=,  Jiff  z=^  ^  ^.  But  when  we  solve  the  two  equations 
y  +  j/'  =  —  1,  a/a/'  =5  —  2,  we  then  obtain  for  j/  and 
j/^  the  values  1  and  »  2,  which  are  actually  two  roots  of 
the  equation  L 

Besides  that  for^,  as  well  as  for  <  =  4,  and  for  ^=  — 1, 
we  found  such  quadratic  equations  as  have  double  roots> 
is  merely  accidental,  and  this  will  only  be  the  case,  when 
the  equal  values  of  y  also  correspond  to  the  equal  values 
of^ 

SECTION   CXLVIII. 

Pbob.  Let  i  vsAy  be  any  two  functions  of  the  roots 
of  a  given  equadon :  required  to  find  a  general  method 
by  which^  firom  the  known  value  of  wie,  to  find  the  value 
of  the  other,  however  the  functions  are  constituted. 

S(duiim  1.  In  order  to  solve  the  problem  in  its  most 
general  &rm,  we  shall  assume,  that  both  functions  contidn 
all  the  roots  of  the  given  equation.     This  supposition  is 
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always  fllkmable;  for  if  one  fnnctba  does  not  contnin 
all  the  rootsat  the  sanne  time,  we  dien  can^  as  was  already 
observed  in  §  XLIX,  add  those  that  are  wanting  with 
the  coefficient  o.  Thus,  if  we  had  the  fiinction  j/j/V^^, 
and  ^the  given  equation  were  of  die  fifth  degree,  it  would 
only  be  necessary,  instead  of  these^  to  put  o/^V^^  +  o 
.j/^  +  o.  x^. 

2.  The  method  in  §  CXLII  for  determining  the 
numerical  values  of  y  firom  the  numerical  values  of  t 
assumed  as  known,  in  the  case  in  which  bodi  these  func- 
tions are  symmetrical,  may  also  be  applied,  when  they 
kte  "not  fiOi,  by  merely  making  the  alterations  which 
are    requisite  on    this  itocbunt.      It    was  said  in  the 

above  place,  that,  when  f^,  t^\  i^^'y t^'^  denote  the 

unequal  values  of  forms  oft,  ^sAj/^^'^yf^ t^'^  the 

unequal  values  of  forms  of  ^,  the  foncdon  t!^]f  +  \!'^' 
^rffff^f  +  ......  4.  (|<»>)y»)  is  symmetrical,  because 

the  fimction  t^y  can  have  no  more  unequal  values  of 
forms  than  those  of  which  the  former  ftmction  is  com- 
posed. This  is  correct,  when  the  functions  ^,  y,  are  no 
longer  symmetrical,  because  they  do  not  in  this  case 
change^  or  remain  unchanged,  at  the  same  time. 

5.  But  the  function  ^y  +  e'^t/'  +  ....  +i(e^'^^y»>, 
in  every  ^ma^alile  iltatcof  the  fiinc^dns  i,  y,  ate  as- 
suredly dways  syinmetrieal,  wh^  ^,  ^^tf''^  ......t<«^  ud 

yJy^  y^ y^  denote  not  only  the  unequal  values 

of  forms,  but  generally  all  the  ^possible  vbkies,  which 
mad  from  die  transposition  of  the  ra>ts  V,  a/^,  s/"iht. 
whtidier  equal  or  unequal.    That  in  certam  cases,  «iid  in 
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ocMam  forais  of  ibe'funedoBs  i,  ^,  we  often  get  a  much 
less  number  of  these  values,  is  nothing  ^to  the  purpose ; 
because  here  we  only  are  treating  of  the  general  method 
appUeaUe  to  enaiy  oase. 


4.  Th^  mothod  in  §  €LXIII  for  detemining  the 
numerical  value  rf  a  fuiMstion  y  from  a  single  known 
numerical  value  of  t^  may  in  13ce  manner  be 'extended  to 
functions  which  are  not  homogeneous,  provided  by  f^,  tf\ 

if"^ .....  I<*^  andy,y^y^/, y<",  we  merely  denote 

all  the  possible  values  of  forms  of  t  and  y,  which  arise 
fiom  the  transposition  of  the  roots  a/,  j/^  (x^^\  fte.,  and 
the  transformed 'equation  II  be  composed  of  all  the  values 
of  forms  of  i,  and  not,  as  has  always  been  the  casehitherto, 
only  of  the  unequal  ones.  This  equation,  however,  will 
"be  found  by  the  Mowing  method.  I  shall  assume,  that 
amongst  all  the  ir  values  of  Ibrms  there  are  fi  unequal 
ones,  and  that  the  equation  for  these  last  (^  +  jir*^  + 
qtr^  4-  rP^  +  ftc.  ss  o  is  already  found.  Further,  if 
^e  put  TT^  ptvj  then  v  is  necessarily  a  whole  number, 
because  by  §  LV,  Corollary,  fi  is  always  a  submultiple 
of  ^,  and  all  <he  w  values  of  forms,  td^en  v  and  v 
together,  'will  then  >be  equal.  The  equation  II,  whieh^ 
as  is  now   required,    is    composed   of  all  the  values 

of  'forms  if,  tf^y  i"^ ^"^   is  ^nscquently  no  other 

than 

(t^  +  ftr^  +  jf'*-*  +  Tt^'^  +  Ac.)"  =  o 

aid  it  may .  *  /be  obtained  by  solving  this  equation.    If 
the  ^values  of  forms  4!^  tl\  4f''y ......  <<*>  he  all  diitrent 
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from  one  another,  then  v  =  1|  and  the  equation  II  is  the 
equation  V"  +  pt"-'  +  ^r-*  +  &c  =  o  itself. 

5.  With  respect  to  the  equation  on  which  the  nume^ 
rical  value  of  the  function  y  depends,  two  cases  must  be 
distinguished;  viz.  1st,  the  case  in  which  the  given 
equation  is  the  most  general  one  of  its  degree,  and  con- 
sequently whose  coefficients  are  in  no  way  combined; 

*  2ndly,  the  case  in  which  the  coefficients  are  determinate 
numbers,  or  else  have  some  relation  to  one  another. 

6.  In  the  first  case,  the  equation  II  can  only  contain 
roots  which  are  all  unequal,  when  the  values  of  forms  t', 

if\  i^^' t^'^  are  all  diflPerent  from  one  another;    and 

if  .this  be  the  case,  as  we  have  seen  in  the  forcing  §, 
the  numerical  value  of  ^  may  be  expressed  rationally  by 

^the  numerical  value  of  t.  But  if  the  above  values  of 
forms  of  ^,  consequently  also  the  roots  of  the  equadon  II, 
are  equal,  taken  v  and  v  together,  then  each  of  these 
roots  is  v-fold,  and  consequently  the  numerical  value 
of  y  (when  all  the  particular  relations  between  the 
functions  t  and  y  are  first  laid  aside),  necessarily 
depends  on  an  equation  of  the  vXK  d^ree,  which  may 
always  be  found  (§  CXLVI);  and  this  equation  gives 
the  V  values  of  ^, .  which  at  the  same  time  correspond  to 
this  root. 

7.  In  the  second  case^  on  the  other  hand,  it  may 
happen,  that  this  or  that  root  i'  of  the  equation  II, 
besides  the  v  — >  i  equal  values,  which  arise  from  llie 
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identity  of  the  values  of  fonns,  has  also  other  equal 
ones,  which  have  their  bases  in  the  particular  property 
of  the  given  equation  itself,  and  consequently  in  a  case 
of  this  kind  the  numerical  value  of  y^  which  corresponds 
to  the  root  i^^  must  necessarily  be  given  by  an  equation  of 
a  higher  degree  than  the  vih, 

8.  Hitherto  we  have  not  noticed,  in  the  general  inquiries 
respecting  the  dependence  of  the  num^cal  values  of  the 
functions  t  and  y^  the  particular  nature  of  these  functions; 
it  is  now  time  to  consider  this.  We  have  already  seen,  in 
the  preceding  §,  that,  when  the  above  functions  are  sym- 
metrical, the  function  iP'yf  +  if^y^'  -f  +  (t^'^)^'* 

becomes  symmetrica],  when  for  (^,  tf^^  i'"^ t^*'  we 

merely  take  the  unequal  values  of  forms ;  by  which  means 
not  only  the  calculation  is  essentially  shortened,  but 
likewise  in  the  case,  in  which  the  transformed  equation 
for  i  has  equal  roots,  the  numerical  values  of  y,  which 
correspond  to  these  equal  roots,  are  expressed  by  lower 
equations  than  we  should  have  obtained  if  we  had  intra* 
duced  all  the  values  of  forms  of  /.  But  a  similar  abbre- 
viation may  generally  be  used,  when  the  functions  t 
and  y  are  such,  that  when  the  nature  of  one  of  them  is 
expressed  by  the  equation 

between  the  j)  types  A\  A'\  A''',  A^'\  ^«*+", 

A^\  the  nature  of  the  other  is  determined  by  the  equa- 
tion 

A'  =  A''  =  A'^'  =  -.  =  ^^*> 
merely  between  the  k  types  A^^  A\  A'^', ...  A^*'\    For 
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if  we  try  to  find  all  tlie  unequal  type^  which  a  fiuicftimi 
contains,  whose  nature  is  expvessed  by  the  type-equpdcn 

A  rr^A'  ^  J^"  ^ -  J^'\  and  then  find  all  the 

values  of  fexms  of  the  function  t  and  y  oorrespending  to 
these  luiequal  types;   consequently,  when  1^,  1^,  <^^^, 

t^*'  ttndy,  j/^f  yf'^y y*'  denote  these,  ^ues^ 

the  function  if^y'  +  t^^j/'  + +  (t^»>)y>  will  neces- 
sarily be  symmetrical,  because  ibeve  is  no  value  of  fonns 
of  t^,  which  is  not  included  amongst  those  of  which  this 
aggregate  is  composed. 

9.  As  fiff  the  formatioii  of  the  transformed  equation 
for  t  in  the  assumed  property  of  the  functions  C^,  jf,  we 
must  distinguish  the  two  cases,  where  I  or  y  is  that  func- 
tion, whose  nature  is  determined  by  the  equation  A'  = 
^//-,^///_ 5=^w     If  the  first  he  supposed,  then 

the  values  of  forms  t^,  i!'^  x'^^^ t<%  are  all  different 

from  one  another,  and  the  equation  II,  whidb  is  com- 
posed of  these  values  of  Ibrms^  is  actually,  as  in  the  qase 
of  homogeneous  functions,  only  the  result  of  the  unequal 
values  of  forms,  fiut  if  tbe  second  sujq^ition  be  taken, 
then  amongst  the  values  of  forms  ^,  l!'^  tf^\*fj,^''^  there 
are  seversl  equal  ones ;  and  when  we  pnt  the  numberv  of 
the  unequal  ones  amongst  these,  cxmsequeptly  the  number 
of  the  unequal  values  of  forms  which  that  function  haa 
whose  nature  is  determined  by  the  type-equation  J!'=s,A" 
^A'"^...^A^^y  equal  to  /u,  the  number  ir  is  a 
multiple  of  the  number  fx.  If  •*  •  we  put  ir  ^  fcv,  and 
assume  that  i^  +|>«^'  +  tfi^  +  &c  =  o  is  the  equa- 
tion, which  is  merely  composed  of  the  unequal  values  of 
forms  of  t,  then  the  equation  II,  wUeh  ia  aosupesad  of 
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* 

the  values  of  forras  f",  t^\  <^^, !<'>,  it  no  other  than 

the  detelopcAnent  of  the  equation 

(f*  +  pt^"'  +?«''"'  +  &c.y  =  o. 

10.  Further,  since  to  each  root  t  of  the  equation  II 
there  are  v  corresponding  values  ofy,  consequently  the  nu- 
merical value  of  y  depends  neoessarilj  on  an  equadon  of 
the  vth  degree.  If  the  functions  t  and  y  he  homogeneous, 
then  v=l,  and  consequently  this  value  dqpends  only  tm 
an  equation  of  the  first  degree,  as  required.  But  all  this 
only  obtains  so  long  as  the  given  equations  are  general 
ones;  for  in  particular  equations  it  might  certainly 
happen,  as  was  already  observed,  that  the  equation  for  y 
were  of  a  higher  degree. 

11.  Besides  the  relations  given  in  8,  between  the 
functions  t,yy  there  ate  numberless  others,  in  which  the 
calculation  may,  in  like  manner,  be  simplified.  Such  a 
nmpUfleation  as  ihia  is  always  practicable,  when  in  all 
the  values  of  ferms  of  <,  which  arise  from  all  the  possible 
tfaa«posilioiis  of  the  roots  i^,  j/^,  x/^^,  ftc.,  such  as  f,  t'^ 

tf^^y &^  may  be  emitted,  which  are  aH  either  difiist^t, 

or  the  periods  of  the  different  values  occur  more  than 
oBoe,  and  $it  the  same  time  are  such,  that  the  ftmotion 

tfioal. 

1%    Althouj^  there  are  eaMi  where  the  cakuhitfon 
may  be  ihnplified,  whe»,  dtttead  of  all  the  values  df 
of  the  fbneliien  t,  we  only  use  those  whieh  pMsest 

3   s 
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the  properties  just  mentioned,  yet  for  the  determination 
of  the  value  of  tf  from  the  value  of  f ,  there  is  no  furthec 
disadvantage  arising  from  it  (with  the  exception  of  the 
calculations  being  extremely  prolix).  It  may  indeed  be 
objected,  that  in  this  case  the  equation  for  y  rises  to  a 
higher  degree  than  is  necessary,  and  that  it  may  happen, 
that  we  cannot  solve  an  equation  of  this  kind,  notwith- 
standing, perhaps,  that  in  the  calculation  properly  arranged, 
we  arrive  at  a  solvible  equation.  But  since  in  this  case 
amongst  the  roots  of  the  former  equation,  there  must  be 
more  than  one  which  are  equal,  and  in  the  sequel  it  will 
be  shown,  that  an  equation  of  this  kind  may  always  be 
reduced  to  another^  which  only  contains  the  unequal  roots, 
consequently  in  the  present  case  the  lowest  rational  equa- 
tion for  ^,  .  * .  this  objection  is  removed  of  itself. 


SECTION    CXLIX. 


Prob.  Let  (  and  y  be  two  functions  of  the  roots  of  a 
general  equation  of  any  degree:  required  to  give  the 
degree  of  the  equation,  by  which  the  numerical  value  of 
y  is  determined  from  the  known  numerical  value  of  t. 

Solution.  Tn  the  function  t  perform  all  the  transpo- 
sitions of  the  roots  a^,  a,^\  x/'^^  &c.  for  which  its  value  of 
form  remains  unchanged ;  in  the  function  y  perform  the 
same  transpositions  as  in  t.  Let  v  be  the  number  of 
the  unequal  values  of  forms  of  ^,  which  we  obtain  by 
these  means;  then  the  equation  between  y  and  e,  with 
reference  to  j/,  is  of  the  vth  degree.     For  since  the  equal 
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values  of  forms  of  (  have  only  a  single  numeiical  value, 
the  1^  unequal  values  of  forms,  on  the  other  hand,  v 
different  numerical  values,  consequently  v  numerical 
values  of  y  belong  to  a  single  numerical  value  of  t ;  .  * . 
the  former  can  be  determined  from  the  last  in  no  other 
way  than  by  an  equation  of  the  vth  degree. 

Example  I.  With  respect  to  the  general  equation  of 
the  fourth  degree,  let  <  =/:  (xO  (x^O  (^''0  C0» 
y  =  ^ :  (jO  (^0  (^'^O  i^^h  a^^  ^«^  ^^^  nature  of  these 
functions  be  expressed  by  the  type-equations 

/;  (^)  (x")  (O  (^r"-)  =/;  (I'O   (x^)  (xf")  (^•')= 
/;  (zO  (x'O  (a'O  Cr^'O  =/;  (a^'O  (^O  (/)  (^0 

=  ^  .-  (jO  (^0  (a:")  (•^'O 

Now,  if  we  try   to  find  the  equal  values  of  forms  of  t 
(§  LV),  and  then  perform  the  same  transpositions  in 
y,  we  then  obtun  the  following  corresponding  values  of 
t  and  jf : 


f 
f 
f 
f 

s 
f 
f 
f 


(y)  (i")  (x"0  C^") 
(x')  (^0  (*")  (-^'0 

ix")  (y)  (x"0  O'O 
(x'^O  (x"')  (xO  (x^O 

(X^'O  (!/')  (x^O    (xO 

{x")  (x"0  (x'O  (xO 


(xO  Cx")  (x^'O  (x'") 

(?/')  (x')  (x^'O  (x'-) 
(/O  (x')  (x"0  (x'") 

(x'")  (a/0  (^0  (*0 

(x^O  (x^'O  (x'O  (*) 


Of  the  eight  values  of  ^,  which  we  have  here  found,  the 
four  first,  as  well  as  the  four  last,  on  account  of  the  sup- 
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po964  mature  of  this  (unction,  are  equal  to  one  another ; 
eoq^iequentily  two  values  of  y  belong  to  a  single  value 
of  tM  Therefore  the  equation,  whioh  j^ves^  intenns 
of  ^y  is  of  the  seoox^  degree. 

To  Ae  numberless  AinctioQS  of  the  assumed  natuie, 
the  following  ones  bdbng,  viz. :  i  =  x'x^'  +  xf^'x'^y 
y  =  a/a/^  =  a/a/'  +  o  j/'^  -f  o  3/\  or  y  =  a/  +  x''  = 
a/  -f  a/^  +  ^y^/  +ox^^.  Consequently,  if  the  nume- 
rical value  of  2  V^  +  x^^V^  be  known,  we  may  find  (ram 
it  both  the  numerical  value  of  j/j/^  and  that  of  j/  +  j/^ 
by  the  solution  of  an.  equation  of  the  second  degree,  which 
agi^ees  with  §  XL),  where  we  m^y  had  to  solve  an 
equation  of  the  seeond  degree. 


Example   II>    For  any  general   equation,  let/  = 

j/x^V^/  +  x^%y  =  x^-x'/  =  x^  -  x^^  +  oCx'^'  +  x^O- 
Now,  in  order  to  find  the  degree  of  the  lowest  rational 
equation,  by  which  y  may  be  determined  (rom  t,  pro- 
ceed as  (bllows : 


Equal  values  of  forms 
of^ 


x^x^^ V^  +  x^*^ 
x^VV  +  x'^ 


Corresponding  values  of  fimns 
ofy 


x/ 
xf' 


— .  X 


:r//    -f.  0  [jf^'  +  x^O 

x'/'  4^  o  (x^  -f  sT) 

x/    +  o,(y'^  -hx^*^) 

x/'f  +  o  (y    +  x'') 

+  Oi(x^'    +  x^O 

+  o.  (j/    -h  x^) 


x'^ 


// 


QoQsequeatly  sisi  diflerent  values,  of  y  bdbi%  to  a  sii^c 
valttaQfl,via,:   x<  -  x/^  x^ -- o/^  x^'~.V,y^- ^'^ 
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j///  —  x\  txf*'  —  x^* ;  and  .*.  y  can  only  be  determined 
fiom  I  by  an  eqtnation  of  the  sixth  dq;ree,  when  iti 
CDeffietcnts  are  rational  fiinctions  of  I.  Besides,  since  the 
values  of  forms  of  jf^  taken  two  and  lwo»  are  eipial,  dns 
equation  •«.  only  contains  even  powers  of^. 

SECTION    CL. 

Peob.  Let  ty  yy  be  any  two  fimetions  of  the  roots 
y^/V^^  he.  of  a  general  equaticm :  required  an  operation 
to  find  the  lowest  equation,  by  which  the  numerical  value 
of  ^  may  be  determined  from  the  numerical  value  of  t, 
under  the  condition  that  the  unequal  values  of  fiDrms  of 
t  onlj  are  made  use  of. 

Solution.  Find|  as  in  the  foregoing  ^,  the  equal  values 
of  forms  of  t,  naxd  the  eorrespondiag  values  of  fiirms  of  ^, 
and  from  these  last  take  away  the  unequal  ones ;  let  them 

bej^^y^^y^' y^^'    ^h®>^  ^be  required  equation 

will  be  of  the  «th  di^gree,  and  it  has  the  above  values  for 
loots.    Let 

be  this  equation ;    then  p  ^  y^  +  y^  +  j/'*  +  &c.  y  = 

yy'+yy''+yy''+*c.  r=yy^y^+&c.  &c 

Consequently,  since  the  fiinctions  p,  q^  r,  ftc.  with  refer- 
ence to  y,y^,  y, ^''\  are  symmetrical,  then  in 

those  transpositions  of  the  roots  j/,  txf^^  s/^^  &c.  for 
which  the  function  t  continues  unchanged,  they  in  like 
manner  undergo  no  change.  If  .  * .  we  denote  the  une- 
qual values  of  forms  of  e,  by  «^  i^\  i'^'^ f^\  then 
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|A^/^  </Ay/^  (///y//, {e-Yp^-\  are  il  the  pos- 
sible unequal  values  of  forms  of  t^py  and  in  the  same  way 

e^Y»  ^'W'y  '"'V*  (i^'OV^  are  all  the  possible 

values  of  forms  of  t^q,  and  so  on.       But  if  this  be 

symmetrical  with  reference  to  x\  a/^y  x^''^  &c. 

then  also  are  the  functions  t!^  +  e'^^/^  +  tl^'^f^-^  ./. 

...  +  (i^'oy^  ^'v  +  «'^Y'  +  <''V  + + 

(f<»>)^jt»J  necessarily  symmetrical  with  reference  to  j/,  a/', 
x^^^,  &c.,  and  consequently  the  unequal  values  of  forms 

i'y  t/\  i^'*y  ^''^  are  suiScient  for  the  determination 

of  |>,  ^,  r,  &c.  Therefore  the  operation  given  in  §  CXLVI 
may  be  applied  immediately,  and,  without  any  alteration 
to  the  coefficients  jti,  y,  r,  &c.  Thus,  if  we  wish  to  deter- 
mine py  we  find,  in  the  first  place^  the  transformed  equa* 
tlon  for  the  function  t  according  to  the  third  chapter ; 
it  is 

r  +  Pi*^*  +  Qr-^  +  Jir-^  +  &c.  =  o. 

Having  found  this,  we  immediately  get 

^  g>-.  +  P't,-^  +  (y.,3  4- +  uzo 

^       7rt"^*  +  ir— 1  .  P«"-^+ir— 2  .  Qr-^  +  &c. 

in  which  P^  =  «  +  P,  Q^  =  <«  +  P^  +  Q,  &c.,  and 
the  symbol  of  the  form  Zk  denotes  the  numerical  value 
of  the  symmetrical  function  i/^p/  +  i^^'p*'  +  tf^i'j^"  +  ... 

+  (^^'^)y'\     For  the  coefficients  g,  r,  &c.   the 

same  equation  and  the  same  expression  obtain,  with  this 
exception,  that  by  Zk  we  must  understand  the  numerical 
values  of  the  functions  <V  +  *^V  +  ^^"^"  +  

...  +  (e^'OV^  «V  +  i'V^  +  <'^V^'  +  + 

O^-yr^'J,  &c. 
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SECTION   CLI. 

So  loDg  as  x'y  i^\  1^^'j  &c.  may  be  considered  as  the 
roots  of  a  general  equation  x"  + ' Ao^^  +  jBx*^  +  &c. 
=0,  consequently  of  one  whose  coefficients  A^  By  C,  &c. 
are  undetermined,  we  shall  always  find  rational  functions 
of  t  for  the  coefficients  p^  q,  r,  &c.  But  if  these  roots 
relate  to  a  particular  equation,  then  it  may  happeti, 
according  to  the  nature  of  the  function  t,  that  t^e  common 
denominator  irC'^  +  w-  — 1  .  Pf^  +  ir— 2  .  Qi'^  +  ftc. 
in  the  expressions  for  p,  9,  r,  &c.  is  equal  to  o,  and  that 
it  even  continues  equal  to  o,  when  it  is  differentiated  more 
than  once.  We  now  assume,  that  we  must  differentiate 
it  fji —  1  times  before  the  denominator  ceases  to  vanish, 
consequently  it  follows,  from  §  CLXVI,  that  the  coeffi- 
cients Pf  9,  r,  &c.  depend  upon  the  same  number  of 
equations  of  the  /nth  degree 

j}^  -^-afp*"-'  +  Vp^'^  +  </p'*-'  +  &c.  =  o 
^  +af^q^^'  +  b'Y"'  +  <^^q^  +  &c.  =  o 
r^  +a^'^r^'  +  l/^^r*"^  -f  c'^'r'*-^  +  &c.  =  o 

&c. 
which  may  always  be  found  by  the  method  there  given, 
and  in  which  the  coefficients  cK,  y,  c^,  &c.  a^^,  &^^,  </\  &c 
^///^  l///^  ^//^  ^^  2^  ijl  rational  functions  of  t. 

All  that  has  been  said  in  this  chapter  respecting 
the  function  ^,  may  also  be  applied  to  the  function  x. 
Thus,  if  we  wish  to  determine  a  root,  say  j/,  firom  the 
known  value  of  a  function  t  =/:  (x^)  (pi/^)  (j/^O'-'C*^* 
nothing  further  is  necessary,  than  to  put  ^=j/,  and  to 
proceed  besides  in  the  way  already  pointed  out. 

We  now  perceive  the  reason  why  we  are  not  able,  from 


320 

the  known  value  of  a  symmetrical  function  of  the  roots  of 
an  equation,  whatever  the  nature  of  this  function  may  be, 
to  determine  these  roots.  For  since  a  function  of  this 
kind,  in  all  the  transpositions  of  the  roots,  always  retains 
the  same  value,  .*•  it  must  necessarily  give  all  the  roots 
at  once ;  and,  however  we  begin  it,  we  shall  consequently 
always-  again  get  an  equation,  which  is  not  difierent  from 
the  given  one. 
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VIII. — A    GENERAL   MEtHOD    FOfft   THfe   SOLUTIOTT  OF 
EQtTATIOlfS   OF   ALL   I)£GRl:KS. 

SECTION   CLII. 

IN  ^  CXLI  wc  hate  seen  that  the  requisites  for  the 
genmd  solution  of  equations  may  be  reduced  to  two ;  viz. 
first,  to  find  such  functions  of  the  roots,  hj  means  of  which 
the  ^nation,  into  which  we  have  transformed  the  given 
one,  is  adapted  to  the  solution  ;  and  secondly^  to  determine 
the  roots  from  the  known  value  of  the  assumed  functions. 
The  second  requisite  We  have  handled  in  the  foi!eg;oing 
diapter;  the  first,  together  with  its  application  to  the 
general  solution  of  equations,  will  form  the  subject  6f  this 
chapter. 

In  order  to  render  the  notation  soore  easj,  and  the 
inspection  more  convenient,  I  shall  henceforth  omit  in  the 
types  the  letter  x,  together  with  the  superfluous  brackets, 
and  for  the  dashes  substitute  nurtibdts;  thus :  /:  (12845 

n)  instead  of /:  (^0  (1^0  (^^0  (^0—(^"')>  and 

/:  (S42651)  instead  otf:  (jr^'O  (^0  (^0  (^''0  (J^O 

RuLB.  When  from  the  penod  of  n  types  Ai,  A„  A^, 

A4 Af^..,.A^ An,  which  may  be  derived  firom  the 

equation 

2  T 
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/:  (128456 n—  In)  =/:  (28456? nl) 

we  take  away  any  two  u^^  J^  and  find  all  the  possible 
types,  which  may  be  derived  from  the  transformation-rule 
A^^A^;  then  we  shall  get  a  period,  which,  in  the  case 
where  v  —  /ti  and  v  are  prime  numbers  to  each  other, 

consists  of  all  the  n  types  Ai,  A^,  A^, if.;  on  the 

other  hand,  when  v— -ft  and  n  have  a  common  measure 

mm 

HI,  this  period  only  consists  of  —  of  these  types.     The 

types,  which  we  successively  obtain  by  deduction,  succeed 
eadi  other  in  the  following  order : 

80  that  the  dashes  /i,  v,  2v  —  /lc,  Sv  —  2)u,  4v—  8/ii,  &e. 
form  an  arithmetical  progression,  with  the  difference  v— /u, 
when  from  all  the  terms  of  this  progression,  which 
exceed  the  number  n,  we  omit  this  number  as  often  as 
possible. 

Thus  the  equation 

/;  (12845678)  =/;  (28456781) 
gives  the  period 


^. / 

^. / 

^3 / 

^^ / 

A / 

A / 

A / 

A / 


(12845678) 
(28456781) 
(84567812) 
(45678128) 
(56781284) 
(67812845) 
(78128456) 
(81284567) 


If  we  equate  every  two  of  these  types,  we  obtain 
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For  the 
equation 

The  period 

A,  =  A, 

Ar. 

A^ 

A. 

Af, 

A,  =  A, 

A,. 

A„ 

Ai, 

Au 

At»  A^f 

A^ 

A, 

A,  =  A, 

A„ 

A, 

A I  =  A^ 

A„ 

Afi, 

A3, 

Ag, 

Ai,  A2, 

Ai, 

A, 

A\  =  Afi 

A,. 

Aiy 

A^ 

A» 

A  =  A, 

A» 

A^ 

Ai, 

A„ 

Asy     A^j 

A^ 

A, 

Ag  ^  A3 

^fU 

A^. 

A,. 

A,. 

As,  Ai, 

A„ 

A, 

A,=  A, 

Aa, 

A,. 

A^ 

A» 

A,=^A^ 

Au 

Aip 

A„ 

-"31 

A$y     A\, 

A„ 

A, 

&a 

&e. 

The 


Corollary  I.  The  rule  is  also  correct,  when^  instead 
of  the  type-equation  A^j^^A^  we  take  the  type-equation 
A^^A^,  if  in  the  progression  which  is  taken  away,  viz. 
y,  fA,  2/Li  — V,  3)1— 2v,  4i/x — Sv,  5jli— 4v,  &c.,  when  we 
come  to  a  negative  term  or  o,  we  add  the  number  n  so 
many  times,  till  it  becomes  positive.     Thus  we  have 


i«or  tne 
equation 

Thepenod 

A,  =  A, 

Az,  Ai,  Ag,  Ai,  A^,  A^p  Ai, 

A3 

A^^A, 

A3,  A  I,  Ai,  A^ 

A,  =  A, 

Ai,  A  I,  A^,  A3,  A^,  A^,  At, 

Ai 

A,^A, 

Ai,  A I 

A,  =  A, 

A^,  Ai,  Ai,  Ai,  Ag,  Ai,  Ag, 

A3 

Ai  =  Ai 

Ai,  At,  A3,  A3 

An  =s  Ai 

/fg,  Ax9  A 2,  A3,  Ai,  Ai,  A^, 

Ai. 

&c. 

&c. 
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Corollary  II.  If  .*.  n  be  a  prime  number,  we  then 
always  obtain  the  same  period  again,  whichever  two  of 

the  types  Ji^  -d^y  -d^y -^a  we  put  equal  to  one- 

another. 

SECTION   CLIV. 

Transpositions  of  the  kind,  which  the  equation  Ju  = 
A^  or  A^  =  if^,  gives  in  the  preceding  §,  are  called  re« 
curring  transpositions,  and  the  periods  which  are  obtained 
from  them,  recurring  periods. 

The  characteristic  ieatuve  of  transpositions  of  this  kind 
consists  in  this,  that  each  root  is  removed  one  place 
forwards  or  backwards,  and  in  the  fir$t  case  the  Uat 
takes  the  pkce  of  the  first ;  but  in  the  second  case,  the 
first  takes  the  place  of  the  last,  so  that  there  is  a  kind  of 
^cubur  motion ;  as  i^  for  instance,  a  number  of  persons 
fta^d  in  a  circle,  havHig  their  backs  to  each  other,  and 
vil  walking  at  the  ^ame  tifn^  either  backward^  or  forwards. 

The  transpositions  91*6  c^ed  recurring  ones,  when  only 
some  of  th^  roots  move  in  the  manner  just  mentioned, 
but  the  repf^iniQg  ones  retain  their  places.  Thus  the 
equation  /;  (12S45678)  =  /:  (34512678)  only  pves 
recurring  transpositions  of  the  first  five  roots.  The 
law  of  the  preceding  §  is  also  true  lor  this,  when  we 
take  for  n  merely  the  number  of  the  roots  to  be 
transposed,  and  the  remaining  ones  are  considered,  as 
though  they  did  not  exist. 

S^ICTION   CLV. 

Rule.  If  the  equation  i^  +  JiT-'  +  Bx^*  +  &c. 
=0,  by  the  introduction  of  a  function  tszf:  (12S45.».ii) , 
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be  transfiNrmed  into  an  equation  of  two  terms  V  '^  K^q\ 

then  the  roots  of  this  last  equation  tfy  tf^y  i^^\ e^*^  are 

always  the  numerical  values  of  such  values  of  forms  of 
the  iunction  t^  as,  taken  together,  form  a  period. 

Pro^  The  roots  of  the  equation  <"  —  JT  =  o  may 
alwaysi  as  may  be  seen  from  the  fifth  chapter,  be 
expressed  by  i\  oOf^  a^tf,  art',  «•"*  tf^  when  a  de- 
notes a  primitive  root  of  the  equation  t*^  1  =o.     There* 

fore  |//  «  eU\  H''  a  al'^,  t!''  =  aJd" , I^-J  s  a^^-^'^, 

£/  --  ^c)^     jjq^^  ig|.  ^^^  j^  ^^^  j^^ j^^  denote  the 

values  of  forms,  which  correspond  to  the  roots  i^^  t^\  t^^\ 

^'\  then  also  must  A^  =  oA^  A^  =  aAty  A^^aA^ 

An  zs:  aA^i,  Ai  =s  eiA^;    and  since  every  such 

equation  Av  ^  »A^i^  ind^ndently  of  the  particular 
values  which  we  may  assign  to  the  roots  a/,  3/\  x^^\  &c. 
must  be  true,  it  will  also  remain  true,  when  in  the  two 
parts  of  this  equation  we  transpose  the  above  roota  in  any 
way,  provided  it  be  the  same,  because  this  is  precisely  the 
same  as  when  the  values  of  these  roots  are  changed.  If 
•  '•  we  assume^  that  in  A^i,  we  have  so  transposed  the 
iQDCs  ^,  3/\  x^^'j  tifc.  that  it  becomes  Ay,  and  that  by 
the  same  transpositioQ  A^  is  transformed  into  any  other 
value  of  form  A^ ;  than  we  have  also  A^  =  oA,.  But  if 
also  A^i  sa  aJ^  consequently  A^^i  s  A^-  Hence  it 
fixUows  that  Ay+i  ia  generated  by  the  same  transpositiMi 
from  ^^  as  ^,isfrom^y^i;  .'•  A2  is  produced  from 
At,  as  A3  is  from  A^  as  A 4  from  A^ ;  and  so  on ;  lastly, 
as  An  is  fioin  il^„  and  Ai  from  A^.     Since  .- .  all  the 

values  of  forms  A^,  A^,  ^3,  A,, ^,are  deduced 

from  one  another  by  the    same  transpositiott-ruk,  and 


326 

from  the  last  A^y  the  first  A^  is  again  obtained ;  .  - . 
it  follows,  that  these  n  values  of  forms  constitute  a 
period. 

SECTION   CLVI. 

Pbob*  Amongst  all  the  possible  functions  of  the  roots 
d/,  s/'y  of  the  general  equation  of  the  second  dqpree 
x^  —  Ax  +  jB  =  Oy  find  that  one  which  is  fit  for  its 
solution ;  under  the  supposition  that  we  know  not  how  to 
solve  any  other  equations,  than  those  of  the  first  degree, 
and  those  of  the  form  ^  —  JT  =  o. 

SobUion  1.  Let  t  =f:  (12)  be  that  function,  ^hich 
is  fit  for  the  solution  of  the  given  equation.  Since  it  has 
two  values,  viz.  /;  (12),/:  (21),  then  the  equation 
for  t,  taken  generally,  is  of  the  second  degree.  If  we  only 
wished  it  to  be  of  the  first  degree,  then  must/;  (12)  = 
/:  (21);  but  then/;  (12)  would  be  symmetrical;  and 
the  roots  x^y  x/'y  could  be  determined  firom  the  known 
value  of  t  only  by  the  solution  of  the  given  equation  itself 
(§  CXLIX).  There  now  remains  nothmg  further  than 
to  assume  that  the  two  values  of  fi>rms/;  (12),/;  (21), 
are  the  roots  of  an  equaticm  of  the  form  fi  -^  K  =^  o^ 
because  it  was  assumed  that  we  know  not  how  to  solve 
an  equation  of  the  second  degree  of  any  other  form  but 
this.  That  they  may  be  so,  appears  from  hence,  that 
they  form  a  period  (preceding  §). 

2.  Since  if  r=  —  t^e\  when  t\  i*'  denote  the  two 
roots  of  the  equation  <*  —  JST  =  o ;  then  also  JT  =  — 
/;  (12)  x/;  (21);    and  since   this  product  remains 
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the  same  when  we  substitute  j/  for  2^^,  .  *  •  JT  is  a  sym^ 
metrical  function  of  these  roots.  Consequently  this 
magnitude  may  be  expressed  rationally  by  the  coefficients 
of  the  given  equation. 

8.  Since y*:  (12),/:  (21)  are  the  roots  of  the  equa- 
tion <«  —  JT  =  o,  therefore  /;  (12)  =  -  /:  (21)  and 
this  is  the  only  condition  which  we  have  to  fulfil. 
Having  once  found  the  numerical  value  of  t  =/:  (12), 
then  also  the  roots  a^,  j/^,  may  be  determined  without  the 
solution  of  any  other  equation,  because  the  values  of  forms 
/;  (12),/:  (21)  are  different  (§  CXLIV). 

4.  This  condition,  however,  is  evidently  sufficient, 
when  we  put/:  (12)  =  ^  :  (12)  —  ^  :  (21),  where  it 
is  allowably  for  ^:  (12)  to  assume  every  arbitrary 
function  of  a/,  o/^  which  is  not  symmetrical.  For 
fifom/:  (12)  =  ^:  (12)  —  ^:  (21)  we  obtain  by  the 
substitution  of  a/  for  a/^/:  (21)  =  ^  :  (21)—^ :  (12) : 
consequently/:  (12)  =  — /:  (21),  as  was  required. 

6.  Hence  it  follows,  that  all  functions  of  the  fimn 
^ :  (12)  —  ^ :  (21)  are  fit  for  the  solution  of  the  given 
equation. 

SECTION    CLVII. 

Pbob.  Solve  actually  the  general  equation  of  the  second 
degree  x*  —  jIj:  +  JB  =  o. 

Soluium  1.  We  have  seen  in  the  foregoing  §,  that  all 
fimetions  of  the  form  t=z^:  (12)  —  ^ :  (21)  are  fit  for 
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the  solution.  Amongst  the  infinite  number  of  fanctions 
which  we  can  assume  for  ^ :  (12),  the  root  2  is  the  most 
simple.  Put .-.  ^:  (l«)=j/,  then  f=^;  (12)-^:  (21) 
=:3/—x^\    But  the  equation  ^— JT  =  o  gives  JT  =  t*  s=s 

the  transformed  equation  consequently  is 

and  this  gives  e  =  ±  \/  (4^—45).  We  .  • .  have  the 
two  equations 

x'  -hx^'^A 

i^  -  x'^  =  ±  v'  fii'  -  4,B) 

and  hence x-lLt^^^^=i^),:^-  A^jA^-^^ 

2  2 

as  was  required. 

'  SCCTIOK   CLVIII. 

Pbob.  Find  the  functions  wbieh  are  fit  ibr  the  solu- 
tion of  the  general  equation  of  the  third  degree 

J*  —  ill*  -f  -Bj:  —  C  =:  o 

under  the  supposition,  that  we  know  not  how  to  solve  any 
other  equations  than  those  of  the  first  and  second  degrees, 
and  those  of  the  form  ^  —  iT  =  0. 

Solution  1.  Let  t  =/;  (123)  represent  all  those  func- 
tions which  are  fit  for  the  solution  of  the  given  equation. 
Since  the  roots  x^y  x/\  x/'^y  admit  of  six  transpe^tlcms, 
consequently  the  Unction  t  contains  six  values;  ttA 
these  are 

/;  (128),    /:  (231),    /:  (812) 
/.•  (218),    /;   (182),    /.•  (821) 
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Consequently,  taken  genendly,  the  equation  for  ( is  of  the 
sixth  degree. 

2.  The  six  values- of  fonns  in  1  are  arranged  in 
recurring  periods.  Thus,  in  the  first  horizontal  row,  we 
have  the  recurring  period y*:  (123),  and  in  the  seoond 
f:  (213).  If  we  assume,  that  the  three  values  of  forms 
of  the  first  period  are  the  roots  of  the  equation  of  two 
terms,  viz.  f^  — Jr=o,  then  K  is  the  product  of  these 
three  roots,  and  .-.  =/:  (123)  x/:  (231)  x/:  (312). 
But  this  product,  as  may  be .  easily .  seen,  is  such,  that 
in  all  the  recurring  transpositions  of  the  three  roots  x\ 
x^'y  x^^\  it  undergoes  no  change :  fiir  if  we  perform  these 
transpositions,,  we  then  obtain  the  period 

/:  (123)  x/:  (231)  x/:  (312) 
/:  (231)  xf:  (312)  x/:  (123) 
/:  (312)  xf:  (123)  xf:  (231) 

and  these  three  values  of  fimns  of  JT  are  evidently  not 
difierent  firom  one  another.  The  six  values  of  forms  of 
Ky  which  arise  firom  all  the  transpositions  of  the  roots 
j/,  s/',  x/'^y  are  .*.  equal,  taken  three  and  three,  and 
consequently  this  fiinction  has  no  more  than  two  diflferent 
values ;  and  these  are 

/:  (123)  xf:  (231)  x//  (312) 
/;  (213)  xf:  (132)  xf:  (321) 

of  which  one  can  be  derived  fi-om  the  other  merely  by 

putting  the  roots  j/,  x/'  for  each  other. 

S.  Since  .• .  K  has  no  more  than  two  difierent  values, 
oonsequently.  this. function  depends  on  an  equation, of. no 
higher  degree  than  the  seoond,  and  the  roots  of  this  equa- 

a  u 
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tioh  are  these  two  valued,  tiut  thcis^  values  admit  of  a 
more  simple  form;  for  since  iST  =  t^,  and  t  =:/:  (1123), 
then  also  K^  (fi  (123))^ ;  and  since  the  second  value, 
aa  we  have  already  seeti  in  Sy  is  obtained  from  the  first, 
taerely  bjr  putting  the  roots  x^^  x^^  for  each  other,  con- 
sequently (/:  (21S))^  is  the  seeond  value  of  JT. 

4.  Let 

JP  - 1)  JT  +  J  =  o 

be  the  equation,  on  which  the  function  JT  depends,  .  * . 
p  the  sum,  and  q  the  product,  of  the  two  values  of  JT. 
Consequently 

/,=  (/:  (125) )•  +  (/;  (218))' 
J  =  (/.•  (12S))«  X  (/:  (21S))» 
and  these  fiinctions  /?,  q  are  such,  that  in  all  the  trans- 
positions of  the  roots  a',  x^\  x''\  they  suffer  no  change. 
Since  p  and  q  are  symmetrical  functions  of  the  roots 
a^,  x^'y  j/^^,  they  may  always  .*.  be  expressed  rationally 
by  the  coefficients  of  the  given  equation. 

5.  We  hitive  consequently  reduced  the  transfimned 
equation  for  ^,  which  originally  was  of  the  sixth  degree, 
to  two  equations 

^- jr=o 

ir»  -  piT  +  9  =  o 
and  we  are  always  able  to  determine  the  coefficients  p,  q, 
from  Ay  B,  C,  when  the  function/:  (123)  is  known. 
Having  once  determined  the  coefficients  p,  9,  we  then 
obtain,  by  the  solution  of  the  second  equation,  the  two 
values  of  JT,  and  if  these  be  successively  substituted  in 
the  first  equation^  by  its  sdution  we  obtain  th^  aiz  values 

of  if. 
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6.  Since  all  the  values  of  t  are  different  from  one 
another,  we  may  always  determine  (which  is  known  from 
the  foregoing  chapter)  the  values  of  the  roots  a/,  x^\  ji/^\ 
immediately  from  the  values  of  the  function  t  already 
found,  and  that  without  the  solution  of  any  other  equation, 
however  constituted  this  function  may  be. 

7.  It  now  only  remains  to  determine  the  function 
t  =sf:  (1^3)  in  such  a  way»  that  the  three  values  of 
forms/:  (123),  /:  (231),  /:  (312),  may  be  the  roots 
of  an  equation  of  the  form  t^  --  jF  =:  o.  If  this  be  the 
ease,  then  these  three  values  must  have  such  a  rela** 
tion  to  each  other,  that 

/.•  (123)=  af:  (231)  =  a*/;  (312). 
In  order  to  perform  this,  we  assume  any  ether  arbitrary 
function  ^ :  (123),  and  put 

/:  (123)  =  ^^ :  (123)  +  B<^ :  (231)  +  C^ :  (312) 
in  which  A,  fi,  C,  denote  coefficients  hitherto  unknown. 
From  this  equatbn,  by  a  proportional  transposition  of 
the  roots,  we  obtain 

/:  (231)  =  Atf^ :  (231)  +  J8^ :  (312)  +  C^  :  (123) 
/:  (312)  =  Ai^  :  (812)  +  jB^  :  (123)  +  C^  :  (231) 

and  when  we  substitute  these  values  in  the  foregoing  pro- 
portional equation,  we  get 

Aij^  :  (123)  +  B0;   (231)  +  C^:   (312) 
=  a    (^^;    (231)  +  i?0:   (312)  +  C^  :   (123)) 
=  ««(^^;   (312)  +50;   (123)  +  C^  :   (231)) 

If  we  equate  thp  coefficients  pf  (hese  val^ies  of  fofo^s,;  we 
obtain,  for  the  determination  of  4,  B,  C,  the  fpUowing 
equations : 
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B-aAz:^a^C 

Since  0^=1,  the  first  gives  B^aA,  C^a'^A^  and  these 
values  verify  also  the  second  and  third.  The  coefficient 
A  remains  undetermined,  and  we  may  .  * .  put  it  equal 
to  1.     Consequently 

/;  (123)  =  ^  :  (123)  +  a^  ;  (231)  +  a«0  :  (312). 

8.  We  can,  as  was  observed  already,  for  ^ :  (12^) 
assume  every  arbitrary  function ;  yet,  for  another  reason, 
those  which  undergo  no  change  in  the  recurring  trans- 
positions of  all  the  three  roots,  cannot  be  used.  For 
in  the  case  where  ^ :  (123)  is  a  function  of  this  kind, 
we  have  ^ :  (123)  =:  ^  :  (231)  =  ^  .'  (312),  and  con- 
sequently/: (123)  =  (1  +a+a')  ^  ;  (123)  =  o,  because 
1  +  a  +  a^  =  0.  This  restriction  .*.  might  with  good 
reason  be  omitted,  since  it  is'  a  necessary  consequence. 


SECTION   CLIX. 

Prob.  Required  to  solve  actually  the  general  equation 
of  the  third  degree  x^  —  Ax'^  +  Bx  -^  C  =  o. 

Solution  1.  In  the  foregoing  §  we  saw,  that  all  func- 
tions of  the  form  ^  .•  (123)  -hatf,:  (231)  +  a«^  :  (312) 
are*  fit  for  the  solution  of  equations  of  the  third  d^ree. 
Consequently  there  are  numberless  ways  in  which  these 
equations  may  be  solved.     The  most  simple  supposition 
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is^:    (123)  =J/,-    then  ^;    (231)  =s  a/^,   ^:    (312) 
/;  (123)  =  3/  +  ax'^  +  c?3/". 

8.  Henoe  ve  obtain 

(/..  (128) )»  =  [3]  +  6[1»]  + 
8  a  {s/'jf^ + *':t"« + a^'V)  +  S«»(a//V« + x'i'« + x' V») 

and  when  in  this  we  substitute  x!  for  x",  we  get 

(/•.•(21S))3=[S]+6[131  + 

or  when,  for  shortness^  sake,  we  put  [3]  +  6[l']  =  P, 

(/:  (123)5)  ^fj^ZaQ,^  Sc^R 
Jf:  (213))'  =  P  +  3aJB  +  3a*Q. 

8.   Henoe,  by  4  of  the  foregoing  §,  we  further  obtain 
p==(/:*(l23))H(/:  (213)  )3 
=  2P  +  3(«  +  ««)  (Q  +  jR) 
or,  since  a  +  o^  =  —  1,  and  Q  +  jR  s=  [12], 

p  =  2[3]  +  12[l3]  -  3[12] 
and  when  for  the  numerical  expressions  we  put  their  values 
taken  from  the  annexed  Tables, 

p  =  2i43  -  9AB  +  27C. 

4.  Further,  by  the  foregoing  § 

?=(/.•  (123)  )»X  (/.•(21S))»  = 
(P  +  SaQ,  ■\-  Sa*R)  (P+SaJB+8«»Q) 

=P(  P  +  3(«+ a«)(Q + «)  )  +  9(«+«*)Q«+ 9(0*  +  ««) 
at,  once  a  +  «^  =  —  l,  Q+A  =  [12],  QR  =  [S']  + 
S[2»J  +  [1«4],   Q»  +  JP  =  [24]  +  2[123] 
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g  =  ([3]  +  6[1»]  ([S]  +  6[1»1  -  3[1-?1) 
+  9([24]  +  8[12S]  -  [S«]  -  S[2*]  -  [iH]) 

or  when  for  the  numerical  exprenions  we  put  their  values, 
qs  A*  —  9J*B  +  m*B^  —  ZlB* 

=  (^  -  sBy*. 

5.  Oonsequently,  the  two  equations  in  S  of  the  fore- 
going  §  are 

K*  -  iSjfi  —  9AS  +  Si7Cr)£  +  {A*  —  sBf  =  o. 

6.  Let  K\  K"  be  the  two  Ttlues  pf  K,  and  t\  i'\  the 
oorrespondiog  values  of  t,  then 

If  =/.•    (les)  axx(  +ai/^  +  ^xf"  3=  \/K' 

t"=f:   (213)  =x"  +  ajf  +  c?x"'  =  V'iT'". 

We  have  .*.  ^r  the  determination  of  j/,  if\  x"',  the 
three  equations 

a/+    x"+     *"'=       y< 

If  we  multiply  the  third  equation  by  e^  and  then  add  it 
to  the  two  first,  after  dividing  by  3,  we  then  get,  since 

l  +  A  +  0^  =  0, 


x* 


A+S/K'  +  f^K"^ 


If  we  multiply  the  secopd  by  (fj  and  then  add  it  to  the 
other  two,  we  tl^en  get 
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^/  _  ^  +  a^</K^  +  \/jr^^ 

Lastly,  if  we  multiply  the  two  last  equations  by  a,  and 
then  add  them  to  the  first,  w^  obti&in 

r   -  -  . 

7.    But  since  each  ot  the  two  irrational  magnitudes 

S/K\  S/^^\  has  three  values^  for  instance,  the  first 

the  Vidues  a\/jt^  df\/ K\  cPsJk^^  and  th«  secobd  the 

values  c\Jk'\  a*\/jr^  c^ K^\  we  must  first  deter- 
mine which  are  to  he  taken.     I  assert,  in  the  first  place, 

that  the  two  roots  \/K\  \/K^\  must  always  be  com- 
bined with  one  and  the  same  power  6f  a.    For  let 

in  ^hich  the  exponent  v  may  either  be  ond,  two,  or  three. 
If  in  this  equation  we  pat  the  rooti  x^  and  j/^  for  one 
another,  we  then  obtain 

because  in  this  case  K*  is  transformed  into  JT^,  .*.  also 

V -'^^  into  sJk'^,  Hence  it  follows,  that  in  the  t#d 
last  of  the  three  equations,  consequently  also  in  the  results 

derived  fi:om  them,  the  roots  \J K'^  \/  ^'\  i^ust  always 
be  combined  with  the  same  power  of  a.  It  only  remains 
now  to  determine  the  exponent  v. 
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8.  With  this  view,  if  we  put  in  the  values  of  j/,  a/^,  s/*^^ 

found  in  6,  oAj  K\  cC\/  K^'&xK/ K\  \/  K'\  respec- 
tivdji  then 

J  = ^^-^ ^^— 

3 
Now,  since  these  three  roots  must  also  be  found,  when 
for  a  the  other  primitive  root  a^  is  substituted,  then  also ; 

must  be  a  root.  But  since  this  one  is  not  to  be  feund 
amongst  the  three  here  given,  consequently .  no  otber 
assumption  is  allowable,  except  this  one,  that  oC^^  ss  a^ 

=  1;  .-.  vs=2.  Consequently  a^V^^  c^\/K'\  must 
be  substituted  for  \/  K\  Sj  K^'.  If  we  actually  do  this^ 
we  find  the  three  following  equations : 

{A  +     \/k'  +     \/kO  •  3 
(^  +  a  s/K'  +  a'V/x'O  •  5 

{A  +  a^K'  +  cS/k'')  :  3 
in  which  it  is  only  necessary  for  K^  and  K^^  to  substitute 
the  two  roots  of  the  second  equation  in  5. 

9.  If,  for  the  sake  of  greater  simplicity,  we  put.^  =  o^ 
then  this  equation  is  transformed  into 
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and  the  two  valaes  of  K  are 

If  we  substitute  these  values  in  the  three  roots  in  S,  we 
obtain 


^/[iC+^/(iC«+^fi«)]+    vtic 

«»yt4c+  v(ic»+Afi»)]+«v1[ic 

which  agrees  with  Cardan's  formula. 


V(iC«+^5»)] 


SECTIOH   CLX. 

P&OB.  Find  the  functions  which  are  fit  for  the  solu- 
tion of  the  general  equation  of  the  fourth  degree,  viz. 
a^  —  Ax^  +  Bx^  —  Cx  +  D=:o 

under  the  supposition  that  we  only  know  how  to  solve 
equations  of  lower  degrees,  and  those  of  the  finrm 
I*  -  jr  =  o. 

Solution  1.  Arrange  the  twenty-four  values  of  forms  of 
y.-  (1254)  in  recurring  transpositions,  under  and  opposite 
each  other;   (the  symbolical  function  and  the  brackets 
are  omitted  for  shortness^  sake) 


12  3 

2  3  1 

3  12 


4 
4 
4 


2  13  4 
132  4 
3214J2148 


2  3  4  1 

3  142 

12  4  3 

13  42 
3  2  4  1 


3  4  12 
142  3 

2  4  3  1 

3  42  1 
2  4  13 


4  12  3 
4  2  3  1 
4  3  12 
42  13* 
4  13  2 


1432   432  1. 


Thus,  in  the  first  vertical  column,  we  first  puty*:  (1254) 
with  its  recurring  transpositions  of  the  three  first  roots> 

2  X 
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this  gives  the  recurring  period  /;  (1234),  /;  (251 4>» 
f:  (3124).  Then  we  in  like  manner  put  /;  (2134) 
with  its  recurring  transpositions  of  the  three  first  roots, 
and  we  obtain  the  period  /:  (2134),  /;  (1324),  fz 
(3214).  From  the  value  of  form  /;  (1234)  by  a 
recurring  transposition  of  all  the  four  roots,  we  further 
derive  the  values  of  forms  f:  (2341),  f :  (3412),  ^r 
(4123),  and  place  them  near /:  (1234)  in  a  hori- 
zontal row;  we  do  the  same  with  the  remaining  five 
values  of  forms  in  the  first  vertical  column,  so  that  in 
each  horizontal  row  there  is  a  recurring  period. 

2.  Since  the  four  values  of  ibrms  in  the  first  horizon- 
tal row  form  a  period,  they  may  .'.  be  the  roots  of  an 
equation  of  the  form 

<*-.jr  =  o 

(§  155).  Now,  since  ^  JTis  the  product  of  all  the  fimr 
roots,  we  have 

—K-f:  (1234)  x/:  (2341)  x/;  (3412)  x/:  (4123) 

and  this  product  is  such,  that  in  all  the  transpositions 
of  the  roots  we  can  obtain' no  more  than  the  following  six 
difierent  values : 

/;  (1234)  xf:  (2341)  x/;  (3412)  x/;  (4123) 
/:  (2314)  x/:  (3142)  x/;  (1423)  x/:  (4231) 
/:  (3124)  x/:  (1243)  x/:  (2431)  x/:  (4312) 
/:  (2134)  x/;  (1342)  x/;  (3421)  x/;  (4218) 
/:  (1324)  x/:  (3241)  x/;  (2413)  x/;  (4132) 
/:  (3214)  x/:  (2143)  ^/;  (1432)  x/;  (4321) 

which  arise  merely  from  the  transposition  of  the  tlwee 

roots  a/,  o^\  a/^^. 
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S.  From  the  equation  1^  —  JT  =  o,  we  obtain  K  = 
<*=  (/:(12S4))*.  Consequently  also  (/:  (1234))* 
must  be  such  a  function,  that  in  the  recurring  transpo- 
sitions of  all  the  four  roots  it  remains  the  same,  and  con- 
sequently has  no  more  different  values  than  those  which 
arise  from  the  transposition  of  the  roots  j/,  j/^,  j/^^. 
Therefore  the  six  values  of  K  can  also  be  expressed 
thus : 

(/;  (1234))*,  (/•;  (2S14))*,  (f:  (8124))* 
If:  (Si 34,))*,  (J:  (J 324))*,   (f:  (3214))*. 

4.  Since  the  function  K  has  still  six  different  values, 
consequently  it  necessarily  depends  aa  an  equation  of 
the  sixth  degree.  If  this  equation  be  solvible,  then  it 
must  admit  of  being  reduced  to  such  equations,  whose 
solution  is  assumed  to  be  known.  I  shall  .*.  assume, 
that  the  three  functions  (/;  (1284))*,  (/:  (2814)),* 
(/;  (3124))*,  which  arise  from  the  recurrmg  transpo- 
sition of  the  three  roots  a/,  s/\  xf'\  are  the  roots  of  an 
equation  of  the  third  degree 

I.  jp  — ;?ir«  +  ^jr  -  r  =  o 

consequently  the  coefficients  p,  9,  r,  are  no  longer  ra- 
tional, because  otherwise  K  can  have  no  more  than  three 
values.  They  must  .*.  depend  on  certain  equations, 
whidi  we  shall  now  seek. 

5.  Since  {f:  (1284))*,  (/:  (2314))*,  (/:  (3124))*, 
are  the  roots  of  the  equation  I,  then 

P=(/:  (l«34))*+(/';  (8SI4))*4-(/':  (3124))*    . 
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^=(/-:(l234))*x(/:  (2814))* 

+  (/:(12S4))*x(/':(3124))* 

+  (/:(2S14))*x(/:(8124))* 
r=(/:  (I284))*x  (/•:  (2314))* x  C/":  (3124))*. 
The  functions  p,  q,  r,  are  evidently  such,  that  in  the 
recurring  transpositions  of  the  three  roots  j/,  j/^,  x'^'  they 
undergo  no  change.  But  in  the  recurring  transpositions 
of  all  the  four  roots  j/,  a/^,  j/^^,  j/^,  they  in  like  manner 
suffer  no  change,  because  the  functions  (/:  (1234))% 
(/:  (2314))*,  (J:  (3124))*,  remain  the  same  after 
this  operation  (3). 

6.  Consequently  the  functions  ji,  f  ,  r,  can  have  no 
more  than  two  different  values,  viz.  those  whidi  arise 
merely  from  the  transposition  of  the  roots  a/,  a/\  If  .• . 
we  put,  for  shortness^  sake,  p  =/ :  (1234),  then  p  has 
no  more  than  the  two  values  f :  (1234),  j^;  (2134). 
Let  these  two  values  be  the  roots  of  the  following  equation 
of  the  second  degree : 

then 

pf^f:  (1234)  x/;  (2134) 
^  ^f:  (1234)  x/:  (2134). 

The  functions  //>  9^9  are  •  * .  such,  that  when  3/  is  substi- 
tuted for  3/\  they  remain  unchanged.  But  since  in  the 
recurring  transpositions  of  the  three  roots  a/,  a/%  xf^\  as 
also  in  the  recurring  transpositions  of  all  the  four  roots, 
they  also  suffer  no  change ;  they  .* .,  are  necessarily  sym- 
metrical, and  consequently  admit  of  being  expressed 
rationally  by    the  oodfidents  of   the  given   equatioa. 
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What  has  been  here  said  of  |i,  may,  in  like  manner,  be 
said  of  q  and  r.  Consequently  these  ooeffirients  also 
depend  on  equations  of  the  second  degree  mth. rational 
ooeflEicients. 

7.  The  fiinction  e  =/.-  (1234)  .-.  depends  on  the 
equation  of  two  terms  of  the  fourth  degree,  viz. 

^  -  X  =  o 

and  the  coefficient  K  depends  again  on  the  equation  of  the 
third  degree 

whose  coefficients  p,  jp,  r,  are  represented  by  three  equa- 
tions of  the  second  degree 

^  —  p/p  +  ^  s  o 

r^  —pir  +ji  =  o 

whose  coefficients  ;/,  9^,  pi,  9I9  l4  9s>  a^  all  rational 
functions  of  the  coefficients  Jj  B,  C,  D. 

8.  It  only  remains  now  to  determine  the  function 
y*.'  (1234)  in  such  a  way,  that  the  values  of  forms 
/:  (1234),  /;  (2341),  /;  (3412),  /;  (4123)  may  be 

the  roots  of  an  equation  of  the  form  {^~£=o.  If  this 
be  the  case,  then  they  must  have  such  a  relation  to  one 
another,  that 

/.•  (1234)  =a/;  (2341)  =5  ay.-  (3412)=ay;  (4123). 
Now,  in  order  to  perform  this,  we  put  in  a  way  similar 
to  that  in  7;  §  CLVIII, 

/;  (1234)  = 
M:  (1234) +5^.-  (2341) +  C#;  (3412) +  jD^;  (4123) 

and  derive  from  hence  the  values  of/.-  (2341),/.-  (3412), 


342 

/.*  (4186).     If  we  BubctiCute  now  these  values  in  the 
fixregoing  proportional  equation,  we  then  get 

jip:  (1234)  +^^;  (2341)  +  C^ :  (3412) -HDf:  (4123) 
-  m  (aP:  (2341)  +  B^:  (3412)  +  Op:  (4123)  +  D^:  (1234)) 
„aS(^f:  (3412) +iBp:  (4123) +  Gp:  (1231)+/^:  (2341)) 
»«s(^f:  (4123)4--BV-  (1234) +  Cp;  (2341) +JDf;   (3412)) 

and  when  we  put  the  coefficients  of  these  values  of  forms 
equal  to  one  another 

C-aB^ofA^o?D 

The  first  equation  gives  Br=iaA,  C^^ofA^  D^c^A  ; 
and  these  values  verify  also  the  second^  third,  and  fourth 
equations.    We  have  consequently 

/.•  (i;2S4)  = 
^  :  (12S4)+a^.-  (234l)+a^^  ;  (S412)  +  a3^.-  (4128). 


SECTION   CLXI. 

Pbob.  Solve  actually  the  general  equation  of  the  fourth 
degree 

2^  -  Jr*  +  J?j;«  -  Cr  +  2>  =  o 

under  theaime  oonditions  as  those  of  the  foiling  problem. 

SoluUon  1.  We  have  seen  in  the  foregobg  §,  that  all 
functions  of  the  ferm  ^:  (1234)  +  a^;  (2341)  + 
^,^ :  (8412)  +  aP^  ;  (4123)  9m  adapted  to  the  soln- 
tion.    Ifi  for  the  sake  of  greater  perspicuity,  we  put 
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^:  (1^34)  so/,  then 

/:  (1234)  =  ap'  +  A J^^  +  ofi^"  +  ofif' 

or,  when  we  briefly  substitute  for  a  one  of  the  primitive 

roots  of  the  equation  or^  —  I  =  o^  say  +  a/— 1, 
/;  (1234)  =y-.y''+  (^'-j/O  V-1. 

Hence  we  obtain 

/:  (2314)  =  x^^  -  x^   +  (x^^^  -  x'^  ^  -  1 
/:  (3124)  =  Jf"  -  j/'  +  (j/    -  j/")  v^  -  1. 

2.  By  5  of  the  foregoing  §,  we  .*  •  have 

+  ( tx/^''Ar  (x^'-x^^  ^/-l  )*  X  (  xf"^' + (a'-^'')  V'-l ) * 

r  =  (x'.x^''+(x^'-x^O'/-l  )*X  (^'-^+(:r/''-<^^0^^-l  )* 
x(x^''-x'^+(x^-x^'')^/.l)* 

llie  functioris  j7,  q^  r,  are  evidently  such,  that  each  of 
them  can  only  have  a  single  value  which  is  different,  viz. 
that  which  arises  from  the  one  here  given,  when  we 
substitute  j/'  for  x^  and,  vice  versd,  x^  for  sf'.  Concte- 
^ently  ea^h  of  these  ftincti^tts  depends  on  an  equation  of 
the  second  degree,  which  may  be  fetmd  by  the  method 
already  wdi  known  ftofri  the  foregoing  §.  As  the  Subject 
contains  no  difficulty,  and  the  calculation  is  hither  diffuse, 
I  shall  dwell  no  longer  upon  it. 

3.  In  the  preceding  chapter  we  have  seen,  that  in  two 
homogeneous  functions  the  value  of  one  may  always  be 
determined  from  the  value  of  the  other  by  a  rational 
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expression,  so  long  as  we  have  to  do  with  general  equa- 
tions. Consequently  also  the  values  of  f ,  r  may  be 
finind  immediately  from  the  known  value  of  p.  Now, 
since  p  has  two  values,  consequently  the  magnitudes 
Pf  qj  r  may  be  detennined  in  two  diffsrent  ways.  Eveiy 
such  determination  gives  an  equation 

K»-p^  + jK-r  =  o 
and  we  .*.  obtain  generally  six  values  of  JT.  If  we  put 
K^f :  (1234),  then  the  six  values  of  forms,  which 
correspond  to  these  numerical  values,  are  those  whidi 
arise  from  the  transposition  of  the  first  three  roots 
(§CLX,  3);  .-./.•  (1234),/.- (2314),/. -(8124), 
/:  (2134),  /:  (1324),  /;  (3214),  of  which  the  three 
first  correspond  to  the  three  roots  of  one  equation  fiar  Kf 
and  the  three  last  to  the  three  roots  of  the  other. 

4.   Let  £^,  K^',  K"\  be  the  three  roots,  which  cor- 
respond to  the  values  of  fi)rms/ :  (1234),/.*  (2314), 
f :  (3124).     If  we  substitute  these  values  of  JT  in  the 
equation  <^  --  JT  =  o,  we  then  obtam  for  i  three  values 

\Ik\  \lKf\  sJk^^'j  and  to  these  .-.  the  values  of 
fbrms  /;  (1234),  /.-  (2314),  /.-  (3124)  correspond. 
Now,  since  /;  (1234)  =  a/  +  «r^^  +  afx^^f  +  oV,  we 
then  have,  including  the  equation  j/-f-j/''  + j/^'^  +  o/^ 
s  A,  the  four  following  equations : 

j/    +j//     ^.^//    4.^F     ^^ 
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tani  ifie  tito  values  of  K  are 

If  we  substitute  these  values  in  die  three  roots  in  3^  we 
obteia 

«VliC-h  V(iC?+^^)]  ^a^VtiC-  ^/a(?+^i?)] 

which  agrees  with  Cardan's  formuTa. 

SECTION   CLX. 

Pbob.  Find  the  funetions  which  are  fit  fat  the  solu- 
tion of  the  general  equation  of  the  fourth  d^iiee^  vis. 

JT*  —  ^ar»  +  jBj:*  —  C:r  +  2)  =  o 
under  the  supposition  that  we  only  know  how  to  solve 
equations  of  lower    degrees,    and    those    of   the    form 
<*-ir=:o. 


Solution  1.  Arrange  the  twenty-four  values  of  forms  of 
/:  (1254)  in  recurring  transpositions,  under  and  opposite 
each  other;  (the  symbolical  function  and  the  brackets 
are  omitted  for  shortness^  sake) 


12  3 
2  SI 
Si2 


4 
4 
4 


S  I  3  4 
1^2  4 
3  2  14 


2  3  4  1  3  4  12 
3142  1423 
1243  2431 
1342   3421 

3  2  4  1  2  4  13 
2143   1432 

Thus,  in  the  first  vertical  column,  we  first  puty.*  (1234) 
with  its  recurring  transpositions  of  the  three  first  roots^ 

S  X 


4  12  3 
423  1 
4  3  12 
4  2  13 
4  13  2 
43  2  1. 
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found  the  other  roots,  if  we  had  given  ourselves  the  tronble 
to  solve  the  four  equations  in  4. 

SECTION     CLXII. 

Prob.  Find  functions,  which  are  fit  for  the  solution  of 
the  general  equation  of  the  fifth  degree 

under  the  supposition,  that  we  know  not  how  to  solve  anj 
other  equation  but  those  of  lower  degrees,  and  those  of 
the  form  t*  —  JT  =  0. 


Solution  1.  Arrange  the  120  values  of  forms  of  the 
function  t  =^f:  {12345)  in  recurring  periods,  as  follows  : 
(symbolical  functions  and  brackets  are  omitted) 


12  3 

2  3  1 

3  12 

45 
4  5 
4  5 

2  3  4  5  1 

3  14  5  2 

12  4  5  3 

13  4  5  2 
3  2  4  5  1 

2  14  5  3 

3  4  15  2 
14253 

2  4  3  5  1 

3  2  15  4 

3  4512 
14  5  2  3 

2  4  5  3  1 

3  4  5  2  1 
2  4  5  13 
14  5  3  2 

4  15  2  3 
42531 
4  3  5  12 

• •••#•••#••• 

2  15  4  3 

4  5  12  3 
4  5  2  3  1 
4  5  3  12 
4  5  2  13 
4  5  13  2 
45321 
15  2  3  4 

2  5  3  14 

3  5  12  4 

•  ••••••••••a 

15  4  3  2 

5  12  3  4 
5  2  3  14 
5  3  12  4 

2  13 
13  2 

3  2  1 

2  3  4 

3  1  4 
1  2  4 

•••••••« 

■••■•••< 
43  2 

45 
4  5 

4  5 

1  5 

2  5 

3  5 

)•  •  •  • 

!•  •  •  • 

1  5 

5  2  13  4 
5  1324 
5  3214 
52341 

53  142 
5  12  43 

54  32  1 

Thus  in  the  first  vertical  column  we  find  the  24  transpo- 
sitions of  the  four  first  roots  arranged  imd^  one  another, 
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in  the  same  way  as  they  were  in  1,  §  CLK.  The  four 
following  columns  contain  the  recurring  transpositions  of 
all  the  five  roots,  and  in  such  a  way,  that  in  each  hori- 
zontal row  there  is  a  period. 

2.  According  to  this  arrangement,  the  120  values  of 
forms  .of  the  function/*:  (12345)  may  .*.  be  generated  in 
the  following  way.  From  the  two  values  of  fiMrms* 
f:  (12345),  f:  (21345),  which  form  a  period  of  recur- 
ring transpositions  of  the  two  first  roots,  we  derive,  by 
recurring  transpositions  of  the  three  first  roots,  the  six 
values  of  forms, /;  (12345),/;  (23145),/:  (31245), 
/:  (21345),/:  (18245),/:  (32145).  From  these,  by 
recurring  transpositions  of  the  first  four  roots,  we  get  the 
24  values  of  forms  which  are  contained  in  the  first  vertical 
column  in  1 ;  and  lastly,  from  these  again,  by  recurring 
transpositions  of  all  the  five  roots,  we  derive  all  the  120 
values  of  fi)rms. 

S.  Let  the  five  values  of  forms/:  (12345),/:  (23451), 
/;  (34512),/:  (45123),/:  (51234),  be  the  roote  of 
the  equation  of  two  terms 

<*- Jir=0 
then  JTis  their  product,  consequently 

Jr=/:  (12345)  x/:  (23451)  x/:  (34512) 
x/:  (45123)  x/:  (51234). 
If,  for  the  sake  of  brevity,  we  put  K  =/^ .-  (^12345),  then 
/:  (12345)  is  a  function  such,  that  in  all  the  recurring 
transpositions  of  the  five  roots,  it  remains  the  same,  be- 
cause in  each  such  transposition,  one  of  the  five  factors,  of 
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which  it  is  composed,  merely  changes  place  with  another* 
Consequently  all  the  values  of  K  include  24  times  five 
equal  values,  and  . '.  this  function  can  contain  no  more 
than  24  unequal  values,  and  they  are  those  which  cones- 
pond  to  the  24  transpositions  in  the  first  vertical  column 
in  1,  and  consequently  those  which  arise  exclusively 
from  the  transposition  of  the  four  roots,  a/,  j/^^  3/^\  x^^* 

m 

4.  The  equation  for  t^  which,  taken  generally,  is  of 
the  120th  degree,  is  consequently  already  reduced,  by  the 
introduction  of  the  function  JT,  to  an  equation  of  the  24th 
degree.    Each  root  of  this  last  equation  ^vea  five  values 

of  t,  viz.  \/jr,  a\/ir,  a«\/ir,  c^Ky  c^\/K,  and 
•  '  •  all  the  24  roots  together  give  all  the  120  values  o£t. 

B.  Since  K  ts  t^  and  t  =/:  (12345),  then  also 
K  =/.•  (12S45)  =/:  (12345)«.  The  24  roots  of  the 
equation  for  iC  are  .  * .  no  other  than  the  results  of  the 
transpositions  of  the  four  first  roots  in  (/:  (12345)  )\ 
We  must  now  endeavour  to  reduce  this  equation. 

6.  With  this  view  I  shall  assume,  that  the  four  values 
of     forms    /:  (12345),    /:  (23415),    /:  (34125), 
y ;  (41235),  which  together  constitute  a  period  of  re- 
curring transpositions  of  the  four  first  roots,  are  the  roots 
of  an  equation  of  the  fourth  degree 

K  ^pK^  +  qrA"*  -  rK  +  «  =  0; 

then  the  coefficients/?,  9,  r, «,  are  symmetrical  ftmctions  of 
these  four  values  of  forms,  and,  consequently,  in  each  re- 
curring transpositionof  the  rootsa/,!^"",  j/^'j/%  they  remain 
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the  same,  because  in  each  such  transposition^  one  of  these 
values  merely  changes  place  with  another.  Therefore  they 
can  contain  no  more  unequal  values  than  those  which  arise 
fiom  the  transposition  of  the  roots  a/,  j/^  x!''  ;  conse- 
quently six  values.  Therefore  the  coefficients  f^  q,  r,  s^ 
depend  on  equations  of  the  sixth  d^ree  only. 

7.  Since  j7,  q,  r,  «,  are  homogeneous  functions,'  be« 
cause  they  all  change  only  when  the  roots  ^,  j/^,  j/^^, 
are  transposed,  we  are  .*.  always  enabled,  from  the 
known  value  of  one  of  these  coefficients,  say  p,  to  find 
directly  the  corresponding  values  of  the  remaining  ones 
9»  ^9  ^9  (§  CXLIII).  It  is  consequently  quite  sufficient 
to  solve  the  equation  for  p.  Moreover,  the  six  corres* 
ponding  values  of  p,  q^  r,  s,  give  six  such  equations  as 
those  in  6 ;  and  since  each  of  these  equations  gives  four 
values  of  JT,  consequently  all  the  six  equations  together 
give  the  24  values  of  JT. 

8.  If  we  put|>=//^-  (12S45),  then/^^•  (12S45), 
//^•  (28145), /^-  (31245),/'^-  (21S45),/^•  (13245), 
f^^:  (32145),  are  the  six  unequal  values  of  forms  of 
p,  which  form  two  periods  of  recurring  transpositions  of 
the  three  roots  j^,  x^\  3/^^.  I  shall  now  assume  that 
the  three  values  of  forms  of  the  first  period/^^  *  (12345), 
f^:  (23145), /'^•  (31245),  ate  the  roots  of  an  equa- 

tion  of  the  third  degree 

•  •  •  J^j  h'^  ^9  ar^  symmetrical  functions  of  these  three  values, 
and  consequently  in  each  recurring  transposition  of  the 
three  roots  j/,  j^^,  j/^',  they  remain  the  same.     They 
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•*^  can  have  no  more  than  two  different  values,  viz.  those 
which  arise  merely  from  the  substitution  of  sf  for  x'^. 
Besides,  if  //be  found,  then  also  €j[y  /  may  be  found 
immediately,  because  these  three  functions  are  .homo- 
geneous. 

9.  Letp^=:/^^•  (12345),  then /''^•  (12345),/^^.- 
(21345)  are  the  only  two  unequal  values  of  forms  of 
this  function.  If  • .  * .  we  assume,  that  they  are  the  roots 
of  the  equation 

then  p^^,  (]['  are  symmetrical  functions  of  the  roots  a/, 
7/\  x'^\  j/^  x^^  and  may  consequently  be  expressed 
rationally  by  the  coefficients  Jy  By  C,  Dy  Ey  of  the 
given  equation. 

10.  We  have  now  •  * .  reduced  the  equation  for  t  of  the 
120th  degree  to  the  following  equations : 

I.    <3  -ir==o 

II.  JSr*-p^  +  9K«-r2J:  +  *  =  0 

III.  p^  —  yp*  +  5^p  —  r^  =  0 

IV.  y«-/y+y^/  =  o. 

Having  found  the  equation  IV,  we  obtain  from  it  two 
values  of  jp^  If  we  substitute  one  of  these  values  of  p^ 
in  the  equation  III,  and  for  j^,  r^,  the  corresponding 
values,  we  then  obtain,  by  the  solution  of  this  equation, 
three  values  of  p.  Lastly,  if  we  substitute  one  of  these 
values  in  the  equation  II,  and  for  qy  r,  «,  their  oorres- 
ponding  values,  we  then  obtain  four  values  of  £,  and 
&om  one  of  these  values  that  of  u 
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11.  We  now  wish  to  inquire,  how  the  iunction  t  must 
be  constituted,   in  order  that  the  five  vahies  of  forms 

/:  (12345),  /;  (23451),  /;  (34512),  /;  (45123), 
f:  (51234),  may  be  the  roots  of  an  equation  of  the 
form  <*— lC=o;  for  this  was  the  supposition  with  which 
we  set  out.  If  this  condition  be  fulfilled,  we  then  must 
have: 

/:  (12345)=  a/;  (23451) '=  ay.-  (34512) 
=  a^f:  (45123)=  a*/;  (51234). 

Of  this  kind,  however,  are  all  the  (unctions  of  the  form 

^  ;  (12345)  +  a^  ;  (23451)  +  a«^;  (34512) 
4-  cc^<p  :  (45123)  +  a*^  :  (51234). 

Consequently  all  functions  of  this  form  are  fit  for  the 
solution  of  an  equation  of  the  £fth  degree,  under  the 
supposition  that  we  are  able,  from  the  known  value  of  this 
function,  to  determine  the  roots  j^,  j/^,  j/^^,  j/%  x^. 

12.  But  I  affirm,  that  this  last  supposition  is  always 
correct,  whatever  (unction  we  may  assume  for 
^ :  (12345).  For  since  f,  in  every  recurring  transpo- 
sition of  all  the  roots,  changes  its  value^  •  * .  it  can  have 
at  most  only  twenty-four  equal  values,  viz.  those  which 
are  in  the  first  vertical  column  in  t  Now,  since  amongst 
these  values  there  is  not  a  single  one  which  has  x^  in'  the 
first  place,  consequently,  these  can  only  at  the  same  time 
give  the  roots  j/,  a/^,  j/^^  a/%  but  the  root  x^  would 
always  admit  of  being  determined  rationally  finom  t. 
Therefore,  equations  of  the  fiflh  degree  may  be  solved 
in  an  infinite  number  of  ways,  and  we  shall  see  in  the 
sequel,  that  this  is  generally  the  case  with  all  equationsw 
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13.  Since/;  (12345)  =  (/;  (12S45)  )^  and p  = 
/;  (12845)+/.-  (23415) 4•y^•  (34125)+/;  (41235), 
then  also,  since  we  have  put  p  =/^ ;  (12345), 

/^•  (12845)  5=  (/;  (12845)  )«  +  (/;  (23415)  )«  + 

(/;  (84125))*+  (/;   (41285))*. 

Further,  since/  =:/^ ;  (12345)  +/^ ;  (23145)  +/^ ; 
(31245)=/^^;  (12345),  then  also,  when  the  requisite 
transpositions  of  the  roots  are  made, 


/" :  (12345)  =  (/ 

(/ 
(/ 
(/ 
(/ 
(/ 


(12345)  )»+  (/ 

(84125)  )•+(/ 

(23145)  )»+(/ 
(14235)  )»+(/ 

(81245)  )»+  (/ 
(24315)  )»+(/ 


(23415))*  + 
(41235) )*  + 
(31425) )»  + 
(42815)  )*  + 
(12435) )*  + 
(43125)  )*. 


If  in  this  we  substitute  s/  for  x",  we  obtain 


/^/;  (21345)=  (/ 

(/ 
(/ 
(/ 
(/ 
(/ 


(21845)  )«+(/ 
(34215)  )»+(/ 
(13245)  )»+(/ 
(24135)  )»+(/ 
(82145)  )«+(/ 


(13425) )*  + 
(42135))*  + 
(32415))*  + 
(41325) )*  + 
(21435))'  + 
(13425)  )*. 


(14825)  )*+(/ 

Hence  we  see,  that  the  two  functions Z^'^;  (12845)  and 
f'^  :  (21345),  tak^  together,  give  all  the  possible  values 
of  (/;  (12845))*,  which  arise  from  the  trjmspositbn  of 
t^e  four  first  roots,  consequently  all  the  unequal  valuea 
of  this  function.  Therefore,  since  j/^  ^f^^'  (12845) 
+/^' ;  (21845),  p^^  is  «  symmetrical  fimction  of  /,  jK^ 
x^^^f  xf^i  a:%  whiqh  is  obtained  immediatdy  from  the 
funetiop  (/;  (12845)  )*,  when  m  tak«  the  sum  of  all 
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the  values  of  this  fimctimi)  which  arise  from  the  trans^ 
position  of  the  four  roots  j/,  j/^,  j/^',  j/^ 

14.  Further,  because  j^^=/^^-  (12345)  x/^^-  (21345), 
we  then  immediately  obtain  the  function  <j['y  by  taking 
the  product  of  the  above  two  values  iorf^ :  (12345)  and 
f^\'  (21345).  Besides,  it  is  evident,  that  both  in //^ 
and  j/^  the  root  a  must  vanish,  because  otherwise  t  would 
have  more  than  120  values. 

SECTION    CLXIII. 

P&OB.  Solve  actually  the  general  equation  of  the  fifth 
degree 

^  -  -rfi^  +  -Bj^  -  C:k*  +  Dx  -  £  =  0. 

Solution  1.  Since  for  0  :  (12345)  in  the  foregoing  §, 
we  can  assume  any  arbitrary  function,  in  order  •*.  to 
simplify  the  calculation,  I  shall  assume  for  it  the  root  x, 
and  put  0  :  (12345)  s  a/.  Then  0  :  (23451)  =  x^^, 
^:  (34512)=:j/'^  0;  (45123)=a/^  ^:  (51234)=x^; 
hence 

t  =/:  (12345)  =  x^  +  oj/^  +  c^x^^'  +  a?3f^  +  a*ar^ 
and.'. 

{fi  (12345))*  =  (x^  +  ax^^  +  aV^^  +  a?^""  +  rt*xO* 

to  which  expression  we  can  also  give,  as  in  §  CXL,  the 
fi>rm 

(ox^  +  c?x"  +  aV^^  +  aV^  -H  afx^. 

« 

2.   If  we  solve  this  expiession  Moording  to  the  powers 

9.  z 


354 

of  a,  it  has,  tor  the  letuons  gireii  iu  12,  §  CXXXIX, 
the  Mlowing  fonn : 

and  then 

%'  =  [5]  +  120  [IT  + 

x^x'/'x'"  +  x"*x"'jf^  +  x«x''»x"  +  it'"«x"'x"»  V 
+x«x"»x''+x/'V''*x''  S 

S  (x'V+ x"V+x''/V'+x'x«+x^«x') 
+ 10  (x«x"»+x^x'/'»+j/''*"+x''V"+x'"''»x'*) 
is/^xf'j!' +x'x/'»x"'+x'x''V'+x'V'»x'\ 
+*<*  (  +x'V'^x'»  / 

/  x«x"»x''+i'x"»a'"»+x«x"'x"+x'V"«x'"\ 
\  +x"V'«x*»  / 

/x«x'V^V+x'x'Vx'»+x'x'V'>x^\ 
■^      l        +x'.t'''*x^x''+x''»y"x'^x''      / 

6(x'V/+a'^'x^+aV«+y'/*x''+x'<r'») 
+  10  (x^x"» + x'^'x"'* + x^x" + x'/'»x''» + x'"*'*) 

/x«x/V+x'x"»x»'+yx'V»+i'W'«\ 
"*■      V  +«"'x^x'»  / 

/x'»x"x^  +  x«*'''»x^+x/x'/'»x'«+«"»y"x^ 

I  +x/'«x"»x'  / 

+60  /*^*"*'"*'+«'x'«x''V+x'x'W»\ 

I         +x'x''V»x*'+x'V«x"'x''      / 


+  80 
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+  10  (x^x"' +x"x'*+ sf'^jfi'* + af"*s/n + jf^x  *») 


+80 


/x^j/'x'" + x"*x"'xf^+3fa/'!i^* + «'«"'»x''\ 

V  +x''''x'v  y 

+  80  (i««"'»x'' + x'x"*x"^ + x''»x"i'«) 
+60  (^^VV+x-x^'W+x'.'-x'-x^x 

5  (j/*x'+j/x/«+«'V"«+x'"x^*+«"'x«) 
+ 1 0  l^x^x'"* + a/» + *^ + x''»x"'« + a''**" + x*"»x^) 
I  a/»x'V+x'x'/'»y '+x/'»x"'x''+x'x'/'*^  \ 
\  +y'x^«x'  / 

/  x«x"x'' »+  a/x"»x^  +  x"*i/i'*x'*  \ 
^^^\        +x'x'*»x«+x'"»x'«x'  / 

/x^x^'x^x' + x'x''»x^x''+ x'x/V'»x'\ 
"^       V         +i'x'VV'»+a'V"x^x«      / 

3.   Nov,  if  in  the  expression  ^'  +  ^^^«  +  l"'ef  + 
^'■'d^  +  ^aS  we  perform  all  the  possible  transpositions  of 
the  roots  y,  x"i  x"',  x'^y  and  denote  the  sum  of  all  the 
results  thus  obtained  by 

X!  +  X>'a  +  V'cf  +  2' V  +  ?V 
ve  then  find 

?;'=«♦  [5]  +  8  .  80  [1»8]  +8  .  30  [IS*]  +84  .  ISO  fl»] 
2''=6  .  5  tl4]  +  6  .  10  [88]  +  4  .  SO  [l»S]+4 .  80[18»] 

+  6.60[l«8] 

and  finr  Xi"y  V'y  V,  the  same  Talues  as  for  V'    There- 
fine 
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Z!  +  f^'(a  +  ««  +  «3  +  «4)  ^  J/  _  J//. 
because  a  -{-  c^  +a'  +  <**  =s  [l]  —  1  =  —  1. 

4.  But  by  13  of  the  preceding  §  the  coefficieot  p^^  is 
the  sum  of  all  the  values  of  finrms  of  (/:  (12345)  )'^, 
which  arise  from  the  transposition  of  the  four  first  roots  ; 
we  have  .  * .  also 

Now,  if  we  substitute  for  XJ^  X!\  their  values  already  found, 
we  then  get 

p'f  =  24  [5]  -  30  [14]  -  60  [23]  +  80  [l«8] 
+  120  [12«]  —  360  [1^2]  +  2880  [1*] 

and  when  for  the  numerical  expressions  we  substitute 
iheir  values  taken  from  the  annexed  Tables, 

y^  =  24  A*  -  150  A»B  +  150  IB*  +  250  ^C 
—  250  jBC  -  1250  AD  +  6250  E. 

5.  By  a  method  not  much  different  firom  this,  we  may 
also  find  the  coefficient  (jf'.  Having,  however,  found  jf' 
and  q[^^  then  the  solution  of  the  equation  IV  in  10  of 
the  foregoing  §,  gives  the  value  of  //.  Having  obtained 
j/,  then  we  may  also  find  the  coefficients  ^,  r^  of  the 
equation  III ;  and  the  solution  of  this  equation  gives  the 
value  of  p.  From  the  known  value  of  p  we  may  now 
again  find  the  coefficients  9,  r,  «,  of  the  equation  I.  But 
the  calculations  by  this  method  would  be  extremely 
troublesome,  and  almost  impracticable.  I  shall,  in  the 
third  part  of  this  collection,  show  how  it  may  be  short- 
ened essentially,  and  at  the  same  time  give  the  oomplefte 
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solution  of  equations  of  the  fifth,  sixth,  and  seventh  de- 
grees. 

6.  Let  K',  K'',  JT^  K'^,  be  the  four  roots  of  the 
equation  II,  consequently 

f:  (12345)  =  K!  ,f:  (23415)  =  K'^ 
f:  (34125)  =  K'^'.f:  (41235)  =  if^^ 

If  we  substitute  K\  K'\  K^\  K'%  for  Z  in  the  equa- 
tion I,  we  then  get  for  t  four  values  \/ K\  v/  K^\ 

\/K^^^,  V  Jf^^  and  the  values  of  forms/;  (12345), 
/:  (23415),  /;  (34125),  /:   (41235)    correspond    to 
these  values ;  we  .'.  have 

/;  (12345)  =  V^X^  ,/:  (23415)  =  \/K'^ 
f:  (34125)  =  \/K''\f:  (41235)  =  \/ K'\ 

If  we  substitute  here  for  /;  (12345),  its  value  x^  + 
a  a^'  +  aV^^  +  c^a/""  +  a*x^,  we  then  gel,  including 
the  equation  x^  +  a/^  -^  j/^^  +  a/""  +  x^  =  A^  the  five 
following  equations : 

x'^    +  oj/^^  +  aV^   +  aV     +  a^x*^  =  \/ K" 
x^'f  Ar  car   '\-  c?j/     +  o^z^/    +  ou^x""  =  \/X'''' 

7.  If  we  multiply  the  four  last  equations  by  a,  and 
then  add  them  to  the  first,  since  lH-«  +  ^^+a'  + 
fl^s^ljsso,  we  get  immediately 


358 


_  A  -h  a{\/K*  +  \/K"  ^  \/K'''  +  \/  K^) 


X  ss 

5 


and  the  remaining  roots  x',  a/',  j/^',  x^,  are  all  of  the 

in  which  a,  &,  c,  <^  e,  denote  certain  functions  of  at. 
Hence  now  we  may  conclude^  in  a  similar  way  as  in  equa- 
tions of  the  third  and  fourth  degrees,  that 


X  s 

5 
is  a  root  of  the  ^ven  equation. 


8.  Having  .  * .  solved  the  equation  II,  we  immediately 
have  a  root  of  the  given  equation,  and  the  remaining 
roots  may  be  determined  firom  the  five  equations  in  6,  by 
elimination,  if,  after  having  performed  the  calculation,  we 

merely  substitute  of\l K\  o^s/K^'y  a^K'\  c^\/E!^ 

Ibr  Vi7,  \Ie!',  \/k''\  V^K^. 

SECTION   CLXIV. 

m 

Peob.  Find  functions,  which  are  fit  for  the  solution  of 
the  general  equation  of  the  sixth  degree 

under  the  supposition,  that  we  know  not  how  to  solve  any 
other  equations  than  those  of  lower  dqprees,  and  those  of 
the  finrm  f^  —  £  =  0. 

Solutum  1.  With  the  view  of  arranging  the  1  r  2  •  3  . 
4  .  5  .  6  =  720  values  of  fiirms  of/;  (123456)  in  a  re- 
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curring  order,  if  we  put  the  120  values  of  forms  in  1« 
§  CLXIJ,  in  a  vertical  column  under  each  other,  and 
add  to  each  the  root  of'  In  the  last  place,  we  then  have 
120  values  of  forms,  all  of  which,  end  with  :f'.  From 
each  of  these,  if  we  derive,  by  a  recurring  transposition  of 
all  the  six  roots,  five  others,  we  then  get  120  periods, 
each  consisting  of  six  values  of  forms,  consequently  the 
720  values  of  forms  of/;  (123456). 

S.  I  shall  now  assume,  that  the  six  values  of  forms  of 
thefirst  period  /;  (12S456),/;  (234561),/;  (S45612), 
/;  (456123),/;  (561234),/:  (612345),  are  the  roots 
of  the  equation 

<«-X  =  0; 
then  —  iC  is  the  product  of  all  these  roots,  and  hence 

—  A:=/;  (128456)  x/:  (234561)  x/;  (345612) 
x/;  (456123)  x/.*  (561234)  x/;  (612345). 
This  product,  however,  evidently  undergoes  no  change 
in  each  recurring  transposition  of  all  the  six  roots  x\  j/^, 
j/^^,  1^,  7^y  x^\  because  in  each  such  transposition,  one 
fiurtor  merely  changes  place  with  another;  consequently  the 
720  values  of  forms  of  K^  taken  six  and  six  together,  are 
equal.  Therefore  K  can  have  no  more  than  120  different 
values,  and  these  1 20  values  are  no  other  than  those  which 
have  J^'  in  the  last  place,  and  which  consequently  arise 
merely  firom  the  transposition  of  the  five  remaning  roots. 

S.  Since  £  =  <*,  and  t  =/;  (123456),  then  also 
£=s  (/:  (123456)  )^  Consequently  the  funolion 
(/:  (123456))^  can  have  no  more  difierent  values  than 
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tliose  which  exclusively  arise  from  the  transpositioa  of 
the  roots  a'^,  j/',  j/^^,  x'^,  7f.  For  shortness^  sake,  I  shall 
denote  them  \yj  f :  (128456),  and  assume,  that  the  five 
values  of  forms/:  (12S456),/;  (284516),/;  (345126), 
/;  (451286),/.-  (512346),  which  arise  from  the  re- 
curring transpositions  of  the  five  first  roots  a/,  :d\  xf'^^ 
x^j  afy  are  the  roots  of  the  fi)llowing  equation  of  the 
fifth  degree : 

then  p,  9,  r,  «,  u,  are  symmetrical  functions  of  the  above 
values  of  forms,  and  consequently  undergo  no  change  in 
each  recurring  transposition  of  the  first  five  roots.  But 
since  they  also  remain  the  same  in  the  recurring  transpo- 
sitions of  all  the  six  roots,  they  consequently  can  contain 
no  more  difierent  values,  than  those  which  arise  exclu- 
sively from  the  transpositions  of  the  roots  j/,  x'\  x''\  x^. 
Therefore  each  of  these  functions  depends  only  on  an 
equation  of  the  24th  degree.  Since  they  are  homoge- 
neous, it  will  be  sufficient  to  have  determined  one  of  these 
functions. 

4.  If  for  the  sake  of  brevity,  we  put  p=/' :  (128456)> 
then/^ :  (123456)  can  only  undergo  a  change  when  the 
four  first  roots  are  transposed.  I  shaU  now  assume,  that 
the  four  values  of  forms/'';  (128456),  f :  (284156), 
f:  (841256),  f'l  (412856),  are  the  roots  of  the 
following  equation  of  the  fourth  degree: 

p*  -  py  +  ?y  -  ^p  +  ^^  -  ^ ; 

then  the  coefficients  //,  g^,  r^,  s^,  are  symmetrical  frmc- 
tions  of  these  values  of  forms,  and  consequently  in  each 
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rc»cuirriiig  transposition  of  the  four  first  roots  they  remain 
unchanged ;  and  since  they  also  remain  the  same  in  the 
recurring  transpositions  of  the  first  five  and  of  all  the  six 
roots,  consequently,  amongst  the  720  values  of  forms, 
there  are  no  more  than  six  which  are  difiTerent,  viz.  those 
which  arise  exclusively  from  the  transposition  of  the  three 
first  roots  x\  a/^  3/^'. 

5.  I  put  y=/^^^:  (123456),  and  assume  that  the 
three  values  of  forms  f^' :  (12S456;,  f^^ :  (281456), 

f:  (312456),  are  the  roots  of  the  following  equation  of 
the  third  d^ree : 

thenj/^,  ij['y  r^\  are  symmetrical  functions  of  these  valute 
of  forms,  and  consequently  in  the  recurring  transpositions 
of  the  three  first  roots  sufiler  no  change ;  and  since  they 
also  remain  unchanged  in  the  recurring  transpositions  of 
the  four  and  five  first,  likewise  of  all  the  six  roots,  .*. 
each  of  these  functions  can  have  no  more  than  two  differ- 
ent values,  viz.  those  which  arise  firom  the  transposition 
of  the  two  first  roots.     . 

6.  If--,  we  put//^=/^'';  (123456),  and  assume 
that  the  two  values  of  forms/'"';  (123456),/*^ ;  (213456;, 
arte  the  roots  of  the  equation 

then  thci  functions  f^'\  i]("  undergo  no  change  in  the 
transposition  of  the  two  first,  three  first,  four  first,  five 
^rst,  and  all  the  six  roots,  consequently  they  are  symme- 
trical, and  .  * .  may  be  expressed  rationally  by  means  of 
the  coefficients  A^  B^  Cy  Z>,  E,  F,  of  the  given  equation. 

8  K 
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7.  The  equation  Sat  t,  vhich  toi^nally  was  <^  the 
720th  degree,  has  oonseqaeiitly  hegXL  reduced  by  theae 
sucoeasiTe  operatioiu  to  the  fiillowiog  equations : 

I.  fi    -  K=0 

II.  IP-pK*  +  qK'-rK*  +  tK-u^o 
IIl.p*  -i/p'  +  if^-r'p  +  8'  =  0 


IV.  p^  -yy*  +  y^y  -  r^^  =  0 

V.  y/«-p//y/  +  9'''=o 


mrhich  are  so  constituted,  that  the  coefficieiits  of  eaoh  of 
them  depend  on  the  solution  of  all  the  foUowmg  equa- 
tions. The  equation  V  gives  two  values  of  ]/^  •'.  the 
equation  IV  six  values  of  //,  consequently  the  equation 
III  24  values  a£  pf  and  •*•  the  equation  II  120  values 
of  K,  consequently  the  equation  I  720  values  of  t. 

8.  Therefinre,  if  the  (imction  t  be  sueh,  that  the  valaes 
of  fonns  /;  (J  23456),  /;  (234561),  /:  (^45612), 
/;  (456123),  /:  (561254),  f:  (612345),  are  the  roots 
of  the  equation  <^— /Tso,  consequently  it  is  always  fit 
for  the  solution  of  an  equation  of  the  6th  degree.  But 
nothing  more  will  be  required  to  effect  this,  than  that 

/:  (123456)  =  af:   (23456l)  =  a^:  (345612) 
=  ay.-  (456123)  =  a\f:  (561234)  =r  «»/:  (612345) 

when  a  denotes  a  primitive  root  of  the  equation  (^— IssO. 
But  All  functions  of  the  form 

t :  (123456)+  a^  ••  (23456l)  +  a^  :  (345612) 
+  a^ift :  (456123)  +a«^  .-  (561234)  +  a'^ :  (61234^0 

arei)f  this  nature.    ConsaqQeiitly  all  functions  of  this 
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kind  ai^  fit  for  ihe  solution  of  eqUAtiona  of  the  6tk 
d«greo.  Besides,  we  need  not  be  appreboisive  of  not 
being  able  to  determine  the  lootn  of  the  given  equation 
iBrom  these  functions ;  for,  sinee  the  equal  values  of  forma 
of/:  (193^56),  if  indeed  it  should  have  any«  can  only 
be  fi)ttnd  amongst  those  which  have  x^'  in  the  last  place,, 
consequently  ^^^  cannot  be  amongst  the  roots,  which 
correspond  to  the  equal  values  of  %^f:  (123456),  and 
.'. ,  by  the  foregoing  chapter,  this  root  at  least  must  be 
determined  from  the  known  value  of  <  by  a  rational 
expression. 

SECTION    CLXV. 

Pbob.    To  solve  actuaUy  the  general  equation  of  the 
€th  degiee  in  the  foregoing  §• 

Solutum  1.    If,   to  facilitate  the  operation,   we  put 
^;  (123456)  =a/,  then 

/:  (123456)  =  3/  +  eu/^  +  cfsff'  +  o^xf'  +  rt*ar'' +  a'x''^ 
We  have  .•• 

/;  (123456)  =  (/:  (123456)  )« 
=     (x^   +  «^^+  a^sff* ^' o?3f^  +  (^3^  +  ofx^*f  = 

This  transformation  was  performed  meiely  in  order  to 
make  the  dashes  over  x  agree  with  the  powers  of  a,  by 
which  means  the  solution  of  the  polynomial  is  ixmdered 
more  easy. 

3.  By  S  of  the  foregoing  §,  /^ :  (123456)  is  the  sum 
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•f  all  the  reiuito  which  are  obtained  firom  the  itcamng 
transpositions  of  the-five  iirat  roots  iny^:  (123456%  con- 
sequently also  the  sum  of  all  the  results,  which  arise  firom 
the  transposition  of  the  five  first  roots  in  (/:  (123456))^ 
Further,  by  8  of  the  foregoing  §,/''^-  (128466)  is  the 
sum  of  all  the  recurring  transpositions  of  the  four -first 
roots  in/';  (123456),  consequently  also  (he  sum  of  all 
the  recurring  transpositions  of  the  four  and  five  first  rooU 
in  (/:  (12S456))«.  By  4,/'' ;  (123456)  is  the  sum  of 
all  the  recurring  transpositions  of  the  three  first  roots  in 
J^^^ :  (123456),  consequently  also  the  sum  of  all  the 
recurring  transpositions  of  the  three  first,  four  first,  and 
five  first  roots  in  (/;  (123456))*.  Now,  since  by  5, 
///=/'';  (123456)+/^^:  (213456),  .-.  tiso  j/'^  is  the 
sum  of  all  the  recurring  transpositions  of  the  two  first, 
three  first,  four  first,  and  five  first  roots  in  (/:  (123456)  )*» 
consequently  the  sum  of  all  the  values,  which  are 
obtained  from  this  (unction  by  the  transposition  of  the 
five  first  roots. 

3.  In  order  .*•  to  find  the  coe£Bcient  p^^\  we  must  first 
solve  the  power 

this  solution,  since  a^z=l,  a'sso,  o^sso^  &r.  assumes 
the  following  form 

in  which  X!,  X:\  ?'^  ^:^^  ?:%  V\  are  functions  of  if, 
j/^  x"\  j/'',  x%  X*  ^  without  a.  If  we  thpn  petfbnn  the 
120  transpositions  of  the  roots  a/,  jf'^  sf"y  j/%  x^  thca 
the  sum  of  all  the  results  thus  obtained,  gives  the  coeffi- 
cient f'^^. 
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4*  Further,  if  we  multiply  the  two  functions /'^^ : 
(123456),  f" :  (213456)  together,  we  then  obtain  also 
the  coefficient  (^^'.  The  equation  V  of  the  foregoing  §,  will 
then  give  the  coefficient  jf^ ;  and  having  found  this,  we 
may  directly  find  (j[^^  r''  by  the  foregoing  chapter.  Now, 
the  equation  IV  gives  the  coefficient  |/,  .••  also y ,  r^,  «^, 
and  lastly  the  equation  III  gives  the  coefficient  p,  and  at 
the  same  time  also  the  remaining  coefficients  of  the  equa- 
tion II. 

6.  Let  K'y  K",  K'",  K",  K',  denote  the  five  roots 

of  the  equation  II;    then  \/K',    \/k",   sJ K'", 

\/  K"f  \/  K\  aie  the  five  values  of  (,  and  the  values 
of   Ibnns  /;  (123456),  /••  (234516),  /;  (345126), 
f:  (451236), y*;  (512346)  correspond  to  these  values; 
we  .*.  have  the  six  equations 

3/    +    x"  +     x"^  +     x"+     1"+     x''^:       A 
x'    +ca"  +  cfsf"  +  o?i'^  +  c^x"  +  afx"'  =  \/k' 
x"  +  ca/"  +  cfx^  +  ct>x^  +  aV   +  cfx*'  =  s/k" 
x"'  +  oi'"  +  efx^    +i>^x'    +  cfi/'  +  efx^'  =  \]  h!" 
ivr  ^  ^jr   j^cfjf     Ar  efx"    +  e^x"'  +  cfx"'  =  sj K" 
3^    J^  oj/    ^  efx"   +  c?x"'  +  aV  +  efii^'  =  s/jT. 

6.  Hence  now,  when  we  multiply  the  five  last  equa- 
tions hy  a,  and  add  them  to  the  first,  we  immediately 
obtain 
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and  whan  for  the  same  reasons  as  in  the  case  of  loirer 

eqaations,  we  put  a's/jT',  of\/K" ,e?\/K"' ,e/\J  K'"  ^ 

ef\/Kr,   for  \/K'y  \/K",    \/K"',  \/k",  \/k\ 
so  that  a  vanish,  we  get  a  root  of  the  given  equation 

_  J+\/K'+\/k''+\/K'"+\/K'^+\/K 


'=      6 


and  we  obtain  the  remaining  ones  from  the  above  six 
equations  by  elimination. 

SECTION    CLXVl. 

Peob.  Solve  the  general  equation  of  the  nth  d^ce 
af  -  -rfx"-*  +  Bif^  —  CsT^  +  &c  =?  0. 

Solution  1.  Let  t  ^=^f:  (12345 n)  be  a  function 

of  such  a  nature,  that  the  n  values  of  forms,  which  arise 
from  the  recurring  transposition  of  all  the  n  roots,  are  the 
roots  of  the  equation 

f  —  if  =  0. 

Since  then  K  is  the  product  of  all  these  values  of  forms, 
it  must  consequently  remain  the  same  in  all  these  trans- 
positions*   Therefore  its  values  of  forms,   1  ,2.8.4 

n,  taken  n  and  n  together,  are  equal.     Hence  it 

follows,  that  K  has  no  more  than  1.2.3.4 n— 1 

different  values,  and  that  these  values  are  those  which 
arise  exclusively  from  the  transposition  of  the  n  —  1  first 
roots. 

3.  Since  J*.  £  stiU  depends  im  an  equation  of  the 
1  •  2  •  3  .  4  ...•••  n  —  1th  d^ree,  we  must  consequently 
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endeavour  to  reduce  this  equation.     To  effect  this,  I  put 

Kzszf :  (12S45 n),  and  assume  that  the  n  —  1 

values  of  forms  of  this  function,  which  arise  from  a  recur- 
ring transposition  of  the  n  —  1  first  roots,  are  the  roots  of 
the  following  equation : 

X"-»  =  pK^  +  jK-^  -  rX-*  +  &c.  =  0. 

Then  the  coefficients  p,  9,  r,  &c.  are  symmetrical  functions 
of  these  values  of  forms,  and  consequently  in  the  recurring 
transpositions  of  the  ir  —  1  first  roots  remain  the  same. 
But  since  they  also  undergo  no  change  in  the  recurring 
traaspositions  of  all  the  n  roots,  because  by  that  means 

f:  (1284 n)  suffers  no  change,  consequently  only 

those  of  their  values  are  different,  which  arise  from  the 
transposition  of  the  n  —  2  first  roots.  Therefore  each  of 
these  coefficients  has  only  1.2.3.4 n  —  2  differ- 
ent values,  and  consequently  eadi  of  them  depends  on 
an  equation  of  the  1  •  2  .  3  •  4 »— 2th  degree  only. 

8.  Since  it  is  quite  sufficient  to  have  found  p,  because 
Pi  99  ^3  ^  <^e  homogeneous  functions,  I  shall  put  p  =s 

f  :  (12345 n),  and  assume,  that  the  n  —  2  values 

of  forms  of  this  function,  which  arise  firom  a  recurring 
transposition  of  the  » -*-  2  first  roots^  are  the  roots  of  the 
equation 

p"  —  p^jT^  +  5/p— *  —  r'/)— *  +  &c.  nt  0; 

then  j/,  q\  r^,  &c.  are  symmetrical  functions  of  these 
values,  and  they  .  * .  remain  the  same  in  the  recurring  trans- 
positions of  the  n  —  2,  n  —  1  first  roots,  and  also  of  all 
the  ft  roots.  Therefore  these  coefficients  have  only 
1-2.9.4 n— 3  different  values,  viz.  those  whidi 
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arise  from  the  transposition  of  the  n  —  3  first  roots,  and 
thej  consequently  depend  only  on  equations  of  the  1  .  2  . 
S  .  4  ......  n  —  3th  degree. 

4.  In  a  similar  ivay  we  successively  form  the  equa-* 
tions 

p/-^  -//V^  +?''/"^  -r'V^  +*c.=  0 

p'/-- «  -^/y/--»  +y//y/«-6  _yy//p//.^i  +&c.=  0 
y//-»— p/y//-«  +5/y//— •»-.r'y//-«+&c  =  o 

&c. 

viz.  the  first  firom  the  recurring  period  of  the  n  —5  first 

roots  of  the  function  f/  rz^f'^i    (1234 n);   the 

second  from  the  recurring  period  of  the  n  —  4  first  roots 

of  the  function//^  =y^''.'  (1234 «)  ;  the  third 

firom  the  recurring  period  of  the  x  —  5  first  roots  of  the 

function  f/^'  =/*'•'  (1234 n)  ;   and  so  on.     We 

continue  this  operation  till  we  arrive  at  an  equation  of 
the  second  degree 

then  />^"^^  9^""^  are  such  functions  of  j/,  j/',  z'^\ 

...  x^'),  as  remain  the  same  in  the  recurring  transposi- 
tions of  all  the  n  roots,  also  in  the  recurring  transpositions 
of  the  ft  —  1,  It  —  2,  n  —  3  first  roots,  and  so  on,  and 
likewise  of  the  two  first  roots.  They  .'.  undergo  no 
change  in  all  the  transpositions  of  the  roots,  and  conse« 
quently  they  are  symmetrical.     Therefore  they  may  be 

expressed  rationally  by  the  coefficients  of  the  given  equar 
tion. 

5.  We  consequently  have  a  series  of  equations' 
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K^-*  -  pK"^^  +  ylk -^  -  rK-^  +  &c.  =  0 

y-«  _^y—  +  ^y-*-f^y-«  +  &c.  =  0 

which  are  so  constituted ,  that  the  first  coefficient  of  each 
depends  on  all  the  following  ones.  Now  if  the  first 
coefficients  p,  ff,  ff'j  j/^'^  &a  are  found,  then  also  the 
remaining  ones  y,  r,  Ac.  y',  r',  &c.  9/^  r^^  &c.  4c.,  may 
be  found  by  the  foregoing  chapter. 

6.  It  only  remains  now  to  assume  for  t  ^f:  (12345... 

n)  a  function^  such,  that  its  values  of  forms,  which 

arise  firom  the  recurring  transposition  of  all  the  n  roots 
j/,  j/'y  xf^'y  &c.  may  be  the  roots  of  an  equation  of  the 
form  t"  —  K  =  0.      With   this  view,  we  assume  any 

other  function  jbt  =  ^ :  (12345 x)  at  pleasure.     Let 

J 9  ^\  7!"j  sf^, JB*"^  denote  the  values  of  forms  of  z, 

which  arise  from  the  recurring  transposition  of  all  the  n 
roots,  and  a  a  primitive  root  of  the  equation  x"  —  1  =  0  : 
assert,  that  then 

e  =  5^  +  a»^^  +  aV^^  +  a»JB^  + +  a-**^"^ 

is  always  a  function  of  the  required  property.  For  since 
in  this  function,  in  each  recurring  transpositum  of  the 
roots  a/,  a/',  a/^^,  &c.,  the  values  of  forms  a/,  s^\  z^^\ 

s^, jK^^  are  in  like  manner  transposed  in  a  recurring 

order  (for  fay  these  means  2f  changes  place  with  zf\  J' 
with  a/^^,  n!*'  with  «^,  and  so  on,  lastly  «^"^  with  «^),  there- 

3  B 
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fore  the  function  f,  in  the  zecurring  transpositions  of  the 
roots  x\  xf\  sf'^  &c.  has  the  following  values : 

if  =«/   +aB''^+a««'/^+«'«'^-f  +a^-'V"^ 

iff  ^t!'  ^-ca!"Jrc?^^-o?^  -^  +a«-^V 

«w=if^//  +  «a^  +«V  +«V'  +  4-a^"-V 

<^=y^+a*^  +ay/  +  ay//+  +aC»-iV// 

&c. 
and  we  immediately  see,  that  i!'  =  a?^'t^,  t^'^  =  et^^ 
t7  =  a"^<^,  and  so  on.  Therefore  the  functions  t!^  t'\ 
iff\  &c.  have  exactly  those  relations  which  they  ought  to 
have,  in  order  that  they  may  be  the  roots  of  an  equation 
of  the  form  T  —  JT  =  0. 

7.  That  the  value  of  the  roots  j/,  x",  x^^\  &c.,  may 
always  be   determined  from   the  known    value    of  the 

function   z^  +  a^^^  +  aV^^  +  <^z^  +  +  «— V 

let  the  function  z  be  what  it  may,  appears  from  this,  that 
the  root  x^''  never  can  correspond  to  the  equal  values  of 
this  function,  if  it  should  have  any^  because  these  equal 
values  must  necessarily  be  amongst  those  which  aiiae 
from  the  transposition  of  the  ?t— 1  roots  a/,  x^^,  j/^^  x^, 

x^""^\     Consequently  this  one  root  at  least  may 

always  be  determined  from  the  known  value  of  t^  without 
solving  any  equation.  But  then  the  remaining  ones  may 
also  be  found,  when  the  sdution  of  equations  bdow  the 
nth  degree  is  pre-supposed. 

8.  Therefore  all  equations  may  Jbe  imuril  in  juiqi* 
berless  ways.  If,  in  order  to  make  the  caleulatioii  mecf^ 
simple,  we  put  z  =  x,  we  then  have 

f  =  a/  +  ax'^  +  o^^//  +  ^jp/r  ^ ^  cT^tI^K 
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ITence  we  immediately  obtain 

9.   Now,  in  order  to  solve  actually  the.given  equation, 
we  must  first  of  all  endeavour  to  determine  the  coeffi- 
oentcr  p^"^^   y^"^^  of  the  last  reduced  equation  in  4. 
Since  p  is  the  sum  of  the  n—  1  values  of  forms  of  JT, 
which  arise  from  the  recurring  transposition  of  the  n— 1 
first  roots,  and  jf  again  the  sum  of  all  the  values  of  forms 
of  f^  which  arise  from  the  recurring  transposition  of  the 
9t— 2  first  roots ;  consequently,  also,  jf  is  the  sum  of  the 
91^1  .n— 2  values  of  forms  of  K^  which  arise  from  the 
recurring  transpositions  of  the  n  —  X  and  of  the  n  —  2 
first  roots.     Further,  since  ff'  is  the  sum  of  the  n-^  S 
values  of  forms  of  f/,   which  arise  from  the  recurring 
transposition  of  the  n— 3  first  roots,  .-.  also |/^  is  the 
sum  of  the  n— l.n— 2.n— 3  values  of  forms  of  K,  which 
arise  from  the  recurring  transpositions  of  the  n-*  1,  n— 2, 
and  n—  3  first  roots.    If  we  proceed  further  in  this  way, 
we  then  find  that  the  coefficient  p^""^)  is  the  sum  of  all 
the  91— >l.n->2.n— 3...*3.2  values  of  forms  of  JT,  which 
Arise  from  the  recurring  transpositions  of  the  n—  1,  n— 2, 
91—3  roots,  and  so  on,  lastly,  of  the  two  first  roots,  or, 
which  is  the  same,   that  f^"^'^  is  the  sum  of  all  the 
1.2. 3.4. ..91—1  values  of  forms  of  iT,  which  arise  from 
all  the  transpositions  of  the  9t~  1  first  roots. 

10.    In  order,  therefore,  to  find  the  coefficient  p^''^\ 
we  must  in  the  first  place  solve  the  expression  fiir  JT  in  8 

(x'  +  oi'^  +  aV^'  +  o^x""  +  +  a-^x^'O 
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according  to  the  powers  of  a.  This  solution,  since 
a"  =  1,  a"+*  =  a,  0"+*  =  a«,  &c.  will  then  have  the 
following  form : 

g  +  Iff  a  +  ^/'V  +  5^V  +  +  5^-)^'; 

in  which  ^^  ^^^  S^^^, ^^'^  are  certain  functions  of  xf^ 

x*\  x^'\ x^'^    Now,  if  in  these  we  transpose  the  xoots 

x^  ocl\  x^"f j:*""*^  in  all  possible  ways,  while  op**^ 

retains  its  place,  and  then  add  the  results  together,  we 
obtain  an  expression  of  the  form 

Z/  +  S^'a  +  K^'cf  +  2^  a3  4.  ...  +  ^CW-) 

which,  since  it  is  the  value  of  p^'''^^  is  necessarily  sym- 
metrical with  reference  to  the  roots  j/,  1'',  x/^' x^\ 

and  . '  •  may  be  expressed  rationally  by  the  coefficients 
A^  By  C  &c.  of  the  given  equation. 

11.    In  order  to  find  the  coefficient  9^'"^^  of  the  last 
equation  in  6,    in  the  expression  5'+5^'«  +  5''^a*  +  .-. 

^p«y«-i)  complete  the  n.n— l.n— 2 3  recurring 

transpositions  of  the  n  — 1,  n— 2,  n^-Sy  and  so  on,  first 
roots,  exclusive  of  the  two  first ;  then  substitute  3/  for  x^\ 
and  again  make  the  same  transpositions.    Now,  if  we 

multiply  the  sum  of  the  n  .  n  —  1 .  n  —  2 3  first 

results  by  the  sum  of  the  n  .  it  —  1 .»— 2 3  last,  we 

then  obtain  a  symmetrical  function  of  x\  x^^^  x^^',..«a^*^, 
which  will  give  the  value  of  f'*"^^  expressed  by  the  coeffi- 
cients Ay  By  C,  &c. 

12.    If  we  write  the  reduced  equations  in  5  backwards, 
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we  have  the  following  series : 

jr-»  -  p^-*  +  qK*-^  -  rjs:-*  +  &c.  =  0 

r  -  K  =  0. 

Having  found  the  coefficients  p^"^^,  9'"^^  by  10  and  11, 
then  the  solution  of  the  first  equation  gives  the  coefficient 
p{i-*)  Qf  |.}|g  second  equation ;  and  by  the  foregoing 
chapter,  we  may  hence  immediately  determine  the  values 
of  5^*"*^  and  r^"^^  by  rational  expressions,  because  p^*~*\ 
j^"^'^  and  r'"^^,  are  homogeneous  functions.  The  coeffi* 
cients  of  the  second  equation  are  consequently  fully 
determined,  and  its  solution  gives  the  coefficient  p^*^^ 
of  the  third  equation ;  . ' .  ako,  as  before,  the  coefficients 
^■"-\  r^""*^  «^"~*^ ;  and  the  solution  of  this  last  equation 
again  gives  the  coefficient  p^*^^  of  the  following  equation. 
If  we  proceed  further  in  this  way,  we  at  last  find  the 
coefficients  p,  f ,  r,  &c.  of  the  equation  for  K. 

13.   Let  K',  K'\  JTw   Kf"" K^^'\  be  then^l 

roots  of  this  equation ;  corresponding  to  these,  as  we  have 
assumed  in  2^  are  those  values  of  forms  of  K  =sj^ : 
(1234...n),  which  arise  from  the  recurring  transposition  of 
the  n^  1  first  roots.  Each  of  these  values  i^K"  substituted 
in  the  equation  f  -^  K=  0,  gives  n  values  of  t,  consequently 
all  together  they  give  n.n^l  values  of  t;  and  these  are : 
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yyK'y    a\/K\    c?\/K', ci-'\/K' 

\/K"^  a\/K",  cf\/K", m-'s/K" 

S/S!"y  a\/K"'t  a^\/K"', ji-^\/K"^ 

and  corresponding  to  these  are  the  n .  n  —  1   values  of 
forms  of  t  =y*:   (I234......9i),  which   arise  from   the 

recurring  transposition  of  all  the  n  and  n—  1  first  roots. 
These  numerical  values  of  the  function  t  have  such  a 
relation  to  the  values  of  forms  of  ^:  (1234 n),  that 

if  we  puty.*  (1234 n)=a*\/X^,  the  remaining  n— 2 

values  of  forms,  which  arise  boxsxf:  (1234 n)  by 

the  recurring  transpositions  of  the  it  —  1  first  roots,  cor- 
respond to  the  numerical  values  aC\J'K!*y   oC\J  K'"^ 

cCSj K'^j a*^X^"~*\    Now  since  we  have  assumed 

that  «  =  j/  +  aa/'  +  cfs/'^  +  cfix^""  + +  ar-»a:«'>,  we 

have  •' .  the  following  n  equations : 

a'  +cuc"  +aV"+  ...  +«*^x<-"+«^V  =  a'Sj  K' 
sf'  -i-aa/"+t^x''  +  ...  +c^x'  +<^x'"  =  a^K'' 
y/' + «tt"  +  o^x    +  . . .  +  t^x"     +  cT^jf'^  =  a>\/K"' 

*<"-«+«'+«»«''+ ...  +«r*a<*^>+.r-'x<"= a^y  «•-'>. 

14.  If  we  multiply  the  n—  1  last  equations  by  a,  and 
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then  add  them  to  the  fint,  we  obtain,  after   dividing 

3<-^=-i+— ( vk' + \/Kf' + \/k"' + ... + vjk^-") 

ft        n 
and  the  remaining  roots  are  all  of  the  form 

aA  +  VsJk'  +  i\jK'  +  i^K'^'  +  ..•  +  I\/k^^'> 

in  which  a^hyC^dj /  denote  certain  functions  of  a. 

But  since  these  roots  must  always  remain  the  same, 
whatever  primitive  root  we  substitute  for  a,  .*.  amongst 

the  remaining  roots  x^^  a/^,  j/^^, x^"~*^  there  must  at 

least  be  another,  which  has  the  form  of  the  root  x^'' ;  and 
since  this  is  not  possible,  a  must  quite  vanish  from  the 
value  of  JT^'^  ahready  found,  and  .  • .  a*^'  =  «»  =  J,  conse- 
quently V  =  n  —  1.     Therefore 

1      It 

is  a  root  of  the  given  equation,  and  the  remaining  ones 
may  be  determined  from  the  equations  in  13,  wheni^e 
substitute  in  them  n  —  1  for  v. 

Bemabk.  The  solution  which  I  have  here  given,  has 
only  this  one  fault,  that  we  do  not  by  its  means  obtain 
all  the  roots  at  once,  but  only  one,  and  that  the  remaining 
ones  must  afterwards  be  sought  by  a  very  troublesome 
dimination.  I  shall  .*.  give  another  solution,  which 
has  not  this  fault,  and  in  other  respects  also  is  perhaps 
preferable  to  the  former  one.  For  the  sake  of  perspicuity 
I  shall  heffn  with  an  equation  of  the  fifth  degree. 
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SECTION    CLXVII. 

Prob.  Solve  the  general  equation  of  the  fifth  degree 
^  -  Ji^  ^  j8j3  _  Cr«  4-  jDx  -  i?;  =  0 
so  as  to  obtain  all  the  roots  at  onoe. 

Solution  1*  As  in  the  preceding  ^9  let  f^  ^  iT  =  0  be 
the  equation  for  the  recurring  period  of  all  the  roots  of 

the  function 

r  =  :r^  +  oi^^  +  c^j/^^  +  c^x^""  +  a^x"" 
then 

or  also 

and  K  can  have  no  other  unequal  values  of  forms,  as  we 
have  already  seen,  but  those  which  arise  from  the  24 
transpositions  of  the  four  first  roots. 

S.  Thus  fiur  all  is  the  same,  as  in  the  for^roing  solo- 
tion.     But  further,  instead  of  forming  the  equation 

as  heretofore,  fiiom  the  recurring  period  of  the  four  first 
roots,  I  shall  now  assume  that  it  has  the  four  fbllowmg' 
values  of  forms  for  roots  : 

{ax'  +  afx^'  +  a«y^'  +  a^x^  +  x^ 
{o?xf  +  aV"  +  ax^'f  +  o?x^^  +  x^* 
(«-V  4-  ai^'  +  ^^''  +  o?xf^  +  xy 
(aV  +  o?x/'  +  o?X^f'  +  «'''+  xy 
the  three  last  of  which  are  obtained  firom  the  first  one, 
when  in  it  we  substitute  successively  a^,  a?y  a*  for  a. 


377 

S.  In  the$e  four  vduefl  of  JC,  x^^  is  always  combined 
with  anodier  powet  of  a,  and  .'.all  the  24  unequal 
values  of  K  may  be  derived  from  these,  merely  by  per- 
muting the  roots  a/,  a/',  s/^'.  Thus,  if  the  roots  x^^y  xT, 
retain  their  places,  and  we  merely  permute  the  three  first 
rootSy  then  each  of  the  above  four  values  of  forms  gives 
five  new  ones,  and  consequently  all  together  give  the  24 
values  of  K. 

4.  Since  the  coefficients  p,  q^  r,  5,  are  symmetrical 
fiinctions  of  the  four  above-mentioned  values  of  iiT,  .*• 
these  functions  undergo  no  change,  either  by  the  recurring 
transposition  of  all  the  roots,  or  by  the  substitution  of  a 
fi)r  a%  a',  a^;  and  consequently  they  can  have  no 
more  unequal  values  than  those  which  arise  exclusively 
firom  the  transposition  of  the  three  first  roots  a/,  o/^,  x^^'* 
Therefore  these  functions  depend  on  equations  of  the 
ab:th  degree  only. 

0.  C<m«equently,  if  we  fiatp^f:  (12345),  then 
/:  (WW5)^  /:  (28145),,  /;  (31245),  /;  (21345), 
f:  (13245),  /:  (32145),  are  the  six  values  of  fbnas 
olp.  Now  if  we  assume  that  the  three  values  of  {aims 
f:  (12345),  /;  (23145),  /;  (31245),  which  arise 
from  the  recurring  transposition  of  the  three  first  roots, 
are  given  by  the  equation    . 

jj3  — |/ji»  +  j^p  —  r' —  0, 

then  the  coefficients  }/,  <j/,  i^,  are  such  functions  of  j/,  j/^, 
j/^^,  j/^  j^,  as  can  only  have  the  single  value,  whidi  the 
itibstitutioa  of  2^  ftr  o/^  gi^^B.     Therefore  //  (and  the 

3c 
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same  obtains  of  (^  and  r^)  has  no  more  unequal  values  of 
ibrms  than  the  two/' ;  (12S45),/' :  (21845).  Theie- 
fore  jf  depends  on  an  equation  of  the  second  degcee 
only. 

6.  Let 

be  this  equation ;  then  j/'^  q^'^  are  symmetrical  functions 
of  x\  j/^  3/^\  x^j  x^,  and  consequently  may  be  ex- 
pressed rationally  by  the  coefficients  J,  B,  C,  2>,  E  of 
the  given  equation. 

7.  We  now  have  the  three  following  equations : 

The  last  gives  the  value  of//,  from  which,  l^y  the  fore- 
going chapter,  the  coefficients  g^,  r^  may  be  determined. 
The  solution  of  the  second  equation  again  will  give  the 
coefficient  p  ;  and  from  this  again  we  may  find  the  coeffi- 
cients f ,  r,  s.  Now,  by  solving  the  first  equation,  we 
obtain  four  values  of  K. 

8.  Let  K'y  K''   K''\  K'^,  be  these  four  values,  we 
then  have  the  four  following  equations  (2): 

(a^  +  a«^/  +  aV  +  a^x^  +  a^)»  =  K' 
ic^x'  +  c^x^'  +  ax^''    +  c^x^  +  J^y,=  K'' 
(^ar'  +  or''    +  a V  -f  c^x^  +  ^)*  =  K^^' 
(aV  +  a3^/'  +  ^j///  +  «a^    +  ^/  =  X'^. 

If  we  extract  the  fifth  root  fit>m  both  parts  of  these 
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equations,  we  then  have,  including  the  equation  sf  ^if' 
+  s/f'  +  ^r^''  +  x^  =  Ay 

9.  If  we  add  these  equations  together,  we  then  obtain, 
since  1  +a  +  a«  +  tf3  +  fl^=  '[l]  =  ^ 

Si''  =  J  +  \/ki  +  v^K^/  +  xA^/^  +  \/k^. 

If  we  multiply  the  second  by  o^^  the  third  by  o^^  the 
fourth  by  o?^  the  fifth  by  a^  and  then  add  them  to  the 
first,  we  obtain 

If  we  multiply  the  second  by  a',  the  third  by  a,  the 
fourth  by  ot^,  the  fifth  by  o?y  and  then  add  them  to  the 
first,  we  obtain 

If  we  multiply  the  second  by  a',  the  third  by  a^,  the 
fourth  by  a,  the  fifth  by  a?^  and  then  add  them  to  the 
first,  we  obtain 

Lastly,  if  we  multiply  the  second  by  a,  the  third  by  a?^ 
the  fourth  by  a?^  the  fifth  by  ot^,  and  then  add  them  to 
the  first,  we  obtain 
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« 

10.  If  we  inspect  the  values  of  the  roots  ^,  j!\  x^^^^ 
sf^f  x^9  as  they  have  been  here  fi)und,.  we  shall  imme- 
diately observe,  that  if  in  any  one  of  the  four  last,  we 
substitute  sueoessively  o?^  o?^  or*,  of^  for  a,  we  always 
obtain  the  other  ibur.  Therefore^  all  the  roots  of  the 
given  equation  may  be  comprehended  in  the  following 
expression : 

when  by  a  we  suppose  each  root  of  the  equation  jt'  — ^  1. 

11.  I  shall  only  further  remark,  that  in  this  solution 
the  root  a  must  certainly  vanish  in  the  coefficients  p,  9, 
r,  *.  For,  since  the  functions  Jf ',  K^',  K"\  JT^^  in  8 
are  such,  that  in  the  subsutution-  of  a  &t  o?y  o?,  o^,  con* 
sequently  for  the  remaining  roots  /?,  y,  8,  of  the  equa- 
tion x'— 1  =0,  they  merely  change  places;  .*.  the 
coefficients  p,  9,  r,  «,  as  symmetrical  functions  of  X^, 
j[//^  1^///^  jj[/F^  jQ^^  ij^  remain  the  same  in  thiss  sub- 

titution,  and  consequently  must  be  symmetrical  func- 
tions of  a,  ^,  7,  S;  •'.,  by  the  fiflh  chapter,  are 
ratiooaL 


SECTION    CLXVIII. 

Prob.  Solve  the  general  equation  of  the  undetermined 
nth  degree 

x«  ~  ^x*-*  +  jBx-*  -  CjT^  +  &c.  =  0 
in  such  a  way,  that  all  the  roots  may  be  obtained  at  once, 
and  yet  under  the  supposition  that  n  is  a  prime  number. 


381 

Sf^tUum  1.  As  in  §  GLXVI,  let 


•    • 


JT  =  f  =  (j/  +  oj/'  +  a«j/^'+ +<^'x^»y 

(xr,  which  is  the  same, 

The  function  X,  as  we  have  ahready  seen  in  the  above- 
named  §,  is  then  such,  that  it  remains  the  same  in  the 
recurring  transpositions  of  all  the  roots  a/,  xf\  j/'\...3f^\ 
and  consequently  can  have  no  more  unequal  values  than 
those  which  arise  from  the  transposition  of  the  n--l  first 
roots. 

2.  In  order  to  find  the  1 . 2 .S...n  —  1  values  of  forms 
of  the  function  X,  which  arise  from  the  transposition  of 
the  n—l  first  roots,  we  first  substitute  a*,  a\  of^...o^^ 
for  a ;  hence  there  arise  the  following  n—  1  values : 

(oo/    +  o?a/'  4  o^j///  ^  ^  a^'2<— ')  +  x^"0' 

{of 3/  +  aV^  +  aV^^  -f   +  a—V— '>  +  x^'^' 

(flr»j/  +  cfixf'  +  (^j/^^  + +  o^^x^— "  +  x^'O" 

(a^V  +  a*-*j/'  +  o^a/^^  +  +  ox^— •>  +  a^->)-. 

Since  in  all  these  values  of  forms,  because  n  is  a  prime 
number,  the  same  powers  of  a  occur,  and  in  each  the 
root  x^*"''  is  combined  with  another  power  of  a ;  it  is  .• . 
evident,  that  we  obtain  all  the  values  of  JST,  when  in 
these  n—1  values,  we  permute  the  roots  x^,  x^'',  x^''^,,.. 
...x^*~*^  in  all  possible  ways,  but  let  the  root  x*""*^ 
retain  its  plaCe.  Each  of  these  values  then  gives  (in- 
dttding  the  one  under  consideration)  1.2.  S fi-^9 
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values,  and  consequently  all  together  give  all  the  aboire 
1.2.  S,..n^  1  values  of  K. 

S.  Now  if  we  assume  that  the  n—  1  values  in  2  are 
the  roots  of  the  equation 

X-'  ^pK-*  +  jK-'  -  rK-*  +  &c.  =  0 

consequently,  by  the  fifth  chapter,  the  root  a  must  vanish 
in  the  coefficient  sp,  q^  r,  &c.  and  they  .  * .  remain  the  same 
when  a  is  substituted  for  o^,  a^,  a^ ...  a*^^  Hence, 
however,  it  necessarily  follows,  that  these  coefficients  can 
have  no  more  unequal  values  than  those  which  arise  fi^m 
the  transposition  of  the  n— 2  roots  a/,  s/^  j/^^,...a:^""*\ 

4.  Since  .*.  the  coefficients  p,  q^  r,  &c.  have  no  more 
unequal  values  than  those  which  arise  from  the  trans- 
position of  the  n— 2  first  roots ;  consequently  these  are 
similarly  circumstanced  with  the  coefficients  mentioned 
in  §  CLXVI.  Thus  the  equation  of  the  1.2.3... 
...n^2th  degree,  on  which  the  coefficient  p  depends, 
may,  by  the  union  of  those  of  its  values  which  arise 
from  the  recurring  transposition  of  the  n— 2  first  roots, 
be  reduced  to  an  equation 

p^  -  p^p'^  +  q^p'^  -  r>-^  &c.  =  0 

whose  coefficients  j?^,  q^^  r^,  &c.  only  depend  now  on 
equations  of  the  1 . 2.  3... »  —  Sth  degree.  Further,  the 
equation  for  p^,  by  uniting  its  values  of  forms,  which 
arise  from  the  recurring  transposition  of  then— 3  first 
roots,  may  be  reduced  to  an  equation 

y-3  —  yy— »  4-  ^y-5  -  r^y^-^  +  &c.  =  o 

whose  coefficients  p^\  q[' ^  r^\  &c.  only  depend  on  equa- 
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tions  of  the  1.2. 3...n  — 4th  degree,  and  so  on,  till  we 
come  to  an  equation  of  the  second  degree. 

5.  Having  determined  the  values  of  the  coefficients 
p^  q^  r,  &c.  by  the  solution  of  all  these  equations  suc- 
cessively, and  by  means  of  the  foregoing  chapter,  then 
the  solution  of  the  equation  K*^^  ^  pK*^^  +  &c.  =  o, 
gives  n—  X  values  of  JC,  which  I  shall  denote  by  £^,  K^\ 

K^^\ K^'-^K     The  n  — 2  values  in  2  correspond  to 

these  values;  we  .*.  have  the  following  n—  1  equa- 
tions : 

(ax^  +  A^/  +  +  aT'x^'^'^  +  x<"0"  =  K' 

(aV  +  aV^  +  +  a'-»^— >  +  a^y  =:  K^^ 

•     •.•.•■•.•«•     ••.«• 
(a^V  +  a-^*:r^^  4.  ...  +  or^— >  +  ^r^-^  =  JK^*"". 

6.  By  extracting  the  nth  root  there  arise  the  following 
equations : 

x'  +     x^^  +     xff'  +  +  ir^"J  =       A 

ax'  +  aV  4-  c?^"  +  +  a:<">  =  \J  K' 

ofx'  +  aV^  +  aV^"  + -f  x^"^  =  s/k^' 

«V  +  aV^  +  aV^/  +  +  ^'^  =  sJr'' 

If  we  multiply  the  second  equation  by  a""',  the  third  by 
a*~',  the  fourth  by  a*"*,  and  so  on,  and  then  add  them 
to  the  first,  we  get 

lu/  =  J  +  a*-V^^  +  or-WK''^-  +  a^Ky^\ 

If  we  multiply  the  second  by  oT^,  the  third  by  a"^,  the 
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fourth  by  a*~^,  and  so  on,  and  then  add  them  to  the  firsts 
we  get 

In  a  similar  tray,  we  further  find 

111^'^  =  ^  +  c^'i]  K' ^ol^K'' ^ J^oSJk^'^ 

&c. 
Lastly,  if  we  add  all  the  it  equations  together,  we  get 

»r<'>  =  ^  +  \Ik'  +  sJk''  +  ...  +  \/jP->. 
It  is  readily  seen,  that  we  can  derive  the  values  of  x^^y 

a/^',  j/*", a:^"'  from  the  value  of  j/,  by  substituting 

in  it  a«,  o?^  a\ a"(=::l)  successively  for  a,  conse- 
quently by  substituting  for  (X  all  the  roots  of  the  equation 
a:^—  1  =0.  We  •  *  •  have  the  following  general  expression 
for  the  roots  of  the  given  equation : 

n 

I. 

Remark.  When  n  is  a  confound  number,  then 
indeed,  for  the  reasons  given  in  1,  §  CXXXVII,  this 
method  is  not  applicable ;  but  for  this  case,  I  shall  in  the 
Third  Part  give  a  particular  method,  which  has  this 
advantage  besides,  that  it  is  much  shorter. 


T.  C.  HANSARD,  PMcraotlMr-RowPnHi. 


ERRATA. 


The  author  has  in  the  original  designated  the  sum  of  the  roots  of  an 
equation,  the  sum  of  their  squares,  cubes,  and  in  general  the  sum  of 
their  f»th  powers  by  the  symbols  [1],  [2],  [3] . . . .  [/m],  and  has 
employed  the  crotchet  for  this  particular  purpose,  instead  ofthe/Nir«ff- 
thesis.  By  a  mistake  in  the  printing,  which  was  not  discovered  till  it 
was  too  late  to  be  corrected,  the  parenthesis  has  been  used  indiscri- 
minately for  this  and  the  usual  purposes  through  the  earlier  part  of  the 
volume.  This  gives  rise  to  a  little  confusion,  the  mere  mention  of 
which  will  be  sufficient  to  prevent  any  obscurity  which  might  otherwise 
have  arisen*  See,  in  particular,  pages  5, 6, 14, 15,  16, 17,  19,  SO,  31, 
22, 23, 24, 35, 36, 58, 66, 67,  69, 82, 83, 84, 85, 86, 87, 133, 134,  where 
it  will  be  most  material  to  attend  to  this  distinction. 

Page  5,  iine  6,  far  function,  read  symmetrical  function. 

—  1 1,  —  3, 4,  /or  of  the  mth  order,  read  taken  m  and  m. 
-^  13,  —  \5f/or  letters,  read  roots. 

,  — 18    .    .    .    ditto. 

21, 6, /or  MB^»)read  -(iB-«). 

—  22,  —  23,  far  evolution,  read  development 
— 41,  —  6,  7,  /or  odd  or  even,  read  even  or  odd. 

—  48,  -^  16,  /or  number,  read  number  of  divisions. 

>  —  20,  for  numbers  of  a  different  kind,  read  numbers  of 

diierent  kinds  of  things. 

— —  Slf  — —  18,  The  product  in  this  line  should  be  written  thus : 

(+«KX(HFm>'X(+m"K. 

8  D 
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Page  59,  line  9, 10,  for  in  each  transforroation   arc  changed,  read 

when  tranBformed  are  unchanged. 

,  61, -—11, /o»*  the,  reorf  this. 

, 68, 14,  for  fi,  read  «*. 

. .  99, 13,  for  Ba,  read  i?,. 

106, 8,  9,  for  §  41  and  42,  read  §  40  and  41. 

109^ 1,  2,  fjr  when  the  roots  arc  trantformed  and  pennuted, 

read  hy  the  suhstitution  and  permutation  of  the 

roots. 

113,  — •  1,  dele  them. 

.  130, .  23,  for  quite  as,  read  as  little. 

.         132,  —  6,  for  other,  read  others. 

133^ 5,  The  coefficient  of  the  second  term  should  be  *'. 

135^ . 12, 13,  for  transformation,  read  substitution. 

. 143,  —  23,  for  merely,  read  all. 

— —  144,  —  4,  for  other,  read  higher. 

149,  —  3,  The  letters  A,  F,  C,  IT,  aught  to  have  been  old 

English  capitals. 
152,  — 3, 4,  The  letter.  ^,B',C,D',£',  F  should  have  been 

old  English  capitals. 
— —  209,  —  10,  for  referred,  read  in  reference. 
,  226,  —  4i  dele  try  to. 
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INTRODUCTORY    PREFACE 


BY 


THE    EDITOR 


From  tl.  e„eou»ge«ent  betowed  upon  our  former 
laboure — tlie  Tnmahtioos  of  Hinch^s  Intqpral  Tables^  and  of 
his  First  md  Second  Treatiass  opon  Algcbra-^we  are  induced 
to  lay  before  the  PnUie  another  of  the  works  of  that  most 
inde&tigable  and  useful  Author.  Hirsch's  Geometry,  like 
his  other  productions,  is  Tsstly  superior  in  every  respect  to 
any  thing  of  the  kind  extant  in  our  own  language,  and  con- 
sequently will  prove  acceptable  to  every  English  Mathema* 
tician  who  shall  look  into  it.  In  thi^  oomitry,  BiatheoBiati"* 
dans  who  have  ventured  beyond  the  Elements  of  Suclid 
have,  almost  without  exception,  confined  their  speculations  to 
<'  Deductions  from  Suelidy*'  as  the  phrase  goes,  not  daring, 
it  would  seem,  to  extend  the  Theories  of  that  Father  of  Geo- 
metry. But  Hirsch,  being  restrained  by  no  such  high  ieelings 
for  antiquity,  handles  the  subject  in  its  generality,  and  strikes 
out  a  series  of  propositions,  at  once  connected^  and  founded  on 
views  the  most  practical  and  beneficial.  In  all  his  works 
Hirsch  is  as  elegant  as  he  is  useful,  and  perhaps  none  demands 
that  eulogium  mar?  irresistibly  tban  his  f^kmnetry.  It  is^ 
indeed,  both  ealcdated  to  form  the  las^  imd  duNBQi  th«  judg- 
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ment  of  the  Mathematicians  above  alluded  to ;  and  indeed  of 
almost  all  Geometers,  without  exception — at  least  in  Britain. 

Having  thus  spoken  of  the  general  merits  of  the  work,  we 
leave  it  to  the  reader  to  bear  us  out  in  particulars.  We  fiael 
confident  that  all  perusers  will  arrive  at  the  same  condusioii 
— ^viz.  that  fw  those  who  have  read  Euclid,  Hirach^s  Geo- 
metry U  by  far  the  most  utejvl  a:nd  ekgaM  production  to  be 
met  with. 

Once  for  all,  we  must  here  explain  a  tew  difficulties.  In 
page  99,  Ex.  1.  &c.  it  appears  that  the  German  measiuea 
are  different  from  ours,  not  only  in  magnitude  but  in  prin- 
ciple. They  denote  a  certain  measure  of  Length,  viz.  1% 
which  means  one  measure  of  that  kind;  therefiire,  325°  means 
325  of  such  lengths.  Then  the  parts  of  these  measures  th^ 
subdivide  into  lOths,  lOOths,  lOOOths,  &c.,  or  dedmoBy,  in 
such  a  way  that 

325°.  r.  9''.  &''.  5^.  &c 
means 

325*7965,  &c. 
of  the  lengths  denoted  by  the  superior  °. 

In  the  first  examplci  p.  SQ^  for  instance, 

325*70  X  67*83 
2 

which  result  is  so  many  squares  of  which  the  side  is  1°,  and 
which  is  therefore  represented  symbolically  by 

11049*16785  D^ 
This  again,  by  similar  notation,  with  respect  to  the  decimal 
parts,  is  the  same  as 

11049  D^  16  D^  78  D'^  50  D^^^ 
for  the  squares  evidently  are  formed  by  successive  lOOdis. 
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Care  must  be  taken  not  to  mistake  these  measures  of  length 
with  angular  measures  having  the  same  notation. 

Thus  in  p.  32  we  have  for  the  area  of  a  triangle 

ab  Sin*  a 

t r— 

and  for  a  particular  example  in  this  same  page 

257^  ^'  X  356^.  3^^  x  Sin.  25^  13^ 
q 1 

Here  the  angular  minutes  are  different  from  the  minutes  of 
length,  being  60th  parts  of  a  degree,  whereas  the  minutes  of 
lengths  are  only  lOths  of  the  degree  of  length. 

It  may  be  supposed  that  error  may  hence  arise ;  but  that 
will  not  be  the  case,  since  all  functions  of  angles^  such  as 
Sin.  Cos.   Tan,  Sec.  &c.  are  numbers  perfectly  pure  or  a6- 

stract.     Thus  Sin.   45*^  =  -i-.  Sin.  3(f  =  J,  Tan  45*=  1, 

and  are  therefore  quite  independent  of  all  denominations  of 
quantities,  whether  of  length,  weight,  or  any  other  kind. 

Sometimes  our  author  expresses  his  lengths  wholly  in 
minutes,  sometimes  wholly  in  degrees,  which,  of  course,  he 
is  at  liberty  to  do :  in  short  the  only  thing  for  the  student  to 
bear  in  mind  is  the  above  distinction  between  lengths  and 
angles.  The  necessity  of  this  is  very  apparent  in  the  ex- 
amples down,  p.  96. 

J.  M.  F.  W. 

London,  Oct.  \,  1827. 
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X  HERE  give  die  public  the  Contumatioii  announced  in  my 
CoUedion  of  Algebraical  ProUems  and  FMrmuhe^  viz.  the 
Fast  Part  of  the  Geometrical  Cdlectioiiy  under  the  aappod* 
tion  tliat  the  First  Pvt,  at  leasti  wtU  not  be  received  infiH 
vovrably.  Were  it  not  frr  the  kind,  and  to  me  highly 
flattering,  opinion  of  aome  persona  I  greatly  value,  I  could 
not,  for  want  of  a  critical  jndgment,  presume  to  fnake  this 
suppesttion,  and  to  entertain  the  hope,  that  my  labours, 
thou^  they  may  not  have  entirely  answered  their  expectatioos, 
yet  have  not  akogetfaer  disappointed  them.  If,  by  omitting 
all  that  which  is  not  necessary  to  the  connection  of  the  sub^ 
jeet,  brevity  is  an  important  reqmsite  of  a  good  mathematical 
hook,  rinoe,  ngrwMj  to  its  des^,  it  ought  only  to  contain 
the  fundamental  prmeiplts  and  chief  rules  of  the  science ;  so 
it  is  equally  necessary  for  the  beginner  to  possess,  also, 
another  book  which  may  afford  him  an  oppwtunity  of  apply- 
ing practically  the  rules  he  has  already  learnt,  and  by  exer* 
ciaing  himsdf  in  many  difierent  ways,  pr^are  himsdf  the 
better  for  reading  a  more  comprehensive  work.  A  bode  of 
this  kind  must,  as  it  were,  be  intermediate  between  the  first 
principles  and  such  works  as  can  be  comprehended  only  by 
the  racffe  advanced,  in  order  that  the  chasm  between  both 
may  be  filled  up    Thus,  profound  treatises  on  single  subjects 
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are  not  so  much  required,  because  by  their  means  no  beginner 
can  be  grounded  in  those  Elementary  studies  which  they 
generally  pre-suppose.  Elementary  treatises,  interrupted  here 
and  there  by  occasional  remarks,  having  a  decided  reference 
to  practical  application^  appeared  to  me  more  desirable ;  by 
these  the  way  is  prepared  to  the  former,  and  the  foundation 
is  laid  for  the  future  progress  of  the  beginner. 

That  the  geometrical  object,  if  I  may  so  express  myself^ 
requires  nothing,  less  than  a  facility  of  calculation,  in  practice, 
every  person  will  readily  grant.  This  object,  by  which  the 
experienced  Greometrician  as  speedily,  sees  the  proportions  and 
relations  of  the  different  parts  of  a  figure,  as  the  experienced 
calculator  perceives  the  proportions  and. relations  between 
numbers,  can  only  be  atained  by  a  diflSsrenoe  in  the  perspi- 
cuity and  variety  in  the  treatment.  Geometry  and  Trigono- 
metry, or,  as  the  latter  ought  more  properly  to  be. called, 
Goniometry^  furnishes  us  with  ample  materials  for  this  pur- 
pose ;  arrangement  and  connection  are  only  requisite  to  render 
themcomplete.  DiflFuseanddt^ictfZf  trigonometrical  calculations, 
which  only  try  the  patience  and  not  the  head  of  the  reader, 
cannot  be  absolutely  considered  as  a  means  of  improving  the 
young  geometrician  ;  they  are  only  so  in  reference  to  a  higher 
object,  and  therefore  only  allowable  in  this  view.  It  is  cal- 
culations of  this  kind  which  have  generally  brought  upon  the 
inordinate  admirers  of  the  ancients,  the  unjust  imputation, 
that  their  calculus  does  not  tend  to  the  improvement  of  the 
understanding,  and  that  it  lowers  the  sublime  science  of 
Geometry  merely  to  mechanical  purposes.  But  the  entire 
separation  of  the  geometrical  method,  so  called,  from  the 
algebraical,  has  a  favourable  influence  on  ^ the  mind,  since  it 
accustoms  it  only  to  a  certain  form  of  thinking. 
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How  far  the  present  Collection  fulfils  all  these  negative 
conditions  as  it  were,  and  whether  the  materials  here  made 
uiie  of  answer  the  above  end,  I  cannot  presume  to  decide.  It 
only  remained  for  me,  therefi)re,  in  the  above  observations, 
to  give  the  point  of  view  in  which  I  wish  this  treatise,  on  the 
whole,  to  be  judged. 

Respecting  the  problems  themselves,  they  are  partly  taken 
frcym  pure,  partly  from  practical.  Geometry ;  and,  in  the  latter 
all  technical  terms  are  avoided  both  in  the  mode  of  treatment 
and  expression.  As  in  the  algebraical  collection,  I  have  here 
strictly  adhered  to  the  fundamental  rule,  of  proeeeding  from 
easy  and  simple  examples,  to  more  difiBcult  and  complicated 
ones,  always  mindful  of  the  class  of  readers  for  whom  I 
wrote.  The  treatises  which  I  have  made  use  of  are  mostly 
quoted,  except  those  which,  to  avoid  the  imputation  of 
plagiarism,  I  beg  to  mention  in  this  Preface,  viz.  Schultz'^s 
Pocket  Companion  of  Geometry;  Schwab^s  Collection  of 
30  Geometrical  Problems,  as  an  Appendix  to  Euclid^s  Data; 
T.  Simpson'^s  Select  Exercises  for  young  Proficients  in  the 
Mathematics ;  Eliigers  Mathematical  Dictionary ;  also 
Mayer's  Practical  Geometry,  which  is  not  quoted  in  every 
place  where  it  has  been  made  use  of.  What  is  original  will 
be  readily  perceived  by  the  proficient. 

The  examples,  of  which  there  is  an  abundance,  with  the 
exception  of  two  or  three  of  the  easiest,  are  all  new ;  they  are 
only  omitted  in  the  miscellaneous  problems,  because  I  no 
longer  considered  them  necessary.  In  many  of  them,  the 
final  results  only,  together  with  a  short  notice  of  the  mode  of 
treatment,  are  given ;  in  others,  which  involve  long  and 
complicated  calculations,  the  intermediate  results  are  also 
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adduced.  This  was  done  in  order  to  save  room ;  whether  I 
have  acted  wisely  in  this  respect,  I  shall,  I  trust,  learn  in 
time.  However,  I  cannot  be  accused  of  doing  it  for  the  sake 
of  any  personal  advantage  or  convenience.  Should  some  <if 
my  readers  not  possess  the  information  required  for  these 
cases,  they  must  consult  the  tutor,  or  some  proficient  in  the 
subject. 

This  First  Part  of  the  Geometrical  Collection  contains, 
besides,  only  Planimetrical  problems,  or  such  as  may  be 
classed  under  them,  the  Stereometrical  are  reserved  for  the 
Second  Part.  Much  has  been  left  out  here  rather  unwil- 
lingly ;  to  this  belongs  partly  the  doctrine  of  polygons  in 
circles,  which  subject,  since  Gauss  found  the  formula  for  the 
septemdecagon,  appears  to  have  excited  some  interest.  The 
only  excuse  which  I  can  offer  for  this  omission  is,  that  I  had 
nothing  new  to  say  on  the  subject;  however,  my  readers 
shall  in  due  time  be  compensated  for  this. 

The  annexed  Trigonometrical  Tables  of  Formuls  contain 
such  formulae  only  as  are  used  in  the  book.  In  quoting  the 
Elements  of  Geometry,  I  have  throughout  referred  to  Loren- 
zini's  Translation  of  Eudid,  which  probably  is  in  the  posses- 
sion of  most  of  my  readers ;  the  reference  to  it  is  denoted  by 
Euc. ;  thus  Euc.  III.  S7,  implies  the  27th  Proposition  of 
the  Third  Book  of  the  Elements. 

Berliny  Jan.  15,  1805. 
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Pagt     4,  Unt  31,  for  A  ACD^  read  A  AhB 

16,  Head  line,  for  Algebra,  read  Analytit 

17 f  line  25,  (or  from  I,  readjrom  T 

Id,  5,  for  CD,  read  AD 

32,  6,  for  triangleg,  read  angles 

32,        last  but  one,  for  AlgehraicaJfy,  read  Geometriemlfy 

40,         15,  for  triangle,  read  quadrilaieral 

47,        19,  for  1>J5,  read  I>F 

49,        18,  for  J3^,  read  i9i/ 

56,  3,  for  ;y  ■■  00,  read  «  ■■  oo 

60,  2,  for  e«=c«=,  nad  ««=c«+ 

62,         10,  for  me€Uiired,/rom,  read  meatured,  in 

67,        20,  for  ratUus,  read  diameter 

74,  2,  for  5m.  (r— ^),  read  /5m.  (7— «) 

96,  last  but  fire,  for  segment,  read  «cclor 
—         last  line,  for  chord,  read  length 

97,  fine*  2,  3,  5,  10, 11, 12, 15, 19,  21,  26,  for  segment,  read  sector 

98,  2,  14,  24,  26,  for  segment,  read  sector 

99,  2, 10, 12,  15,  18,  20,  22,  24,  25,  27,  29,  for  segmaU,  read 

sector 
100,         3,  14,  17, 19,  21,  22,  for  segment,  read  sector 
— -^       14,  20,  for  section,  read  segment 
103,  line  17,  for  f  read  Sin.  p 

106,  28,  30,  33,  for  segment,  read  sector 

107,  5,  dele  curvilinear  ACA^ 
110,  4,  for  a  Cos,  f,  read  a  C^.  a 
6,  for  C,  read  D 
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I.    TRANSFORMATION   OF    FIGURES. 


SECTION  I. 


Pboblem.  To  transform  a  given  quadrilateral  figure  into 
a  triangle^  whose  vertex  is  in  a  given  angle  of  tnejigure, 
and  whose  base  is  in  one  of  the  sides  of  thejigure. 

Construction.  Let  ABCD  (Jig.  1  ^  2j,  be  the  given 
quadrilateral ;  ^ejig.  1.  has  all  its  angles  outwards,  and  the 


Jig.  2  has  one  angle  BCD  inwards ;   let  the  vertex  of  the 
tnangle,  which  is  equal  to  it^  fall  in  B. 

1.  Draw  the  diagonal  BD  (Jig.  1  4r  ^)y  ^^^^  parallel  to 
it,  the  line  CE  from  C. 

2.  From  £,  where  this  line  cuts  AD  (jig.  2),  or  its  pro- 
duction (Jig.  1^9  draw  the  line  EB;  then  the  A  JBJE  ss 
the  quadnlateral  figure  ABCD. 

Demonstbation.  Since  CE  (|  BD,  .'.  (fig.  1  4*  2 J 
ABCD=ABED;  consequently  (fig.  1) 

A  ABD  +  A  BCD  =  A  ABD  +  A  BED 

at,  the  quadnlateral  ABCD  =  A  ABE, 

B 
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A  ABD  -  A  BCD  =  A  ABD  -  A  BED 
m,  quaarilateral  ABCD  =  A  ABE. 

CoBOLLART.  If  ID  the  quadrUatenl  (Jig,  l.},  the  side 
BC  is  parallel  to  its  t^tposite  ude  AD,  then  BCED  is  a 
parallelwram;  .'.  jBC=Z)£,  and  consequeDtly  ^JJ=^Z>+ 
2>£=il>+-BC.  In  thiscase,  the  base  >4£  of  the  trian^e 
ABE  u  the  sum  of  the  two  pvallel  sides.  If  ABCD  is  a 
parallelogiam,  then  ^i>  =  £C  =  i>£,  and  .-.AE^iAD. 


PsoB.  Tfwufimn  a  givm  pentagon  into  a  triangU,  whate 
vortex  it  at  a  given  tmgU  of  Uc  pentagon,  and  tphote  bate 
it  in  one  of  its  Hda. 

Coi»T.     Let    ABODE  (jigt.  3,  *,  5)  be  the   givra 


pentagon ;  let  the  vertex  of  the  C 
tiiaogle  which  is  equal  to  It  fall 
in  C. 

1.  From  C  draw  the  dia- 
goiMlB  CA,  CE. 

S.  From  S  draw  BF  pa- 
rallel to  CA,  and  frotn  D 
draw  DG  parallel  to  C£. 
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8.  To  F  and  G,  where  these  parallels  cut  AE  or  its 
j>roduction,  draw  the  lines  CFj  CG ;  then  CFG  will  be  the 
triangle  sought. 

Demon.  In  all  the  three  figures, 

ACBJzr^ACFJ,  ACDE^ACGE. 

1.  (fig.  s) 
ACJE+ACBA+ACDE=ACAE+ACFA'¥ACGE; 
w  since  ACAE+ ACBA-\-  ACDEsz  pentagon  ABCDEy 
and  ACAE-\-ACFA+ACGE^ACFG;  .-. 
the  pentagon  ABODE  =:  ACFG. 

ACAE-'ACBA-ACDE^ACAE'-ACFA-ACGE; 
orsince  ACAE^A  CBA--  A  CD-E=: pentagon  ABCDEy 
and  ACAE  -^  AGFA  -  ACGEzrz  ACFG;  .-. 
the  pentagon  ABODE  =  A  OFG. 

3.  (fig.  5) 
AOAE^ACBA-hAODE:=zAOAE-ACFA+AOGE; 

or  since  AOAE-ACBA  +  ACDE=  pentogon  ABODE, 
and  AOAE'-AOFA^AOOEznAOFG; 
the  pentagon  ABODE  =  A  CFG. 


•  • 


SECTION  III. 

p£OB.  To  convert  any  given  Jigurt  into  a  triangle^  whose 
vertex  shall  he  in  a  given  angle  of  the  figure^  and  whose 
base  is  in  one  of  its  sides. 

Const.  Let  ABODE F  (Jig.  6  Sf7)he  the  given  figure, 
in  this  case  a  hexagon, 
and  A  the  angle  in  which 
the  vertex  of  the  given 
triangle  is  situated.  For 
the  sake  of  perspicuity,  I 
shall  enumerate  the  angles 
and  sides  of  the  figure 
irom  A,  and  call  the  first 
angle  Af  the  second  i?, 
the  third  C,  the  fourth 
Di  and   so  on ;    further, 
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AB  the  first  side,  BC 
the  seoond,  CD  the 
third,  DE  the  fourth, 
and  so  on.  Wc  shall 
then  have  the  follow- 
ing general  solution: 

1.  From  J  to  all 
the  angles  ofthe  %ure, 
draw  the  diagonals  AC^ 
ADf  AEy  which,  ac- 
cording to  the  order  in  E^*^^^^ ^ 

which  they  stand  here,  call  the  first,  second,  third  diagonal. 

2.  Then  draw  irom  the  second  angle  B  a  line  parallel  to 
the  first  diagonal  AC ;  from  the  point  a,  where  this  parallel 
meets  the  third  side  CD  (fig.  7),  or  its  production  (fig.  6)^ 
draw  a  line  ab  parallel  to  the  second  diagonal  AD^  and  firom 
the  point  ft,  where  this  meets  the  fourth  side  DE  (fig.  7), 
or  its  production  (fig.  6 J,  draw  another  line  be  parallel  to 
the  third  diagonal  AE. 

S.  Continue  this  till  there  are  no  more  diagonals,  and 
from  the  last  point  of  section  of  the  parallels  and  sides,  (in 
this  case  c),  draw  the  line  cA^  then  AcF  is  the  required 
triangle,  wnose  vertex  is  in  A^  and  whose  base  is  in  the 
side  EF. 

Demon. 

1-    (fig-  6;.  A  ABC  =  A  AaC  (because  Ba  ||  AC),- 

consequently 

ACDEF-h  AABC=  ACDEF+  AAaC: 
or  the  hexagon  ABCDEF  =  pentagon  AaDEF. 

2.     AAaD^AACD  (because  ab  ||  AD)  ;  consequently 
ADEF-h  AAaD=  ADEF+  AAbD; 
or  the  pentagon  AaDEF  =  quadrilateral  AbEF. 

S.     A  AbE  =  A  AcE  (because  be  \\  AE)  ;  consequently 
AAEF^  AAbE^  AAEF-^  AAeE, 
or  the  quadrilateral  AbEF  =  A  AcF. 
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1-  Cfig^  7;.     A  ABC  =  A  JaC  Gwause  Ba  ||  JC) ; 
oonsequently 

JCDEF-  AABCznACDEF—  A  JaC  ; 
or  the  hexagon  ABCDEF  =  the  pentagon  AaDEF. 

S.  A  ^aD  =  A  u^iZ)  (because  ab  ||  AD) ;    consequently 
^DEjF  +  A  AaD  =  ^DEjF  +  A  AbD ; 
or  the  pentagon  AaDEF  =  quadrilateral  ACEF. 

3.  A  ^6£  =  A  AcE  (because  ic  ||  ^£)  ;   consequently 

A  AEF--  A  AhE  =  AAEF^  A  ^cJB, 

or  the  quadrilateral  AbEF=  A  ^cF. 

We  .*•  have  for  both  figures,  the  hexagon  ABCDEF  = 
pentagon  ^aZ)^/"  =  quidrilateral  AbEF=z  AAcF. 

First  Remark.  Although  the  solution  here  g^ren  is  only  intended  for  a 
hexagon,  yet  it  may  easily  he  applied  to  erery  other  figure.  All  depends 
upon  the  substitution  of  one  triangle  for  another  by  means  of  parallel  lines, 
in  which  we  have  only  to  take  care,  that  one  side  of  the  triangle  substituted, 
be  in  one  side  of  the  figure,  or  in  its  production,  because  by  these  means 
the  number  of  its  sides  will  be  diminished.  Moreover,  it  is  not  absolutely 
necessaiy  actually  to  draw  the  parallels ;  it  is  only  requisite,  for  instance,  to 
note  the  points  at  which  they  cut  its  sides  or  their  productions,  because  all 
depends  upon  the  determination  of  these  points  of  section. 

Second  Remark.  A  cursory  inspection  of  the  constructions  and  demon- 
strations in  §§  I,  II,  and  III,  wiU  show  a  certain  agreement  between  the 
figures  with  angles  tending  outwards  and  inwards,  by  means  of  which  the 
constructions  and  demonstrations  may  be  transferred  almost  literaUy  from 
one  figure  to  the  other.  The  difference  connsts  merely  in  the  signs  -f  And 
— ,  or  in  addition  and  subtraction. 

CoE.  1.    In    the  figure   ABCDEF  j) 

(fig.  S)  it  happens,  that  when  we  assume  /Jy^ 

E  as  the  vertex  of  the  required  triangle,  -^S'  ^y'l 
the  side  BC  of  the  figure  is  in  a  straight 
line  with  the  diagon^  EC.  If  we  wish 
to  proceed  according  to  the  above  direc- 
tions, we  must  through  D  draw  a  line  •^\ 
parallel  to  £C,  which,  however,  would 
never  meet  j5C,  as  is  required  for  the  A- 
further  construction.  But  this  circumstance  may  be  easily 
remedied,  by  taking  away,  previously  to  the  application  of  the 
given  rules,  the  angle  BCD  which  tends  inwards.     Thus  if 


I 
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we  draw  the  diammal  BD^  aiid  Ca  panlldi  to  it,  then,  when 
Ba  is  drawn,  AVBa^  ACDa,  and  .•.  the  fiffure  ABoEFss 
figure  ABCDEF.  This  taking  away  of  Uie  angle  which 
inclines  inwards^  may  also  be  made  use  of  with  advantage,,  in 
the  case  where  the  point  of  section  of  the  parallels  and  sidea 
falls  far  without  the  figure,  and  in  which  the  constnicticHi 
would  consequently  occupy  too  much  room. 

Cott.  2.  If  the  vertex  of  the  triangle  is  not  only  situ- 
ated in  a  given  angle  of  the  figure,  but  the  base  of  the  triangle 
is  in  a  certain  side  of  the  figure,  as,  for  instance,  when 
the  octagon  ABGDEFQH  ia  transformed  (fg.  9 J  into 


a  triangle,  whose  vertex  is  in  2>,  and  whose  base  is  in 
AH,  we  can  then  proceed  in  the  foUowing  way  :  Draw  the 
lines  DA^  DH ;  then  the  figure  is  divided  into  three  parts, 
viz.  into  the  triangle  DAH^  the  quadrilateral  figure  DCBA 
on  the  left,  and  the  pentagon  DEFGHon  the  right.  Now 
transform,  according  to  the  given  rules,  the  quadrilateral 
figure  DCBA  into  the  triangle  DaA  ;  dmw  fix)m  a  the  line 
ah  parallel  to  DA,  and  to  the  point  6,  where  it  meets  the 
production  AH^  the  line  Db,  then  triangle  i76if=  triangle 
DaA  =  quadrilateral  figure  DCBA,  In  the  same  manner, 
transform  the  pentagon  DEFGH  into  the  triangle  Ddff; 
draw  the  line  de  parallel  to  DHy  and  from  the  pomt,  where 
it  cuts  the  production  AH,  the  line  De ;  then  Uie  triangle 
2>e^  =  triangle  DdiT  s:  pentagon  DEFGH.  Therefore 
triangle  6 j9jE;=s octagon  ABCDEFGH;  the  vertex  of  the 
triangle  is  situated,  as  was  required,  in  i),  and  the  base  is  in 
the  side  AH.  Further,  to  complete  the  proof,  the  lines  D(h 
Dc  are  drawn. 


OV  FI6U1S8. 


SECTION    IV. 


Prob.  To  transform  any  given  Jigvre  into  a  triangle^  whose 
vertex  is  in  a  certain  poitU  in  one  of  the  sides  ofthefiMre, 
w  within  i(,  and  whose  hast  is  sikiaUd  in  a  given  sue  of 
the  ^figure. 

Solution.  First  Case.  Let  (^.  lO;  ABCDEF  be  the 


D 


hexagon  which  is  to  be  transforeied  into  a  triangle;   let  its 
Tertex  be  in  the  point  Af  in  the  side  CD,  and  the  base  in  AF. 

1.  In  the  first  place,  bv  §  III,  Cor.  1.  omit  the  angle 
ABC  which  inclines  inwards ;  since  the  tiiangle  SCa  is  sub- 
stituted for  the  triangle  BAa^  and  by  these  means  the  hexagon 
ABCDEF  is  transformed  into  the  pentagon  aCDEF:  th^ 
draw  the  lines  Ma^  MF^  and  the  pentagon  aCDEF  is 
divided  in  to  the  triangle  MaFy  the  ^nadrdatei^d  figure  MDEF 
on  the  right,  and  the  triangle  MCa  on  the  left. 

2.  Transform  the  quadrilateral  figure  MDEF  and  the 
triangle  MCa  into  the  triangles  MdF^  Mha^  so  that  the 
bases  may  be  in  AF;  then  Mod  =  hexagon  ABCDEF. 

Second  Case.   Let  ABCDEF  (J!g.  li;  he  the  givei» 


a 

d 
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figure ;    let  the  vertex  of  the  required  triangle  be  situated  in 
the  point  M  within  the  figure,  and  let  the  base  be  in  AF^ 

1.  From  M  to  any  angle  of  the  figure,  say  2>,  draw  the 
line  MDy  and  draw  the  lines  MA^  MFy  bj  which  means  the 
figure  ABCDEF  is  divided  into  the  triangle  MAF^  and 
the  figures  MDCBA,  MDEF. 

2.  Then  transform  MDCBA  and  MDEF  into  the 
triangles  McA^  MeF,  whose  bases  are  in  AF;  then 
triangle  cMe  =  figure  ABCDEF. 


SECTION    V. 


Peob.  To  transform  a  given  rectangk  into  a  square. 


Const.  Let  ABCD  (jis.   12/  be  the  given  rectangle, 
which  is    to  be  transformed 
into  a  square. 


a ;""  ^^.,Jig.J2, 


1.  Bisect  the  longest  side  B\ 
AD  in  E. 


— ""--  T 

-     ^ s ^J> 

8.  With  a  radius  EA  =  ED^  describe  upon  AD  the 
semicircle  AGD, 

3.  From  AD  cut  off  a  part  AF  equal  to  the  least  side  AB 
of  the  rectangle. 

4.  From  F  draw  the  perpendicular  FG, 

6.  From  the  point  G,  where  this  perpendicular  meets  the 
circle,  draw  the  straight  line  GA  ;  then  this  is  a  side  of  the 
square  sought. 

Deuok.  Draw  the  line  GD ;  then  JGD  is  a  i^t  angle 
(£?«&  III.  31),  consequently  AG  is  a  mean  pioportioiial 
between  AD  and  AF  (Euc.  VI.  8),  .«.  (Eve.  Vl.  17) 
A(?=ADxAF=ADxAB=z  the  rectangle  ABCD. 


OF   FIG  ORES 


Remark.  Any  figure  may  be  converted  into  a  triangle,  and  any  triangle 
into  a  rectangle  (Em.  1.  42)  ;  further,  any  rectangle,  as  appears  from  tbe 
above  problem,  may  be  conyerted  into  a  square;  consequently  also  any 
figure  into  a  square. 


SECTION    VI. 
Frob.  To  convert  any  given  triangle  into  an  isosceles  one. 

Const.  Let  ABC  (Jig.  is;  be  the  given  triangle,  which 
is  to  be  converted  into  an  isosceles  £         jj 

one-  J^g'^^^^'^5<^ 

1.  Bisect  the  base  AC  in  2),  ^^^^^^"""^  \  x^ 
and  from  D  draw  the  perpendicular  Ji  ^f  C 
BE. 

2.  From  the  vertex  B  of  the  given  triangle,  draw  BE 
parallel  to  the  base  AC. 

3.  From  the  .point  E^  where  this  parallel  meets  theper- 
pendicular,  draw  the  straight  lines  EA^  EC;  then  EAC 
is  the  isosceles  triangle  sought.. 

The  demonstration  is  very  easily  found. 

SECTION    VII. 

Prob.    7\>,  convert  a  given  isosceles  triangle  into  an  equi* 

lateral  one. 

Const.  Let  ABC  (Jig.  14^  be  the  given  isosceles  triangle, 
which  is  to  be  converted  into  an  equilateral  one. 

1.  Upon  the  base  AC  of  the  given  triangle,  draw  the  equi- 
lateral triangle  AECf  and  through  the  vertices  £,  B  of  both 
the  trii|pglesy  draw  the  straif^ht  line  EB,  which  evidently 
is  perpencucular  to  AC f  and  bisects  the  last  line  in  2>.  ' 

2.  Upon  ED  describe  the  semicircle  EFDy  and  from  B 
draw  the  perpendicular  BFj  which  meets  the  semicircle  in  F. 


w 
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8.  From  D  with  the  radius  DF, 
describe  an  arc  FO^  which  cuts  the 
line  DE  in  G. 

4.  From  G  draw  the  lines  GHy 
GI,  parallel  to  the  sides  of  the 
equilateral  triangle  AEC;  then 
HGI  will  be  the  equilateral  triangle 
sought. 

JTV        D        I    C 

Demon.  Since  GH  ||  EA,  and  GI  \  EC,  the  Z.  GHI 
=  JL  EACj  and  Z.  GIH  =  Z.  £C^  ;  consequently  A  AEC 
eft  *  A  HGIf  and  • '..  the  A  HGI  is  equilateral. 

Suppose  the  line  DF  drawn,  then  DF,  consequently  also 
DG  is  the  mean  proportional  between  DE  and  DB,  and  •  *  • 

PE:DG=DG:DB; 

or  also 
DJE;  :  DG=:AD  :  HD,  (because  A  EAD  c/^  A  GJSTJ?)  ; 

consequently 

and  •*.  because  the  Z.  CrZ>j<  is  common, 

A  GHD  =  A  BAD  (Etic.  VI.  15) 
But  A  GHD=z  A  GIDyVoA  A  BAD^  A  BCD 
consequently  also  A  ABC  =  A  ^6/. 

CoROL.  If  BD  be  greater  than  ED,  then  the  peqiendicular 
i?jr  does  not  meet  the  semicircle.  In  this  ease  it  will  merely 
be  necessary  to  describe  the  semicircle  on  BD,  and  from  E 
to  draw  the  perpendicular ;  then  in  this  case  the  points  H, 
I  will  not  be  situated  in  the  line  AC,  but  in  its  production. 

Remark.  From  this  and  tke  precedins  §$»  it  appem,  how  aay  fifiirt 
may  be  concerted  into  an  equilateral  triangle;  for  it  is  only  neceaaary  fint 
to  oonrert  the  fisure  into  a  triangle,  this  triangle  into  an  isoaodea  trianglt» 
and  the  iaoacelea  triangle  again  into  an  eqailateral  triangle. 


*  Wherever  the  symbol  (m)  is  naed,  it  denotes  << na^lar  to."— TVwa* 


OV    FiaUB&Si. 
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SECTION  VIII. 

Pbob.    To  describe  a  square  which  is  equal  to  the  sum  of 

several  given  squares. 

Const.  Let  ab,  cdy  ef^  gh,  (Jig,  15j  be  the  sides  of  four 
squares :  required  to  find  a 
square  which  is  equal  to  the 


sum  of  these  four  squares. 

1.  Make  AB  =:  ab,  aud  , 
from  B  draw  the  perpen- 
dicular BC  ss  cdf  and  join 
JC. 


S.   From  the  point  C  in  ^ 
AC  draw  the  perpendicular  CD 


JigJ5. 


e/,  and  join  AD. 


1 


S.    From  the  point  D  in  AD  draw  the  perpendicular 

DE^rzgh,  and  join  AE,  then  AE^  =  iift« + ccP + «/*  +  ghK 

The  demonstration  is  ^ery  easily  deduced  from  Euc.  I.  47* 

Remark.  Hence  it  appetn  how  any  number  of  squares  may  be  oon- 
▼erted  into  a  single  one.  Since  every  figure  may  be  converted  into  a  square 
(§  V.  Remark),  consequently  a  square  may  always  be  found  which  is  equal 
to  the  sum  of  several  figures. 


SECTION  IX. 

pROB.  To  describe  a  square  which  is  equal  to  the  difference 

of  two  given  squares. 

Const.  Let  a&,  cd^  (Jig.  16^  be  the  sides  of  two  squares : 
required  to  find  a  square,  which 
IS  equal  to  their  difierenoe.  .••'',.     ^  '**-^ 

1.  Make  AB=ab,  and  on  AB     / 
describe  a  semicircle.  (^^ . ,_ 

2.  From  B  within  the  semi-  c d 
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circle,  draw  the  line  BC=cdf  and  join  AC;  then  AC  is 
the  side  of  the  square  sought. 

The  demonstration  is  deduced  from  Euc,  III.  31,  and 
1.47. 


SECTION  X. 

FiiOB.  Let  several  similar  figures  be  given ;  construct  a 
figure  which  is  similar  to  each  of  them,  and  equal  to  their 
sum. 


Const.  Let  oft,  cd,  ef,  gh,  (fie.  15^  be  the  homologous 
sides  of  four  similar  figures,  to  whicn,  collectively,  one  similar 
figure  is  required  to  be  made. 

Upon  the  lines  a5,  cd,  ef^  gh,  construct  nght  angles, 
exactly  as  in  §  VIII,  and  by  Euc.  VI.  18,  describe  upon  AE 
a  figure,  which  is  similar  to  the  given  ones;  then  this  will 
be  equal  to  the  sum  of  the  four  figures. 

The  demonstration  is  founded  on  Euc.  VI.  31,  and  is  easily 
derived  from  it. 

Remark.  By  the  above  method,  we  are  enabled  to  convert  several  aiiDiiar 
triangles,  quadrilateral  figures,  pentagons,  and  so  on,  into  a  triangle, 
quadrilateral  figure,  pentagon,  and  so  on,  similar  to  them.  Since  the  areas 
of  circles  are  as  the  squares  of  their  diameters,  consequently  there  always 
may  be  found  a  circle,  which  is  equal  to  the  sum  of  several  given  drcles. 
Thus,  let  ah,  cd,  ef,  ghy  be  the  diameters  of  four  drcles,  then  a  circle,  whoae 
diameter  is  AEy  is  equal  to  the  sum  of  these  four  drcles.  If  we  proceed 
with  the  diameters  of  two  given  drdes,  as  we  did  in  §  IX  with  the  sides  of 
the  two  given  squares,  we  shall  find  the  diameter  of  a  drcle,  which  is 
equal  to  the  difference  of  these  two  circles. 


SECTION  XI. 


Pbob.  To  transform  a  given  figure  in  such  a  way,  that  it 

may  be  similar  to  another  figure. 

Const.     Let    X    (fig.    17>)   be   the  given  figure,   and 
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JBCDEF   the    one    to 

which  it  is  to  be  similar.         Br^ — /\      J^'  ^^' 


71 


1.  Convert  the  figure 
ABCDEF  into  a  square, 
and  let  its  side  be  tnn^  so 
that    ABCDEF  =  mif  ; 

convert  also  the  figure  X 

into  a  square,  and  let  its    A  7         F  ^P 

side  be  pq^  so  that  X  =  pj*. 

S.  Take  any  side  of  the  figure,  say  AF ;  to  the  three 
lines  mit,  pq^  AF,  find  a  fourth  proportional  (Eve,  VI.  12), 
which  cut  off  firom  AF ;  let  Af  be  this  fourth  proportional, 
so  that  mn  :  pq  ss  AF :  Af, 

3.  Then  draw  the  diagonals  AE,  AB^  AC,  and  the  lines 
fcy  ed,  dc,  cb,  parallel  to  the  lines  FE,  ED,  DC,   CB; 
then  Abcdcf  will  be  the  required  figure,  viz.=X  and«/) 
ABCDEF. 

Demon.  It  may  be  easily  proved  that  Abcdcf  </) 
ABCDEF.    Further,  since  by  Euc.  VI.  20. 

ABCDEF:  Abcdcf  =:  AF^ :  Af, 

and  by  (2)  AF^  :  Af^  =  mn*  :  pq^, 

then  ABCDEF :  Abcdcf  =  mrf  :  pq' ; 

But  by  (1)  ABCDEF zn  mn^, 

consequently  also  Abcdcf  =  p^  =  X. 

SECTION  XII. 

Prob.  Upon  the  base  of  a  given  trian^e^  to  describe  a  qua- 
drilateral fgure,  equal  to  the  given  triangle,  wAh  two 
parallel  sides,  one  of  which  is  Uie  base  itsdf,  and  one  of 
whose  angles  at  the  base  is  also  one  of  the  angles  of  the 
triangle,  and  the  other  angle  is  equal  to  a  given  angle. 

Const.  Let  ABC  (fig.  18;  be  the  given  triangle,  which 
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is  lequired  to  be  converted  into  ^.. 

a  quadrilateral  figure,  one  of  .. -/'l    ^         '\ 

whose  sides  is  the  base  of  the  /  /   \  ^'  ^^  !  \ 

triangle,  and  another  parallel  to  /        \ 

it;  further,  let  the  angle -^5 C  /     j      j    ^           \ 

of  the  triangle  be  also  one  of  the  -^i^;^':^:'  '.^ -h} 

andes  of  the  quadrilateral  figure,  \  /s^  /                         f 
and  the  other  angle  at  C  equal 
to  the  given  angle  m. 


1.  On  £C  make  the  angle    Bi. 
BCD  =  111. 

S.  From  the  vertex  A  of  the  triangle,  draw  AD  paralld 
to  jBC,  which  meets  CD  in  27,  and  from  B  draw  the  line 
BE  parallel  to  CJ9,  which  meets  AD  in  E. 

8.  Upon  AD  describe  the  semicirde  AFD^  and  firom  E 
draw  the  perpendicular  \SjP  which  meets  the  semicircle  in  F. 

4.  From  D,  with  the  radius  J9F,  describe  the  arc  FGr^ 
which  meets  AD  in  G. 

5.  From  (r  draw  the  line  GH  parallel  to  2>C,  and  fiom 
the  point  Hy  in  which  it  meets  AJRy  the  line  HI  parallel  to 
EC;  then  BHIC is  the  quadrilateral  figure  sought. 

Demon.  Suppose  DF  dxavniy  then,  by  Eue.  III.  31  and 
VI.  8,  because  also  DF^DG^ 

AD :  DG  =  DG  :  DEy 
consequently  AD  —  DG  :  DG -- DE  =  DG  :  DE, 
or  AG:GE=:HI:BC;  (because  Z7(?=^/,  and  Z>£=:£C) 
hut  AG  :GE=:  AH:  HB, 
consequently  HI:  BC  =  AH:  HB. 
Further,  HI:  J5C  =  A  HCI:  A  CHB \  „.     vi   t 
and  AH:  HB  ^  A  ACH:  A  HOB      f^^'  ^^'  ^* 
consequently  A  HCI:  A  CHB  =  A  ACH:  A  CHB, 
.-.  AirC/=  A  ACH, 

and  A  HCI  +  A  HCB  =  A  ACH  -f  A  i7CS; 
or  the  quadrilateral  figure  BHIC  =r  A  ABC. 


OF   FIGURES.  16 


SECTION  XIII. 

Pbob.  To  convert  a  given  quadrilateral  with  two  paraUel 
sidesy  into  another  quadrilateral  with  two  paralld  rides^ 
having  one  side  and  one  of  the  angles  adjacent  to  this  side, 
common  with  the  former,  and  whose  angle  at  the  other  side 
is  equal  to  a  given  one. 

Const.   The  quadrilateral  ABCD  (fig.  19 J,  in  which 
the  two  sides  AD^  BC 


n£i 


are    parallel,    is    to    be     \\^  J^*^* 

converted    into     another 

which  has  the  angle  A 

and  line  AD  in  common, 

but  the  other  angle  at  D 

equal  to  the  given  one  m. 

Convert  the  quadrilateral  ABCD,  bjr  §  I.  into  the  triangle 
DAE,  and  this  a^in,  by  §  XII.,  mto  the  quadrilateral 
AFGDy  so  that  the  angle  ADG  =  wi,  then  AFGD  is  the 
quadrilateral  sought. 


II.  DIVISION  OF  FIGURES  BY  ALGEBRA. 


SECTION  XIV. 


AUXILIARY  RULE. 


Pbob.    To  divide  a  given  straight  line  according  to  a  given 

proportion. 

CoKBT.   Let  the  line  Ad  (fig.  20)  be  given :  divide  this 


ML 
Jk. 


fg.M. 


line  in  such  a  way,  that 
the  parts,  in  the  order  in 
which  they  follow  each 
other,  may  be  in  the  same 
proportion  as  the  lines  m, 
n,  p  are. 


1.  Draw  AE  forming  ^-^ 

any  angle  with  Ad^  ana  from  A  towards  E^  draw  the  lines 
m,  n,  p,  so  that  AB  =  m,  BC  =  n,  CD  =  p. 

S*  From  the  last  point  D  draw  the  line  Dd^  and  from  B 
and  C  the  lines  Bh^  Cc  parallel  to  Dd^  then  h  and  c  are  the 
points  of  section  of  the  line  Ad;  thus  Ab  :  he  :  cd^m  :  n :  p. 

The  reason  of  this  mode  of  treatment  is  easily  seen. 

CoR.  I^  therefore,  it  is  required  to  divide  a  straight  Une 
into  a  certain  numbcar  of  equal  parts,  it  is  only  neoosary 
upon  AE  to  draw  the  same  number  of  e^ual  parts  of  arbi- 
trary magnitudes,  and  then  proceed  accordmg  to  2. 
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SECTION  XV. 

Prob.    To  divide  a  triangle  from  its  vertex  into  a  given 

number  of  equal  parts. 

Const.  Let  ABC  (Ji^,  %\)  be  the  given  triangle,  which 
is  to  be  divided,   say,  into  six 
equal  parts :  let  ^  be  the  vertex,  4     ^ 

fiom  which  the  lines  of  division  .^vv  ^S^^^ 

are  to  be  drawn. 


1.  Divide  the  side  jBCopposite 

the  vertex  A  into  six  equal  parts 

BD,  BE,  EF,  FGy  GH,  HC.    „ 

^     D  E  F  G 

S.  From  A  to  the  points  of  division  D^  E,  F^  G^  Hy  draw 
the  lines  ADy  AEy  AFy  AGy  AH;  then  the  triangle  ABC 
is  divided  into  the  six  equal  triangles  ABDy  ADEy  AEPy 
AFGy  AGHy  AHC. 

CoR.  If  it  is  required  to  divide  the  triangle  ABC  aooori" 
ing  to  a  given  proportion,  it  will  only  be  necessary  to  divide 
the  line  BC  in  this  proportion  (§  XIV),  and  from  A  to 
draw  lines  to  these  points  of  division. 


SECTION  XVI. 

Prob.   From  a  given  point  in  one  of  the  sides  of  a  triangk 
to  divide  it  into  a  given  number  of  equal  parts. 

Const.   Let  ABC  (fig.  22)  be  the  given  triangle,  which 
is  to  be  divided  into  eidbt 
parts ;  the  lines  of  division 
are  to  be  drawn  from  /. 

1.  Make  Aaz^Bh^ 
\ABy  and  from  T  draw 
the  line  TC  to  the  vertex 
of  the  triangle. 

S.   From  a  and  h  draw  B 
the   liaei   aD,  bK,  pa* 
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rallel  to    TC,  which  meet  the  sides  ACj  BC,  in  D  and 
K. 

S.  From  ACy  from  A  towards  C,  cut  off  as  many  lines 
equal  to  CD  as  possible,  (in  this  case  four),  and  by  these  means 
determine  the  points  Ey  F,  G ;  from  BC  also  cut  off  as 
many  lines  equal  to  BK  as  possible,  (here  three),  and  by  these 
means  determine  the  points  /,  H. 

4.  From  T  draw  the  lines  TD,  TE,  TF,  TQy  THy  TI, 
TK,  then  ATDy  DTEy  ETF,  FTGy  GTHCy  MTI, 
ITKy  KTBy  are  the  eight  equal  parts  of  the  triangle  ABC 

Demok.  Draw  Ca,  then 

A  ACB  :  A  ACa  =  AB:  Aa^r^Si  1 

and  .-.  A  ACa  =  i  A  ACB; 

but  AACa^ATD 

because  A  AaD  is  common  to  both  trianglesj  and  AaTD=: 
A  aCD;  consequently  also 

AATD=ADTE^AETFz=:AFTG=ziAABC. 

In  like  manner  it  may  be  proved,  by  drawing  the  line  &C, 
that 

A  BTK  =  A  KTI  =  A  ITH=^  J  A  ABC. 
Since  .  * .  the  triangles  taken  toother  compose  {  of  the  triande 
ABCy  consequently  the  quadrilateral  U6  7£r  must  in  like 
manner  be  the  eighth  part  of  the  triangle  ABC. 

Cob.  1  If  after  having  cut  off  as  many  lines  equal  to  AD 
as  possible,  we  arrive  at  G,  and  wish  to  determine  imme^ 
diately  the  j>oint  Hin  the  line  BCy  this  may  be  very  easily 
represented  in  the  following  simple  manner.  Produce  AC^ 
and  from  G  make  another  line  Gc  equal  to  AD ;  then  from 
c  draw  cfT parallel  to  CT;  then  the  point  i7is  determined. 
For  since  A  THC  =  A  TcC  (because  cH\\  CT) ;  then,  when 
the  A  TCG  is  added,  the  quadrilateral  GTHC  ^AGTe; 
hutAGTc=:AATDsziAABC;  consequently  also  the 
quadrilateral  G  THC  =  J  A  ABC. 

Cos.  8.  If  it  is  required  from  a  given  point  in  one  of  the 
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tides  of  a  triangle,  not  to  divide  it  into  equal  narts,  but 
according  to  a  mfferent  proportion^  then  it  will  be  best  to 
proceed  in  the  following  way : — 

Let  ABC  (Jig.  %S)  be  the  triangle  to  be  divided,  and  T 
the  point,  from  which  the  lines 
of  division  are  to  be  drawn. 

Divide  the  line  BC,m  which 
the  point  T  is  situated,  accord- 
ing to  the  proportion  given  in 
LXIV,  say  in  D,  jB,  F; 
\f  ATy  and  parallel  to  it 
the  lines  Dd^  £e,  Ffy  which 
meet  the  sides  ABj  AC,  in  ^^~~D^  ITT  F 
di  Cyf;  from  thesepoints draw  the  straight  lines  dT,  cTffTy 
then  BTd,  dTe,  TeAfyfTC,  are  the  parts  sought. 

For  if  we  draw  the  lines  ADy  AE,  AF,  the  triangles 
ABDj  ADEy  AEF,  AFC  are  as  their  bases  BD,  DE^ 
EFy  FC  (Euc,  VI.  1),  and  since  these  triangles,  as  may  be 
easily  proved,  are  respectively  equal  to  the  parts  BTdy  dTcy 
T^A/f/TC ;  consequently  also  these  last  are  as  the  given  lines. 


SECTION  XVII. 


PaOB.    To  divide  a  triangle,  from  a  point  within  it,  into  a 

given  number  of  equal  parts. 

Const.  Let  ABC  (Jig.  24^  be  the  given  triangle,  which 
is  to  be  divided  into  nve  ^ 

equal  parts ;    T  the  point 
from  which   the  lines  of  ^. 

division  are  to  be  drawn.  Jtg^24. 

1.  Take  any  side  of  the 
triangle,  say  BC,  and 
make,  when,  as  here,  the 
triangle  is  to  be  divided 
into  five  parts,  BE  =  CF 

=}£C,  and  draw  the  lines  ^  

Ee,  Pf,    paraUel  to    the  ^      ^  B        KF 

sides  AB,  AC,  which  meet  the  line  AD,  drawn  through  A 
and  T. 


ftO 
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^.  From  T  draw  the  lines  TB,  TC^  to  the  angular  pmnta 
JS,  Cof  the  triangle  ABCy  and  from  e,  /  the  parallels  eG^ 
fl;  farther,  the  lines  TGy  TI,  then  both  the  tnan^e  JTG 
and  the  triangle  ATI^\  triangle  ABC. 

S.  In  order  to  determine  the  other  points  of  division,  it  is 
only  necessary,  as  in  the  foregoing  §,  to  cut  off  from  the 
sides  AB^  AC^  as  many  lines  equsu  to  AG,  AI  as  possible, 
and  in  the  case  in  which  this  can  no  longer  be  effected,  or  in 
which,  as  in  the  figure,  this  is  impossibw,  the  points  H  and 
K  for  the  quadrilaterals  BGTH^  CITK msj  be  determined 
by  §  XVI,  Cor.  1. 

4.  Since  in  this  case  the  parts  ATG,  BOTH,  ATI^ 
CITKf  collectively  form  |  of  the  triangle  ABC,  consequently 
the  triangle  HTK  must  be  equal  to  the  last  part.  If  HTk 
be  not  the  last  part,  then  it  is  merely  necessary,  by  §  XV, 
to  divide  this  triangle  into  as  many  equal  parts  as  are  ne- 
cessary. 

Demon.  Draw  the  auxiliary  lines  AE^  tBy  then 

A  ABE  =  J  A  ABC  (because  BE  =  \BC), 

further,  A  ABE  =  A  ABt  (because  Ee  \\  AB) 

and  A  ABe  =  A  ATG  (because  A  GBe  =  A  GTt)  ; 

consequently  A  ^TG  =  J  A  ABC. 

The  remainder  of  the  demonstration  is  su£ScientIy  dear  of 
itself. 

Coji;  If  a  triangle  is  not  to  be  divided  into  e^ual  parts, 
but  according  to  a  given  proportion,  then  the  foUowmg  method 
will  be  the  best. 

Thus,  let  the  triangle  ABC  (Jig.  25 J  be  divided  into 
four  parts  according  to  a 
given  proportion. 

1  Divide  any  side  of 
the  triangle,  say  5C,  ac- 
cording to  this  proportion ; 
let  the  points  of  division  be 
2?,  -E,  F ;  through  and 
from  7'  draw  the  lines  AK. 
TB,  TC. 
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2.  From  the  points  of  dividon  D^  E,  Fj  draw  tlie 
Ddy  Etj  Ffj  parallel  to  the  side  AB^  or  AC^  aom  " 
they  are  on  one  or  the  other  side  of  the  line  AK. 

8.  From  the  points  d^e^  f^  in  which  these  paralleh  meet 
-rfJSr,  draw  the  Imcs  dff,  eH^  fl,  parallel  to  TjB  or  TC% 
then  by  these  means,  the  points  &,  H^  ly  in  the  sides  of  the 
triangle,  will  he  determined. 

4.  From  Tdraw  the  lines  TG,  Tff,  TI;  then  the  tri* 
angles  ATG,  ATI,  and  the  quadrilateral  figures  BGTHy 
CBTI  are  the  parts  of  the  triangle  sought* 

For  if  we  suppose  the  lines  ADj  AE,  AF  drawn,  then  the 
triangles  ABD^  ADE^  AEFy  AFC,  which  collectively  consti- 
tute the  triangle  ABC^  have  the  required  proportion,  Ibr  they 
are  to  one  another  as  their  bases  j5i),  DE^  EF,  FC.  Now, 
as  majr  in  some  measure  be  easily  proved  from  the  foregoing, 
the  triangles  ATG,  ATI9  are  equal  to  the  triangles  ABD^- 
AFC;  and  the  quadrilaterals  BGTH,  CHTl,  are  equal 
to  the  triangles  ADEj  AEF;  consequently  also  these  parts 
have  the  required  proportion. 


SECTION  XVIIL 


PaoB.  To  divide  a  given  triangle  into  a  given  nutnber  of 
equal  parta^  and  in  such  a  way,  thai  the  lines  of  division 
may  be  parallel  to  a  particular  side  of  the  triangle. 


J^^seJj) 


Const.  Let  ABC  (Jig-  26  J  be  the  given  triangle ;  let  the 
number  of  the  parts  into  which 
it  is  required  to  be  divided,  be 
five,  and  BC  the  side  to  which 
the  lines  of  division  are  to  be 
parallel. 

1.  Upon  one  of  the  other 
two  sides,  say  AC^  describe 
the  semicircle  AdtfgC^  and 
divide  the  side  AC  m  as  many 
equal  parts,  as  the  triangle  is 
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to  be  divided  in,  consequently  in  the  present  case  into  five; 
the  points  of  section  are  Dy  Ey  Fj  O. 

8.  From  these  points  of  division,  draw  the  perpendicular, 
Ddy  Ecy  Ffj  Ggy  which  meet  the  semicircle  m  the  paints 
d,  e,/,  g. 

3.  From  A  in  AC,  draw  Ad^  Ae,  Aft  Ag^  then  make 
Aif^  Aiy  At!^  Aty  and  so  on,  and  by  these  means  determine 
the  pointe  d',  e^,/,  ^. 

4.  From  these  points  draw  the  lines  d'Zy,  tfE'yfPy  ^G\ 
parallel  to  the  side  fiC,  then  Aiy&y  iydftfE\  E'?fPy 
Tf^&y  &^CB  are  the  five  equal  parts  of  the  trumgle 
ABC  which  were  sought. 

Demon.  Since  AC  :  Ad  =  Ad  :  AD  (Euc.  VI.  8) ; 
then  Adl'^zAdf^^ACx  AD  {Euc.  VI.  17). 

Further,  since  the  triangles  AD^df,  ABC  are  similar, 
consequently 

A  ABC :  A  AD^df  =  AO  :  Adl^  (Eue.  VI.  19) 

=  AC?  :  AC.AD^  AC  :  AD. 
Now,  since  AD  =  ^ACj  therefore 

A  AD'd^  =  J  A  ABa 
In  like  manner  it  may  be  proved,  that  A^iS7V=|  A  ABC; 
A  APf  =  f  A  ABC;  A  AG^g"  =  f  A  ABCy  from  which 
the  rest  follows  of  course. 

Cob.  If  the  triangle  ABC  is  not  to  be  divided  into  equal 
parts,  but  according  to  a  given  proportion,  it  will  merely  be 
necessary,  as  may  be  readily  seen  from  the  above,  to  divide 
the  line  AC  according  to  this  proportion,  and  then  proceed 
as  has  been  already  shown. 

SECTION  XIX. 

Fbob.  To  divide  a  triangle  into  a  given  manber  of  equal 
parts^  in  such  a  way^  that  the  lities  of  division  may  be 
paralid  to  a  line  given  in  position. 

Const.  Let,  for  instance,  ABC  (fig.  27)  be  the  given 
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triangle  which  is  to  be 
divided  into  five  equal 
parts ;  the  lines  of  division 
are  to  be  parallel  to  the 
line  Cx. 

1.  Upon  Ax  and  Bx 
describe  the  semicircles 
Aitx^  Bgfxj  and  divide 
the  line  ^^  into  five  equal 
parts,  in  2?,  J5,  F,  G. 


S.  From  these  points  of 
division  draw  the  perpen- 
diculars Di^  Et^  Ff^  Gg  ; 
from  A  draw  the  lines  Adf^ 
Atfy  equal  to  Ad^  Ae,  and  also  the  lines  Bg^^  Bf\  equal  to 
Bg.Bf. 

3.  From  the  parts  <f,  ef,  fj  gf  draw  the  lines  i!iy^  E^, 
fF,  ^G\  parallel  to  Cx,  then  Ad!jy,  dfiyE'ef,  tE/CFf^ 
fP^^y  gf&B  are  the  five  parts  sought. 

Demon.  By  this  method,  the  triangle  ACx,  by  §  XVIII, 
Cor.,  is  divided  in  the  same  proportion  as  the  line  Axj  and 
also  BCx  in  the  same  proportion  as  the  line  Bx*  Therefore 
we  have 

1.  A  ACx  :  A  Aiydf  =  Ax  :  AD. 
But  A  ABC:  A  ACx  =  AB  :  Ax  (Euc.  VI.  I) ; 
conscquendy  A  ABC:  AlVdl  -  AB  :  AD  =^  5  :  1. 
In  like  manner  it  may  be  proved,  that 
AABC:  AAE'e'  ^  AB  :  AE  ^  5  :  2. 


8.  A  BCx  :  A  B&gf  =  Bx:  BG. 
But  A  ABC:  A  BCx  =  AB  :  Bx  {Eve.  VI.  1); 
consequently  A  ABC:  A  B&gf  =  AB  :  BG :  =  5 
and  thus  A  ABC:  A  BFf  ==  AB :  BF-  5:3. 


1; 
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Since  .-.  A  AE^tf  =  f  A  ABC,  and  A  BPf  =  |  A 
ABC^  consequently  the  pentagon  ^E*CFf  =  J  A  ABC. 

CoB«  If  the  triangle  ABC  is  not  to  be  divided  into  eqiul 
parts,  but  according  to  a  given  proportion,  it  will  only  be 
necessary  to  divide  the  line  AB  according  to  this  proportion, 
and  then  proceed  as  has  been  shown.  The  reascHi  or  this  is 
readily  seen. 


SECTION  XX. 

Pbob.  To  divide  a  parallelogram  into  a  given  number  of 
equal  par tsy  in  such  a  way,  that  the  lines  of  division  nuy  be 
parallel  to  two  opposite  sides  of  the  paralldogram. 

Const.  Let  ABCD  be  the  parallelogram  to  be  divided 
(fig.  28^ ;   let  the  number  of  Be     r  ST    h     i.    C 

Earts  be  six,  and  let  AB,  CD, 
e  the  sides  to  which  die  lines 
of  division  are  parallel.  /     /     \f^j^^'^ 

Divide  one  of  the  two  other 
sides,  say  AD,  into  six  equal 
narts,  in  E,  F,  O,  H,  /,  and 
firom  these  points  draw  the  lines  ^  JS   F    Q 
Ee,  Ff,  Og,  and  so  on,  parallel  to  the  sides  AB,  CD  ;  then 
the  division  is  done. 

Cob.  If  it  is  required  to  divide  the  paralldogram  accord- 
ing to  a  given  proportion,  it  will  merely  oe  nec^sai^,  instead 
of  dividing  the  line  AB  into  equal  parts,  to  divide  it  aoooid* 
ing  to  the  given  proportion^  ana  then  proceed  as  before. 


SECTION  XXI. 

Pbob.  To  divide  a  paraUdogram  qccording  to  a  jftom  pro- 
portion,  by  a  Hne  given  in  pomian. 

;  Const.  Let  ABCD  (Jig.  5t9)  he  the  parftUelognai  to  be 
divided. 
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1.  Divide  one  of  its  sides,  say 
AD^    according   to    the  given 

SToportion;  let  the  point  of 
ivision  be  g.  Make  zE  =  Az^ 
and  draw  BE.  Now  i£  BE 
have  the  required  position,  then 
A  ABE,  and  quadrilateral 
BCDE  are  the  parts  sought. 


2.  But  if  the  line  of  division  be  parallel  to  xy^  then  bisect 
the  line  BE  in  n,  and  through  this  point  draw  the  line  GH 
parallel  to  xy,  then  ABHG  and  HCDG  will  be  the  required 
parts. 

8.  If  the  line  xy  have  such  a  position,  that  one  of  the 
points  Gy  H  cannot  fall  upon  the  sides  AD  or  BCj  as  in 
Jig.  50 ;  then  draw  the  line  BF  parallel  to  xjfy  and  upon  AF 
describe  the  semicircle  AeF ; 
from  E  draw  the  perpendicu- 
lar  £e,  make  AG  =  At,  and 
draw  Gi7  parallel  to  xy  ;  then 
AHG,  HBCDG  will  be  the 
required  divisions  of  the  pa- 
rallelogram. 


Demon.  By  Eve  I.  41,  and  YI.  1,  it  is  evident,  that 
Parall.  ABCD  :  A  AJBE  =  AD :  Az, 
whence  the  accuracy  of  1  is  evident. 

Further,  since  (fig.  29)  HG  is  bisected  in  n,  then  ABnH 
sz  A  EnG;  and  •*.  also  the  method  in  2  is  proved. 

In  Jig.  30  we  have 

Parall.  ABCD  :  A  ABF  =  2AD  :  AF, 
and  by  reason  of  the  triangles  ABF,  AHG  being  similar, 

A  ABF:  AAHQ^AF^:  A&  (=  A^) 

^AF^:AF:AEy 

:=lAF:AE; 

E      , 
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conflequently,  by  oompouiiding  both  proportions, 
Parall.  ABCD  :  A  AHG  =  2  JD  :  AE  =  AD  :  Az. 


SECTION  XXII. 

Prob.  To  divide  a  trapezium  voith  two  paralld  sides  into  a 
given  number  of  equal  parts j  so  that  the  lines  of  division 
may  be  paralld  to  these  sides. 

Const.  Thus,  let  ABCD  (Jig.  S\)  be  the  given  trape- 
zium, whose  two  sides  AB^  CDy  are  fig,31. 
parallel,  and  which  is  to  be  divided  i        ^ 
into  three  equal  parts.  /'f 

/     I 
1.  Upon  ^jB,  the  greater  of  the  two      /  ;^ 

parallel  sides,  describe  the  semicircle  ^\  /TI^l^  ^'^E 

AFB;    draw  DE  parallel  to  BC ;  ^V  /     /' 

and  from   JS,  with  the  radius  BE^  oVi 

describe  the  circle  EFj  which  cuts  the  \  / 

semicircle  in  F.  ^\      T^C 

V 
9,.  From  F  draw  FG  perpendicular  ^ 

to  ABj  and  divide  the  Ime  AG  into  three  equal  parts  in  K 

and  Zr,  and  from  these  points  draw  the  perpendicidars  Kk^ 

Jjl. 


3.  Upon  AB^  from  B  towards  Ay  draw  the  distances  BV^ 
BV^  equal  to  Bk^  Bl ;  from  these  points  draw  the  lines  k^O^ 
^Jf  parallel  to  BC;  and  from  the  points  O,  JIf,  in  which 
these  parallels  meet  AD,  draw  the  lines  MN,  OPf  parallel  to 
AB ;  then  ABNM,  MNPO,  OPCD,  will  be  the  three 
required  divisions  of  the  trapezium  ABCD.    . 

Demon.  Produce  the  lines  AD^  BC,  till  they  meet  in  Z, 
then  the  triangles  DZC,  OZPy  MZN,  AZB,  are  similar  to 
one  another,  aJbo. 

DC  =  JB£  =  BF,  OP=zBhf^  Bk,  MN^  Bt^Bl 
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We  have  .•. 

A  OZP  :  ADZC  =  0/»  ;  CD" 

consequently  AOZP^-ADZC  :  ADZC^BK-^BG:  BG 
or      Trapez.  DOPC :  ADZC=^GK :  BG=^AG  :  BG. 
In  like  manner  it  may  be  proved,  that 
Trapez.  DMNC :  ADZC  =3  GL  :  BG  =  ^AG :  BG. 
Trapez.  DJBC  :  ADZC  =  AG  :  BG  =z  lAG  :  BG. 
Hence  it  fbUows,  that 

Trapez.  DOPC :  DMNC  :  DJBC  =  i  :  f  :  f 

=  1:2:3. 

Cob.  If  it  is  required  not  to  divide  the  trapezium  ABCD 
into  equal  parts,  but  according  to  a  given  proportion,  it  mH 
only  be  necessary  to  divide  the  line  AG  in  tnis  proportion, 
and  then  proceed  as  before. 


SECTION  XXIII. 

Paob.  To  divide  a  given  Jigurt  into  two  parts  according  to  a 
given  proportion^  and  in  such  a  way^  that  one  of  the  parts 
may  he  similar  to  the  whole  fgure. 

Const,  Let  ABCDE  (Jig.  32)  be  the  given  figure. 

1.  Divide  one  side  of  the 
figure,  say  AB,  according  to 
the  given  proportion ;  let  the 
point  of  division  be  Z.  j^^ 

S.  Upon  AB  describe  the 
semicirde  AzB^  and  from  Z     ^ 
draw  the  perpendicular  Zx, 
which  meets  the  semicircle 
in  z. 

3.  Make  Ah  =  Az^  and  upon  Ah  describe  a  figure  Ahcde, 
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which  is  similar  to  the  given  one  ABCDE;    then     the 
line  bcdt  divides  the  figure  in  the  manner  required. 

Demon.  ABCDE :  Ahcdt  =  AB^  :  AV 

^AB^iAsf^AB :  AZ^ 
consequently  ABCDE  —  Ahcit :  AhcdcmAB-^AZ  :  AZy 
or  BCDEcdcb  :  Abede  =  ZB  :  AZ. 


III.  QUADRATURE    OF  RECTILINEAR 

FIGURES. 


SECTION  XXIV. 

Frob.   From  the  given  base  and  altitude  of  a  irian^  to  find 

its  area. 

SoLUT.  If  a  denote  the  base,  A  the  altitude^aDcl  f  the  area 
of  a  triangle ;  then 

ah 

This  rule  is  wdl  knowa,  and  is  given  in  aU  elementa|r  books 
on  Geometry. 

CoR.  From  this  equation  we  obtain 

a  h 

By  means  of  the  first  of  these  two  formuhe,  the  altitde  of  a 
tnangle  may  be  determined,  when  the  area  and  the  kse  are 
given,  and  by  means  of  the  second,  the  base  of  a  riangle 
may  be  found,  when  its  area  and  altitude  are  given. 

Exam.  1.  The  base  of  a  triangle  measures  325^.  '\  9^^, 
and  its  altitude  6?^.  8^  S^^ :  what  is  its  area?  Ans. 
11049.16785  dS  or  11049  D°  16  D^  78  D^^  50  D'^ 

Exam.  St.  The  base  of  a  triaagle  measures  763^  X.  5'\, 
and  its  altitude  9^.  3^\  1*'' :  what  is  ita  area  ?  Ans* 
357.488925  D%  or  357  D^  48  D'  89  U'^  25  D^^^. 


so 
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Exam.  3.   The  area  of  a  triangle  is  7325  Q®  26  a  ^^ 
its  base  58^  9^.  7^^ :  what  is  its  altitude  ?  Ans.  248^-440^ 
or  248°.  4^.  4'^0^^^2^... 


Exam.  4.  The  area  of  a  triangle  is  62583  D*^  04  a ''  79  €3^^, 
and  its  altitude  127^  5':  what  is  its  base  ?  Ans.  981^-6948..., 
or  981^  C.  9'^  4/^'.  8^. 


SECTION    XXV. 


T£0B.  To  calculate  the  area  of  any  polygon. 

SoLUi.  Divide  the  whole  of  the  polygon  into  triangles  by 
diagonalfy  calculate  all  these  triangles,  oy  multiplying  the 
base  of  ech  by  half  its  altitude,  and  by  adding  all  the  results 
thus  obUined  together  ;  we  then  get  the  area  o£  the  polygon. 

CoR..  In  order  to  shorten  the  operation,  a  common  base 
can  alwirs  be  given,  where  it  is  practicable,  to  two  triangles. 
Thus  tie  polygon  ABCDEFG  (Jig.  SS)  may  be  divided 
into  thetriangles  ABG,  BCGj 
DCG,  DFG,  DEFy  of  which 
the  firs  and  second  have  BG^  . 
and  thid  and  fourth  2)6,  for  a 
oommoibase.  When  the  neces- 
sary penendiculars  are  drawn, 
we  theihave. 


Pol. 


jBCDEFG  :=  i[Aa  .  BG  +  Cc  .  BG  +  Cd. DG 
■{-Ff.DG  +  Ee.DF.]. 
=  i[iAa+Cc)BG  +  {Cd'^Ff)DG-k'Ee.DF]. 

ExM.  Let  BG  =  61^  5^  DG  =  75^  9".  3^^  /)/'=  6f  . 
3\  Aaizl5\  r,  Cc=28«.  O'.  9^  Cd=21°.  l'.  7^  ^=22", 
jEc=  IP.  8'' :  what  is  the  area  of  the  heptagon  ABCDEFG  ? 
Ans.  350-81155  D^  or  3550  a^  81  D^  15  D^^  50  D'^'. 
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Remark.  A  trapemam  ABCD  CHg,  M)  with  two  parallel  sides  ADy  BC, 
may  always  be  dinded  by  the  diagonal  BDt 
into  two  triangles  ABD^  BDC,  whose  bases 
are  these  sides  of  the  trapezium,  and  whose 
altitudes  Bb,  Dd,  are  equal  to  its  altitude 
OH,    Therefore  in  this  case, 

Trapcz.  ABCD  ^^GH  {AD  +  BC), 

If  the  whole  of  a  polygon  can  be  diyided 
into  such  trapeziums,  then  its  area  may  more 
easily  be  ciJculated.  This  is  the  case  in 
Jig.  35,  when  the  Unes  ABy  CD,  EF,  GH, 
IK,  are  all  parallel  to  one  another.  Thus 
then,  when  at  is  perpendicular  to  these  sides, 
the  area  of  the  polygon  » 

,   r     oi  {AB-\-  CD)  +  be (CD+EF)'\ 
*  L+  erf  {EF-i-  GH)  +  de  {GH+  /A)  J ' 

If  the  points  A,  B  meet  in  ilf ,  as  also  the 
points  /,  K  in  iV,  so  that,  instead  of  the    j. 
trapezimns  ABDC,    GHKI,  we  have   the 


^JV 


triangles  CMD,  GNH :  then  both  AB  and  JK^O,  and  we  find  the  area  of 
the  figure  » 


r      ab.CD+bciCD  +  Ef)'^ 
*  t+cd(EF+GH)'^de.GH)j' 


If,  besides,  the  distances  between  all  these  parallels  are  the  same,  or 
ab  >=  be  B  cd  ^  de,  then  the  area  » 

ab{CD  +  EF+GH), 

3 

Consequently  we  find  the  area  of  the  figure,  by  multiplying  the  sum  of  all 
the  parallels  by  the  equal  distances. 


SECTION  XXVI. 


Prob.    From  the  two  sides  of  a  triangle^  and  the  angle  con- 
tained by  them,  to  find  the  area  of  the  triangk. 


Const.    Let  ABC  be  the  given  triangle  (Jig.  SS),  of 


which  the  sides  AB,  AC,  and 
the  angle  BAC,  are  given :  find 
its  area.  Let  AC^^a,  AB=ib, 
L  BAC  =  a,  and  the  required 
area  of  the  triangle  =  q. 


1.  Draw  the  perpendicular  BD :  then 

BD^b  Sin.  a. 
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AC.BD      abSin.a 


2.  Therefore  A  ABC  = 


or  q  =- 


2 
ab  Sin.  a 


Cob.  1.  Hence  it  follows  :  that  two  triangles,  which  ood- 
tain  one  angle  in  the  one  equal  to  one  angle  in  the  other,  are 
as  the  products  of  the  sides  which  include  these  triangles. 

Since  every  parallelogram  is  divided  into  two  eqaal  parts 
by  its  diagonal ;  consequently  this  rule  likewise  obtains  tat 
parallelograms  which  have  one  equal  angle. 

_        ^    —  ,  ab  Sin.  a 

Cob.  2.  From  the  equation  q  = ,  we  get 

2jf      ,        ^q      v         ^ 

6  Sin*  a  a  Sin.  a  ab 

The  calculation  of  all  these  formuke  is  most  easily  effected  hj 
means  of  logarithms. 


Exam.  1.  One  side  of  a  triangle  measures  257^  ^\  the 

^ '5  contained  by  these  sides  2  5^ 

triangle  ?    Ans.  19574»-46  Q  ', 


jciSJLM.  X.   yju!s  siae  01  a  linangie  measuns 
pther  SB&.  S'\  and  the  angle  contained  by  these  sides  25°. 
is':  what  is  the  area  of  this  triande  P    .^is. 


or  19574  D'  46  U'^. 


Exam.  2.  The  area  of  a  triang^  is  27534  D^  one  of  its 
sides  67^*  3^^  and  one  of  the  two  angles,  which  are  adjacent 
to  this  side,  121°.  5^ :  what  is  the  other  side  which  is  adjacent 
to  this  angle  ?  Ans.  955^.  4/\  S^^ 

Exam.  8.  The  area  of  a  triangle  is  1254  0^26  O^^  one 
of  itd  sides  s  138^  and  the  other  2=  59/ :  what  is  the  angle 
included  by  these  two  sides  ?  Ans.  17®.  56^  40^^  3,  or  l62°. 
3^  19^^  7. 

Remark.  The  double  values  of  the  an^e  in  the  last  example  arises 
from  this ;  because  two  angles  which  together  are  equal  to  180^,  belong 
to  the  same  nne.  Consequently  there  are  always  two  triangles,  baring 
a  g^ven  area  and  two  given  sides,  which  may  be  easily  represented  alge- 
braically. 

Let  a  and  h  Qig,  37J  be  th«  given  sides,  and  the  given  area  of  the  tri 


1 


J 
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« q,  Awuine  one  of  these  two  lines,  •••'"'^  "sr 

say  fl,  as  the  base  of  the  triangle,  -o/'    J%'  "^^' 

and  make  AC^a:  with  the  radius  ^'^ 

CF  a  by    describe    the    semicircle 
FBDEy  and  from  E,  in  which  it 

meets  AC  produced,  draw  the  per-  ^"^ — jf  ^        """"IB 

pendicular  Et  a  — ^^  then  Ee  is  the 

a 

altitude  of  the  triangle   (§  XXIV, 

Cor.) .  Then  draw  tB  parallel  to  AE^ 

and  from  the  points  By  D,  in  which  these  cut  the  semicircle,  the  lines  CB^ 

CDy  ABy  AD ;  then  ABC,  ADC  are  the  required  triangles,  because  they 

hare  the  required  altitude,*  and  the  giren  sides.    Now,  in  the  isosceles 

triangles  BCDy  the  angles  CBDy  CDB,  are  equal ;  further,  because  eB  is 

parallel  to  AEy  DBC  ^  BCAy  and  BDC  -  DCB:   consequently  also 

BCA  »  DCEy  and .-.  ACD  +  ACB  =  ACD  +  DCE  -  2/1. 


^ 

::^ 

^ 

> 

tt 

c"" 

J 

SECTION    XXVIJ. 

Prob.  From  the  two  given  angles  of  a  triangle,  and  one  of 

its  sidesj  to  find  its  area. 

SoLUT.  In  the  triangle  ABC  (fig.  S6)  there  are  two 
angles  given,  consequently  also  the  third,  together  with  the 
side  AC ;  required  to  find  its  area.  Let  BAC  =  a,  ABC 
=  0,  ACB  =  Y,  AC  =  a,  and  the  required  area  =  f .  Draw 
BD  perpendicular  to  AC :  then 


1.  Sin.  0  :  Sin.  y  sr  a  ;  AB 


2.  In  the  right-angled  triangle  ABD^  whose  right  angle  is 
at  Dy 

BD  =  AB  Sin.  a  =  ^  ^in.^  ^in.  y 

Sin.  g 

3.  Therefore  q  =  iAC.BD  =  ^'  ^^\^  ^^^'  ^^ 

This  formula  is  most  easily  calculated  by  means  of  loga- 
rithms. 

CoR.  If  the  triangle  be  an  isosceles  one,  then  we  have 

r 
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1.  When  /5  =  7,  9  =  i  a«  Sin.  a. 

2.  When  a  =  7,  then  /3  =  180®  —  2a,  and  therefore 
iStft,  0  =  Sin.  2a  =  2  iS'tn.  a  Co«.  a,  consequently 

a"  *Sm.  a       ,    o  ,« 

«=  2-^i:^=*^^^^-«- 

Exam.  1.  When  a  =  38^  40^,  jS  =  88^  S(/,  consequently 
y  =  57°.  5(y,  and  a  =  12(K ;  then  the  area  of  the  trian^e  is 
3832.61  D^ 

Exam.  2.  When  a  =  128°.  25',  i3=  27**.  5^  .•.  y  = 
24^  $(y,  and  as  135':  then  the  area  of  the  triangle  is 
6503*19  D^ 

Exam.  8.  When  a  =  37".  5'.  24'',  g  =  67°.  45^  23^^ 
.•.  7  =  75°.  9'.  13",  and  a  =  435":  then  the  area  of  the 
triangle  is  59587"36  Q'. 


SECTION  XXVIII. 

Peob.    To  find  the  area  of  a  triangkjrom  its  anglea  and 

altitude. 

SoLUT.  In  the  triangle  ABC  (fig'  S6J  let  the  angle 
BAC^a,  ABCr:^^,  JC5  =  y,  and  the  altitude -B2)  =  A 
be  given ;  let  the  required  area  =  gf ;  then 

1    Pit  SL  97         ^     -'^  >^^^'  *  'Sin,  y 

2.  By  I  24,  Cor.,  AC  =  % 

h 

3.  If  we  substitute  2  in  1,  we  then  get 

_2y'  Sin,  a  Sin,  y 
*  "■       A«  Sin.  p       ' 

and.-,  A«  ^m.  g 

^      2  AVn.  a  ^tn.  iS' 
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Exam.    When  h  =  357^,  «  =  31^  13'.  7'^  fi  =  106*. 
41^  5S^^,  then  q  =  1762036  Q^ 


SECTION  XXIX. 

Pbob.  To  find  the  ana  of  a  triangle  Jrom  its  three  niea. 

SoLUT.  In  the  triangle  ABC  (fig,  36)^  the  three  sides 
ABf  ACy  BC  are  ^ven,  and  its  area  is  sought.  Let 
AB  =  a,  AC  =  by  Sc  =  c,  and  the  area  =  q. 

1.  We  know  from  Trigonometry »  that 

<^z^c?  +  V'-fiab  Cos.  A 


• 


Cos.  A  = 


^ab 


2.  Hence  we  obtain, 

2ab  2ab 

_  (g  +  ft  +  c)  (g  +  6  —  c) 
""  2ab 

_  (c  +  g  —  6)  (c  -  g  +  6) 

3.  The  multiplication  of  these  equations  gives 

,      ^    9  J      (g+ft-hc)  (g  +  &>-c)  (c+g-ft)  (c-g+ft) 
1  -  cos.  if  -  ^j^pggg  ^ 

or,  when  we  substitute  Sin.^  ^  for  1  -v  Co«.*  A,  and  f  for 
the  number  of  the  fraction  on  the  right  side  of  the  equation, 

ET  a/it 

Sin.^  A  =T--iT«,  and  Sin.  A  =:-t— r. 
4gW  2ab 
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4.  But  by  §  26,  9= ^^—  ;  we  have  therefore 

^  =  ^=i^/(a+6  +  c)  (a+i-c)  (c  +  a-i)  (c  +  ft-a). 

J  4 

From  this  formula  we  deduce  the  following  rules  for  finding 
the  area  of  a  triangle  from  its  sides  : 

1.  Add  all  the  aides  together, 

5.  From  the  sum  of  every  two  sides  subtract  the  third. 

8.  Multiply  the  sum  obtained  from  1  by  the  three  rentatk- 
ders  obtainedfrom  S. 

4.  From  the  product  subtract  the  square  root,  and  divide 
this  root  by  4. 

The  actual  calculation,  when  a,  i,  c,  are  not  very  small 
numbers,  is  most  easily  performed  by  means  of  logarithms. 

Cob.  When  the  triangle  is  an  equilateral  one,  a  =  6  =  c  ; 
consequently 

'"^      4     ""     4 
When  it  is  an  isosceles  triangle,  let  c  =  &,  then 


V£(2i+a)JiizLi)  =  ^^(86  +  a)(2&-a) 

Exam.  When  a  =  568^  b  =  295^  c  =  SB7\  then  ^r  = 
53447'7S  D^. 


SECTION  XXX. 


Pbob.    From  the  four  given  sides  of  a  trapezium,  of  which 
two  are  parallel  to  one  another,  to  find  its  area, 

SoLUT.  Let  JB,  DC  (fig.  3$)  be  the  two  parallel  sides 


i 
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of  the  trapezium  ABCD^  and  AB 
=:a,  EC- by  CB-Cy  DA=zd. 
Draw  BE  pandlel  to  AD^  and  for 
shortness  sake,  put  CE==C'-a=f: 
then 


J!g-3S./ 


J) S — £ 


1.  In  the  triangle   BEC,  BC  =  ft,    CE  =/,  BE  =^ 
AD  =  d;  consequently,  by  the  foregoing  §, 

AiS£C=i^/(ft+d+/)  (ft  +  d-/)  (ft+/-d(  (d+f-b). 

2.  Draw  the  perpendicular  PQ :  then  this  is  the  altitude 
both  of  the  trapezium  and  the  triangle ;  we  have  . '  • 

Trapez.  ABCD  =  ^PQ  ^AB  +  CD)  (§  25,  Remark.) 

and  A  BEC  =  i  PQ  .  CE,  consequently 

Trapez.  ABCD  :  ABEC^iPQ  {AB+CD): iPQ.  CE 

^  AB+CD:CE  =  a  +  c  :f 
and  .*. 

Trapez.  ABCD  =  ^^  A  BEC  ^ 

^V(b^d+f)  (b+d^f)  (b^f-d)  (d+f^b) 

Exam.  When  a  =  324^  b  =  137^  c  =  431^  d  =  122^ 
then^f  =  44079*76  D^ 


SECTION  XXXI. 

Peob.  JU  the  aidts  of  a  quadrilaUraly  whose  opposite  angles 
are  together  equal  to  two  right  angles  (aboiu  which,  con- 
sequently, a  circle  may  be  described),  are  given:  required  to 
find  its  area. 

SoLUT.  Let  ABCD  (fig.  39)  be  the  given  quadrila- 
teral, in  which,  agreeably  to  the 
hypothesis,  ABC  +  ADC  =  2/2. 
JjetAB=^a,BC=b,  CD=c^DA^d. 
The  unknown  angle  ADC^^i^,  and  JBf 
.• .  ABC  =  180°  -  ^.  Draw  the 
diagonal  AC;  then 


-1 
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1.  In  the  triangle  ADCj 

AC^  =  c*  +  cP  -  2  cd  Coi.  ^ 
and  in  triangle  ABC 

^C?=a*  +  4«  +  2abCo8.f^ 
(because  Cos.  ABC  =  Cos.  (180**  —  0)  =  —  Cos.  ^.)     We 
have  •*• 

a«.+ J«  +  2ab  Cm.  ^  =  c«  +  cP- 2cd  Co».  ^ 

and  consequently  Cos.  A  = =-— — -r- — 

^^        ^  ^  2ab  +  2cd 

S.  Hence  we  get 

1  +  Cm.  6  = -—7 i 

2{i&  +  2cd 

_  (c  +  d  +  g  —  i)  (c  -f  d  —  g  -f-^) 

2ad  +  2cc{ 

further  1  -  Co..0  =  ^' +  ^^^  +  ^  ^  ^  +  ^^  ^  ^ 

^  2ai  +  2cd 

_(g4.  ty-(c-d)» 

2a6  +  2cd 
_(fl  +  &-fc--d)(fl  +  ft  —  c  +  d) 

2a6  +  2cd 

3.  The  multiplication  o{  these  two  equations  gives 

1  —  Cos,^  ^  =  SifL*  ^  = 
(g  +  ft  +  c-d)  (g+ft-c+d)  (^c^-d-^a-^'h)  (c-fd+fl—6) 

(2g6  +  2cdf 

or,  when  we  substitute  K  for  the  numerator  of  the  firactlon 
and  extract  the  root  from  both  sides, 

Sin,  A  =s  — ; = 

^      2ai  +  2cd 

4.  Now  A  ADC^^^^^L± 

2 
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and         A  ABC  =  <^  Sin.  (180"  -  »)  _  ab  Sin,  ij, 

consequently  trapez.  JBCD  =  («*  +  ««0  ^'«-  » 
or,  when  for  iStn.  ^  we  substitute  its  value  in  3, 


Trapez.  -rfJSCZ?  = 


VK 


4 

i\/(a+i  +  c-£0  (a+ft  +  d-c)  (c  +  d+a-i)  (c+rf+6-a) 

The  rule  obtained  from  this  formula  for  the  calculation  of  this 
kind  of  quadrilaterals,  may  be  expressed  in  words  in  the 
ioliowmg  way : 

^dd  every  three  sides  of  the  figure  together ,  and  always 
subtract  the  fourth  from  their  sum  ;  then  multiply  the  four 
remainders  together,  eq;tract  the  root  foom  the  product,  and 
divide  the  root  6y  4. 


SECTION  XXXII. 

Pbob.    To  fold  the  area  of  a  quadrilateral,  in  which  two 
opposite  angles  are  equal,  from  its  four  sides. 

Const.   Let  ABCD  (fig.  4o;  be  a  quadrilateral,  in 

wbch    the   angles  BAD,    BCD  are     Bf —iC 

equal,  and  AB=ia,  BC^h,   CD^c,  \\      ^ 

DA-d,  the  required  area  =  q.    Put  /     \j^^^' 

the  unknown  angle  BAD=:  BCD^  A ;  /         \ 

then  in  the  A  BAD  I           \ 

BD'^cf  +  dl'^ZadCos.^  I  N 

and  in  the  ABCD,  BIfi  -V  ^  i? -- %hcCos.^ 
consequently  d?  ^  d? -^  2ad  Cos.  ^=iV  +  t^-^sbc  Cos.  0 

and.-.   Ct».  0  =  — ■ — -z ; . 

^  2ad— 2ic. 

If  we  proceed  now  as  in  the  foregoing  §,  we  at  last  obtain 

^  ^ocT+ic     r(a  +  ft  +  c  -f  d)  (a  +  A  -  c  —  d)"] 
^      ^ad  -  be  ^  L(a  +  d  -  &  -  c)  (4  +  d  -  a  -  c) J  • 
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Exam.  Whena=S7",  bzzSW  7',  c=29^  d=  16°.  14': 
theny  =  7130677  D^ 

Remark.  In  this  example,  two  of  the  factors,  which  an  under  the 
radical  sign  of  the  expression  found  for  y,  arc  ncgaUvc;  for  we  liave 
^ZbJc^^S.  3,  aid  6+rf^a-c— 16.  9.  But  since  two  n^re 
maimitudcs  give  a  positive  product,  we  consequently  can  omit  «**»™y«« 
sign  -.      Farther,    for  this  example,   the  denominator  of  the   frmctioii 


^LtJi^  is  negative,  and  consequently  the  fraction  itself;  but  in  this 

SLTit  b  not  necessary  to  retMn  tiie  negative  sign,  because  the  magnitade 
under  the  radical  sign  may  be  assumed  to  be  either  pcmUve  or  negative.  The 
problem  may  also  be  impossible,  as,  for  instance,  when  we  assume  ««!/  , 
6=23«,  cs27°,  «f=40«. 


SECTION  XXXIll. 

Prob.  To  Jind  the  area  of  a  Un^ngh  from  its  Midis,  when 

one  of  Us  angles  is  a  right  angk. 

Const.    Let   JBCD   (fig.   ^l)  be  the  quadrilateral, 
and  BAD  a  right  angle,     further,  kt 
AB  =  a,  BC  =  6,  CD  =  c,  DA  =  d,  jg 
and  the  required  area  =  q :  then 

1.  jBiy  ^c^  -^  d!^  (Euc.  I.  47),  or 
f^^c?  +  d^9  when,  for  the  sake  of  brevity, 
we  put  BD  =^f 

2.  In  the  A  BCD  .'.  all  the  three  sides  aie  known; 
we  consequently  have,  by  §  XXIX, 

ABCZ)=i/(6+c+/)  (b+c-f)  (b+f^c)  (e+/-6) 

3.  Since  BA  is  perpendicular  to  ADy  the 

ABAD^iad, 

consequently,  because  trapez.  ABCD^ABAD-^ABCD 

?=iad+i^/(6+c+/)  (6+c-/)  (6+/-c)  (c+/-ft) 

Exam.  When  a  =  28^  b  =  32',  c  =  41^  d  =  39^,  then 
/=  4801 04,  and  q  =  II94SSS2  D^ 
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SECTION   XXXIV. 

Pros.    To  find  the  area  of  a  quadrilateral  from  its  two 
diag(malsy  and  the  angle  which  they  include. 

SoLUT.  Let  ABCD  (fig,  ^2)  be  the  given  quadrilateral 
BiidAC  =  a,^BD  =  b,^JZD       pB  a 

=  ^'  i /f\ ' 

•  ^  "  N. 

1.  Through  J,  B,    draw   the        /    /      ^ /^tta^K 
lines  EF,   HG,  paraDel  to  the   J/      zT^ 
diagonal  BD,  and  through  J?,  D      i^     1    ""^^ 
the  lines    FG,   EH,   parallel   to      /      ^vL^---"'''^^ 

AC;  then  AFGC,  AEHC  axe  ^ D    

two  parallelograms,  and  the  triangles  ABC,  ADC  are  theit 
halves.  The  quadrilateral  ABCD  is  .*.  the  half  of  the 
parallelogram  EFG  H,  and  consequently,  if  we  suppose  the 
line  FH  drawn,  equal  to  the  triangle  FEH. 

a.  But  by  §  XX  VI,  since  EH  ^  AC  ^  a,  FE  =  BD 
=  i,  and  il  FEH  =  AZD  =  a, 

AFEH^±^, 

consequently  also  Trapez.  ABCD  = 1— , 

Cor.  Consequently  every  quadrilateral  is  equal  to  a 
triangle,  in  which  two  sides  are  equal  to  the  two  diagonals  of 
the  quadrilateral  and  the  angle  included  by  them  is  equal 
to  the  angle  of  the  quadrilateral  opposite  their  intersection. 
In  this  case  it  is  also  immaterial,  which  of  the  two  angles 
AZDy  DZC  is  taken  for  the  aoffle  of  the  triangle,  because 
both  give  equal  triangles  (^  XXVI,  Remark). 


SECTION  XXXV. 

Prqb.     In  a  quadrilateral,   three  angles,  consequently  also 
the  fourth,  and  two  opposite  sides,  are  given :  required  to 
find  its  area* 

SoLUT.  Let  ABCD  (fig.  ^S)  be  the  quadrilateral  figure, 
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and  jiBi  DC^  the  given  sides.     » 

Let  ^B  =  a,  CD  =  A,  BAD      f^^ 

=  a,  ^BC  =  ft  BCD  =  7,  \,^ 

and  ^DC=860°-(a  +  i5+7)  >^.^J.\/7 

=  8 ;    the  required  area  =  ^.  /      6               7  •«. 

Produce  the  two  unknown  sides  /                     / 

AD,  BCj  till  they  meet  in  JB.     L J^. — 

Jm  Mm 

1.  In  the  triangle  ABE,  the  two  angles  EAB  =  a, 
£fi^  =  ft  and  the  side  AB  =s  a  are  given ;  we  have  .•. 
by  §  XXVII, 

(because  *y«ii.  ^£B  =  iSm.  [l  80°  -  (a+ff)]  =  Sin.  (a+/S). 
S.  In  like  manner,  we  find 

(because  CD  =  i,  *ytii.  DC£  =  *ytn.  (l 80^-7)  =  Sin.  7, 
-ytn.  CDE  =  Sin.  (180°  -  8)  =  iSin.  8). 

8.  Now  smce  Trapez.  ABCD  =  A  AEB  -  A  CED  ; 
therefore 

_  a«  iStn.  g  iytn.  g  -  ^  Sin.  7  lym.  8 
'  "■  2  .Sm.  (a  +  g) 

Remark.  The  calculation  wiU  be  most  eamly  performed  bv  finding  each 
of  the  triangles  AEB^  CED  separately,  and  subtracting  Uke  areas  thus 
found  from  one  another. 

Exam.  Let  a  =  5S6\  b  =  379^  «  =  85°.  28',  /?  = 
69^  34^,  7  =  102°.  20^:  then  9  =  145209-1  D^* 


SECTION  XXXVI. 

Paob.  Tojind  the  area  of  a  trapezium  with  two  parallel 
sides,  when  its  altitude,  one  of  the  parallel  sides,  and  the 
two  angles  adjacent  to  it  are  given. 

SoLUT.  Let  ABCD  (figs.  44,  45^  be  a  trapezium,  having 
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two  parallel  sides  AD^  BCy         B  F 

and  PQperpendicular  to  these 

sides.     L^t  the  side  AD^ay 

the  altitude  PQ  =  A,  and  the 

L.  BAD  =  «,  ADC  =  8, 

the  required  area  s  q. 

Draw  AE  parallel  to  DC, 
which  intersects  the  line  BC  £  p  -q     p 

inJB.    This  point  fells  either    •    ?    " T — f 

on  the  line  £C  itself  (Jig.  44^, 
or  upon  BC  produced  (Jig. 
45).  The  first  case  obtains, 
when  a+S  >  Sli,  the  second, 
when  a  +  S  <  2  R. 

First  Case.  1.  In  the  A  ABE  (fig.  M),  the  Z.  ABE 
s  ISC'*  -  a,  AEB  =  BCD  =  180^  -  8,  BAE  =  JBiiD 
+  ADC  -  (E^D  +  ADC)  =:  a  +  S  --  180«;  oonse- 
quently  Sin.  ABE  =  i9m.  a,  Sin.  AEB  =  &Vit.  8,  Sin. 
BAE^^  Sin.  (a  +  8),  and  .-.  (§  XXVIII) 

2  iS^in.  a  i^tn.  8 

S.  The  area  of  the  parallelogram  AECD  =  ah.  Now, 
since  Trapez.  ABCD  s  AECD  +  A  ^££ ;  then 

_  ^^       V  Sin,  {a  -h  8) 
'""  2  ^tVt.  a  ^tn.  8* 

iSfecowd  Cfl«e.  1.  In  the  A  ^-B£  (;^.  45^,  ABE  = 
S^Z?  =  a,  AEB  =  ^DC  =  8,  BAE  =  l80«-(a+8) ; 
consequently  «S'tit.  ABE  s  iSVn.  a,  Sin.  AEB  =  &».  8, 
Sin.  BAE^Sin.  {a^i)  and  therefore  (§  XXVIII.) 

A  ^^RJC*       y  Sin,  (g  +  8) 
^  ^^^  =  2  ^tit.  a  Sin.  ^- 

S.  The  area  of  the  parallel(^ram  AECD  =  ah.  Now 
since  Trapez.  ^SCD  =  AECD  -  A  .^^5^  ;  therefore 

_     ,        h?  Sin,  {a  -f  8) 
'  "  "^  ~  ^Sin.aSin.h' 

We  find  .  * .  for  the  area  of  the  trapezium,  one  and  the 
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sane  expression,  whether  the  point  £  be  is  the  line  BC^  or 
this  line  produced,  as  mighty  indeed,  have  been  expected 
from  the  generality  of  the  trigonometrical  and  algebraical 
formulae. 

Coa.  When  a  +  S  =  ISO"",  then  Sin.  (a  +  S)  s  O,  and 
q^ahj  which  indeed  must  be  the  case,  because  in  thia  case 
the  trapezium  is  transformed  into  a  parallelogram. 

When  a  +  S  =  90',  Sin.  («+«)=  1,  and  Sin.  S  = 
Sin.  (90'  —  a)  ?=  Cot.  a ;  consequendy 


2  Sin.  a  Cos.  a  Sin.  2  a 

Exam.  1.  Let  a  =  117'.  86^  8  =  135*.  29^,  a  =  25r, 
A  =  87^  Here  a  +  8  =  253'.  5^  and  iJm.  (a  +  8)  = 
-  Sin.  7S'.  5';  further  iSm.  aszSin.  62'.  24',  &«.  S^i^m. 
44'. 31;  .•• 

Exam.  2.  When  a  =  37'.  18^  8  =  52'.  42',  a  =  350^, 
h  =;  34',  then  ?  =  1070095  D'. 


SECTION  XXXVII. 

Prob.  In  a  quadrilateral  three  of  the  sides  in  succession, 
and  the  angles  included  by  thany  are  given :  required  to  find 
its  area, 

SoLUT.  In  the  quadrilateral  ABCD  (Jig.  4f3j  three 
sides  are  given,  viz.  CB  =  a,  BA  ss  b,  AD  =  c,  and  the 
angles  DAB  ^  a,  ABC  ^  fi.  Produce  the  sides  AD, 
BC,  till  they  meet  in  E. 

1.  In  the  triangle  ABE,  the  angles  DAB,  ABC,  and 
the  side  AB,  are  given  ;  we  have  .  * . 

BE—       ft  Sin,  a  .„  h  Sin,  g 

~  Sin.  (a  +  &)'      ^  "^  Sin.  {a  +  0) 

A  ABE  =  f  f '^^  ^  '^^•^ ;  (§  XXVII). 
2  iSin.  {ec  +  B) 
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45 


S.  Hence  we  obtain 


and . 


DEz::AE^AD=z 


b  Sin.  a 


h  Sin.  a 
Sin.  (a  +  IS) 

b  Sin,  g 
Sin.  (a  +  p) 


—  a 


—  c 


^C^^=*[^ 


(§  XXVI). 


&  iSin.  e 


(«+e) 


niStn.(a+g) 


S.    Consequently 
Trapez.   ABCD  =  A  ^5£  —  ACDE  = 
^  [a&  Sin.  0  +  bc  Sin.  a^  ac  Sin.  (a  +  0)]. 

CoA.  If  AD  be  parallel  to  jBC,  then  we  haye  a + g=  180% 
and  Sin.  g  =  jSVn.  a,  Sin.  (a  +  0)  =  0 ;  .-. 

Trapez.  -rfjBCZ?  =z  ^b  (a -^  c)  Sin.  a. 

Exam.  Let  a=287^.  S,  6=205^  c=l67^  4,  tf=75^  18', 
0  =  49^  S&.  Here  we  find  ^  ab  Sin.  g  =  22425*96; 
i  be  Sin.  a  =  16590-51  ;  i  ac  Sin.  (a  +  g)  =  1974219 ; 
.•.  Trapez.  ABCD  =  1927428  D^ 


SECTION  XXXVIII. 
"i 
Prob.  To  Jind  the  area  of  a  regular  polygon,  from   the 
number  oJT  its  sidea^  ana  the  radius  of  the  circle  described 
about  itf  or  within  it. 

SoLUT.  Let  AB  (jig,  46)  be  the  side  of  a  regular 
polygon  of  n  sides,  the  radius  of  a  cir- 
cle oescribed  about  it,  CA  =  CB  =  r, 
the  radius  of  the  circle  described  within 
it  CN  =  p,  and  the  area  of  the  poly- 
gon =  P. 

1.  Since  the  polygon  has  n  sides  the 

L  ACB  =  — ,  and  .  • .  (§  XXVI), 

ft 
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AACB^z^f^Sin.— 

n 

consequently  P  ss  ^  nr*  Sin. . 

2.  Since  ^C5  =  —,  therefore  ^CiV  =  i^C5  =  1?^, 

n  n 

^  n  n 

A  ACE  =  p»  Tan.  — 

n 

Pssnp'Tan. . 

^  n 

Exam.  1.  What  is  the  area  of  a  Nonagon^  when  the  radius 
of  the  circle  described  about  it,  is  5^'.  %*''  ?  Ans.  97'8052  U"* 

Exam.  S.  What  is  the  area  of  a  Quindecagoo,  when  the 
radius  of  the  circle  described  within  it  is  9^^  ?  Ans.  252'6l27  O^^j 
or  2-526127  D^ 


I 
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SECTION  XXXIX. 

Pbob.   Fr<m  a  given  point  in  one  of  the  sides  of  a  triangky 

to  aivide  it  in  a  given  proportion, 

SoLOT.  Suppose  the  triangle  jiBC  (fig.  47),  from  the 
point  Df  dividea  bjr  a  line  DE  in  such  j> 

a  way,  that  the  whole  U  to  the  part 
DBE,B&m:n.  Let  JB=say BC=b, 
AC=:c,  BD=zd. 

1.  If  we  knew  how  to  determine 
the  point  E,  we  could  draw  the  line 
DE.    Let .  • .  BE=x.  By  §  XXVI, 

COK.    1, 

A  ABC  :  A  BDE  ^AB.BC :  BD  .  BE, 
or  m :       n        s:        ab       :       dxy 

^nab 
ma 

S.  If  in  the  calculation  of  this  expression^  BE  is  found  to 
be  greater  than  BC^  this  indicates  tnat  the  line  of  division 
does  not  meet  the  side  BC.  Let  .*.  X)E  be  the  line  of  divi- 
sion, and  AF=y;  then  again,  by  §  XXVI.  Cor.  1. 

A  ABC  :  A  ADF:=z  AB  .  AC:  AD  .  AF 

=       ac        •  (fl  —  d)  y 
But  according  to  the  hypothesis, 

AABC:BDFC:=^   m  :  n 
and  .'.       A  ABC :  A  ADF  =  m  :  m  —  n 
consequently        m    :m'^n=:ac:{a^d)y 

and  .._(»»-«)« 


^  ~  m  (a  —  <0 
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Exam.    1.     Let    AB  =  74.^    BC  =  47^    AC  =irea 
£D  s=z  19^   3^^:    from  the  point  D  in  the  triangle  <',coin 
from  B  towards  C,  cut  off  a  part,   which  is  to  the  /.  line 
triangle,  as  7^ :  48.     In  this  case  the  point  E  is  in  l>j       m. 
BE  =  26^-2802. 

Exam.  %  But  if  from  this  triangle  the  third  part  be  cut 
off,  then  the  point  of  section  is  in  the  line  AC,  and  then  we 
roust  assume  AF=i  6l'''3284. 


SECTION  XL. 

Prob.    To  divide  a  triangle  in  a  given  proportion  by  a  One 
which  is.  parallel  to  one  of  its  sides, 

SoLUT.  Let  the  triangle  ABC  (Jig.  48^  be  divided  by  a 
line  DEy  which  is  parallel  to  AC,  in  such  a  ajj 

way,  that  the  whole  triangle  is  to  the  section 
DBEy  as  m  :  n. 

Since  this  is  merely  to  determine  the  point  y 
D  or  Ey  from  which  the  line  DE  is  to  be  j 
drawn ;  let  AB  as  c,  BD  =  x,  fg-  ^s. 

1.  Because  the  triangles  ABC,  DBE,  ^ 
are  similar, 

A  ABC:  A  DBE  =  ABI' :  BV 

or  m      :         n        8=    a^    ;    j?^ 

consequently  oc        =    >/ —  =  a\/ — 

mm 

2.  In  the  same  way,  when  we  put  BC^b,  BEz^zy^  we 
find 

m 

Exam.  From  the  triangle  ABC  it  is  required  to  cut  off 
the  fifth  part  by  the  parallel  line  DE ;  the  line  AB  contain- 
739  narts  of  a  certain  scale :  how  many  of  these  parts  muse 
be  taken  from  B  towards  D,  in  order  to  determine  the  point 
D  ?  Ans.  330i  nearly. 


i 
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iIj!xam.  2.    From  a  field,  which  is  of  the  form  of  the 

8  required 
_     ^     ^  ]meDE. 

I  si^e  AB  s  573^:  what  is  the  size  of  Bl 
So ,  •867. 


*.^'<gle  y^^C,  and  which  contains  14556  D^  it  is  required 

^^t  off  a  piece  containing  9958  D^  hy  a  parallel  line  DE. 

^  1  the  side  AB  s  573^:  what  is  the  size  of  £Z>  ?    Ans. 


SECTION  XLI. 

Prob.  From  a  given  quadrilateral  with  two  parallel  rides^ 
to  cut  off y  by  a  line  parallel  to  these  sideSj  a  part  consisting 
of  a  given  area. 

SoLUT.  Let  ABCD  (Jig,  49^  he  the  trapezium,  with  two 
parallel  sides  AD,  BC,  from  which 
trapezium,  by  a  line  EF,  parallel  to 
these  two  sides,  it  is  requirea  to  cut  off 
a  part  BCFEy  whose  area  s=  q. 


1 .  Draw  the  perpendicular  BH^  and 
BG  parallel  to  CA  and  let  AD  as  a, 
BC=zb,  and  the  altitude  BA  =  A.  If 
we  knew  how  to  determine  the  point  JT,  in  which  the  lines 
BHy  £F  intersect  each  other,  we  could  then  draw  the  line  of 
division.     Let .  *  •  BK  ss  »,  and  EF  ss  ^. 

S.  Since  EI  is  parallel  to  AO,  therefore 

AO  :  EI^BG :  BI  ^  BH :  BK 
or  a  —  b  :  y  ^  b  ss  h  :  X 

consequently  {a-^  b)  x  sz  (^  — *  i)  A 

8.  Trapez.  BCFE  s  ^(y  +  b)xsiq 

consequently        {y  +  b)  x  zs  ftq 

4.  Therefore  the  two  equations  2  and  8,  when  solved,  give: 

H 
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Exam.  Let  a  =  76^,  6  =  S&j  h  =  23^  and  .-.  the 
of  the  trapesdum  =  1288  D^;  it  is  required  to  cut  off  finn 
it  a  part  containing  560  D^ :  what  is  the  length  of  theiine 
of  .section  EFy  and  its  distance  from  BCf  ^ 

Ans.  -BF=  b&^^S^^  and  BK ^  12048. 


SECTION  XLII. 

Pros.    To  divide  a  trapezium  with  two  parallel  sides^  in,  a 
given  proportion^  from  a  given  point  in  one  of  its  sides, 

m 

SoLUT.  Let  A  BCD  (fig,  50  J  be  the  trapezium,  which 
from  the  point  7  is  to  be  divided  fisr,50 

by  a  line  TE  in  such  a  way,  ^ 

that  the  section  ABET  is  to  the 
whole  trapezium,  as  n :  nt«  Let 
AD  =  a,  5C  =  4,  AB  =  c, 
C/?  =  d,  AT^f. 

1.  Put  BE=zx  ;  then,  because   ^^ 
the    altitudes    are    equal,   hj  § 
XXV,  Remark, 

Trapez.  ABCD  :  Trapez. :  ABET  sza  +  b:f+x; 

but   Trapez.  ABCD :  Trapez. ;  ABET  =      m    :     n 

consequently        a  -{•  b  f  -¥  x        =      m    :     n 

m  *' 

2.  If  X  in  the  course  of  the  operation  be  fiiund  to  be 
negative,  this  indicates,  that  the  point  E  is  not  situated  in 
BC^  but  in  AB,  In  this  case,  let  TF  be  the  line  of  section, 
and  AF^y.    Draw  BT ;  then 

Trapez.  ABCD  :  A  ATB  ^a'\'h:f 

and  AATB:  AATF=    c     :y; 

consequently  Trapez.  ABCD  :  A  ATF—  c  (a+J)  :j^. 

But  Trapez.  ABCD  :  AATF^  m   :  n 

consequently  c  (a  +  b) :       fy      =z  m    :  n 

«c  (a  +  ft) 
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S.  If  in  1  X  be  found  greater  than  6,  this  indicates  that 
the  line  of  section  must  fiillin  CD.  I^et  .*.  T^r  be  the 
line  of  section,  and  DO  s  z.    Draw  CT;  then 

Trapes.  ABCD  :  A  CTD  ^a  +  b:a-'f 
and  ACDT:  AGTD^      d    :    z 

consequently 

Trapez.  ABCD  :  A  OTD  =  d  {a  +  b)  :  {a-f)  x. 
But  according  to  the  hypothesis, 

Trapez.  ABCD  :  ABCGT  ^m  :  n 
and  .-.       Trapez.  ABCD :  A  GTD  ^m  :  m^-n. 
We  have  .  • . 

d  {a  +  b)  :  (a  — /)  «  =  w  ;  m  —  n 
and  _  (m  -  w)  (g  +  ft)  d 

Exam.  Let  a  =  112^  ft  =  80',  c  =  45^  rf=:  40^,  /=S0'. 
If  it  is  required  to  cut  off  the  third  part  from  the  trapezium, 
assume  BE=xsz34^,  and  draw  TE.  If  the  tenth  part  is 
to  be  cut  off,  assume  AFssysz2S^'Bf  and  draw  TF;  but  if 
|ths  of  the  trapezium  are  to  be  cut  off,  assume  DG  =:  jr  =s 
^^'112,  or  thereabouts,  and  draw  TG. 


SECTION  XLIII. 

Pbob.  To  divide  a  trapezium  having  two  paraUel  sides  in  a 
given  proportion^  from  a  given  point  not  in  the  parallel 
sides, 

SoLUT.  Let  ABCD  (fig.  B\)  be  the  trapezium ;    AD^ 
BC  the  parallel  sides,  and  T  '    /i'g-^^j 

the  point  from  which  the  line    ^ 
of  section  is  drawn.  ^ 

First  calculate  the  triangles 
ATD,  CTD,  BTC,  with  re- 
ference  to  the  trapezium ;  then 
from  the  magnitude  of  these  ____^_^_ 

triangles,  and  from  the  magni-        "^  E 

tude  of  the  part  to  be  cut  off,  we  may  easily  judge  whether 
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the  pmnt  E  in  the  line  of  section  TE,  falls  in  ADy  CD^ 
or  BC.  Let  .-.  AB  ^ a,  BC  =  6,  TA^  c,  Tfi  =  rf, 
and  the  area  of  the  trapeauum  =:  A. 

1.  If  we  draw  the  lines  AC^  BD,  then  we  find,  by  nmilar 
conclusions  to  those  made  in  the  foregoing  §, 

(a  +  6)  (c  +  a) 

A  5rc  =  , ^ jT.  ^ 

(a  +  4}  (c  +  d) 

A  Cr2>  =  Trapez.  ABCD  -  A  ATD-^A  BTC 

ad  -h  be  J 

■"  (a  +  6)  (c  4-  d)' 

2.  If  it  is  required  to  cut  off  a  given  part  from  the  trape- 
zium, it  is  only  necessary  to  divide  one  of  these  triangles,  from 
its  vertex  Tj  m  a  given  proportion,  which,  by  ^  X,  is  done 
by  dividing  its  base  in  this  proportion.  The  following  ex- 
ample will  elucidate  this. 

Exam.  Let  a  =s  120^,  b  =  98',  c  3=  iC,  d-  Sl^;  also 
A  ATD  =  0-S288.-rf,  A  BTCss  o-l810.il,  A  CTD 
=  0-4902 .  A,  If  it  is  required  to  cut  off  the  fourdi  part  of 
the  trapezium,  or  ^  ^  =  0*25 .  A^  we  must  then  divide  AD 
in  £,  so  that  AD  :  AE  =  3288  :  2500,  and  then,  if  we 
draw  T£,  TAE  is  the  fourth  part.  If  it  is  required  to  cut 
off  frds  of  the  trapezium,  or  §  ^^  as  0*6666  •  Ay  we  must  in  this 
case  add  a  A  DTP  :=  OSSJS  to  ATDy  and  consequently 
divide  DC  in  Fy  in  such  a  way,  that  DC:  DF^fQQ9, :  8378; 
then  A  TFD  will  be  the  part  required.  If  we  wish  to  cut  off 
the  §th  part,  or  §  ^=0*8888 .  A^  we  must,  because  A  ATD 
+  A  DTC^  0-8190  .  -rf,  add  a  A  CTG  =  0-^9^  .  A 
to  the  quadrilateral  ATCDy  and  consequently  divide  BC 
in  Gy  so  that  BC  :  CG  =  1810  :  698 ;  then  ATGCD  wiU 
be  the  part  required. 


SECTION  XLIV. 

Pros.  From  a  given  point  to  divide  any  trapezium  in  a  given 

proportion* 

SoLUT.   Let  ABCD  (fig.  52)  be  the  given  trapezium, 
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and  T  the  point  from  which  »  /i-   g-  o 

the    line    of   division    TE  ^  ^  J^S^^^ 

is  80    drawn    that    trapes. 
JBC J)  :tra^^.  DCET  z=i 


1.  Produce  the  sides  J3C,  AD  till  they  meet  in  Z.  Since 
the  trapez.  ABCD  is  given,  the  lines  AZ^  BZ^  CZ,  DZ, 
may  also  be  determined.  Let  .• .  AZ^za^  BZ^b,  DZ=Cj 
CZ  =  A  Since  the  point  T  is  also  given,  let  ZT^f. 
In  order  now  to  determme  the  point  £,  we  put  ZE  =  x. 

2.  By  §  XXVI,  Cor.  1, 

A  BZA :  A  CZD  =  ab  :  cd 
.  • .  A  BZA  -  A  CZD  :  A  C^D  ^^ab^'-cd.cd 
or  trapez.  ABCD  :  A  C^Z?  =  ai  -  cd  :  cd 

S.  In  like  manner 

A  EZT:  A  CZD  =fx  :  d 
.-.  A  EZT  -  A  CZZ)  ;  A  CZD  =/x  -  cd ;  cd 
or  trapez.  DCET :  A  CZD  =/x  -  cd :  cd. 

4.  From  S  and  S  we  obtain 

Trapez.  ABCD  :  trapez.  DCET  ^  ah -- cd  :fo  -  cd 
But  trapez.  ^BCZ> ; trapez.  DCE T=m:n 
consequently  ab  —  cd  :fx  "cd  =^.m  :  n 
and  njab^cd)     cd 

oil**  <*  —  ^  T      /.. 

«/  / 

Exam.   Let  a  =  aOO^  6  =  178^   c  =  112^  d  =  12<y, 
/=  140^,  and  it  is  required  to  cut  off  fths  of  the  trapezium. 
Assume  ZE  =  155^,  'and  draw  TE ;    then  DCET  is  the 
part  required. 
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SECTION  XLV. 

Feob.  To  divide  a  quadribUeralf  which  is  already  divided 
hy  a  straight  line  into  two  other  guadrilaterals^  by  annoiher 
straight  line,  in  such  a  way^  that  ffom  each  of  the  (wo 
qua(Silateralsj  into  which  the  whole  Jigure  is  divuled,  parts 
may  be  cutoff  containing  given  areas. 

SoLUT.    The  quadrilateral  ABCD  (Jig.  53),  which  is 

divided    into    the    quadri-  j 

hitenik EBCF,  EJDF.hj  .,a-.-7lP     >, 

the  line   EF,    is  required  d'''W^--ZJ^ 

to  be  divided  by  the  line  IL,     ;     j     /^\"' 

80  that  the  quadrilaterals,  I — J. L — ."1.::^::::-.^ 

BEKIyEALKymajhhve  ^    -^       ^                    If 
given  areas. 

1.  Produce  the  sides  BC,  AD,  till  they  meet  EF  pro- 
duced in  G  and  H.  Since  the  trapez.  ABCD,  and  one  of 
its  lines  EF»  are  given,  we  can  .  * .  assume  the  areas  of  the 
triangles  BEGy  AEff,  also  the  angles  BGE^  AHEy  and 
the  line  GH  as  known.  Now,  since  the  areas  of  the  trape- 
ziums BEKI,  EALK  are  known,  consequently  also  the 
areas  of  the  triangles  GKI,  LKHvx^  known.  Put  there- 
fore A  »jr/=p,  ALKH=:qy  JLlGK^a,  l^  KHL 
=  /?,  and  GH  =s  a. 

%  If  the  line  GK^  and  the  angle  GKI  are  known,  we 
can  draw  the  line  of  division  IL.  Put  •  *  •  GK  =:  Xy 
LGKI^^. 

S.  By  §  XXVII, 

J.  r^vT     ^*  'S'tJt.  a  Sin.  <b 
2  Stn.  (a  +  ^y 

2  Stn.  (0  +  ^) 

Now  since  A  GKI  =  p,  A  LKH  =  ?,  we  have  the  two 
equations, 
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i'  Sin,  a  Sin,  ^  =  S  p  Sin.  (a  +  ^) 
(a— x)*  Sin.  $  Sin.  ^  =  2  f  Sin.  (fi  +  ^). 

4.  Exnand  fiVn.  (a  +  ^),  &n.  (^  +  A)  divide  the  first 
equation  by  Sin.  a  Sin.  ^,  and  the  second  by  Sin.  fi  Sin.  ^, 

and  put   Cot.  «,    Cot.  ft   Co^   ^,    for  gfl?,    gllJ?, 

iS^tn.  a     Sin.    /3 

g-       •    By  these  means  the  foregoing  equations  are  trans- 
formed into  the  following  ones : 

a:*  =  2p  {Cot.  ^  +  Cot.  a) 
(a— x)«  =  2  5  (Cot.  ^  +  Co«.  /S). 

5.  Hence  by  eliminating  Col.  ^,  we  obtain 

(a  —  x)*      a:*       ^  _ 

(a  -  x)*      a»       An.  («  -  g) 
S;  2p        Sin.  a  Sin.  0* 

or  a^  -  -?^  X  =      gpg  ^'w-  (»  -  g)    _     a*!* 
p  —  q  (p  —  f  )  iSm.  a  (Swi.  /3        i»  —  ? 

6.  The  solution  of  this  equation  gives 

P-?  ^  *^  Up  -  ?)'  ^  (p  -  ?)  5t».  «  5i«.  d' 


or  X 


7.  Having  found  f  ,  ^  is  also  known,  fi>r 

Cot.A  =  ——  Cot.  a. 

^       2p 

Cob .  Ua  =  e,  then  Sin.  (a  —  0)=s  o,  and  we  obtain 
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If  we  put  p  =  9)  from  the  fontiula  in  6,  we  obtain 

eonsequently,  either  p  =  oo ,  or  jt  =  g.  The  first  of  these 
two  values  cannot  be  used  here ;  the  second  is  indeterminate. 
But  for  this  particular  case,  we  have  from  4,  the  two  folhiw- 
ing  equations :  , 

s^as  ^p(CoL^-¥  Cid.a) 
(a  —  xy  =  2p  {Cot.  ^  +  Cot.  fi). 

If  the  second  be  subtracted  from  the  first,  we  then  obtain  an 
equation  of  the  first  degfee  onlj,  viz. 

p  Sin.  («  —  /S)  ,   , 
a  Sm.  a  oin.  ff 

If  besides  in  this  case  /?  =  «»  we  obtain  x  =  j^  which  is 
also  easily  inferred  from  the  figure,  because  by  reason  of  the 
equal  angles,  and  the  equal  areas  of  the  triangles  GKI^ 
LKH^  it  necessarily  follows  that  GK  =  KH. 

Exam.  A  square  field  ABCD^  which  consists  of  two  parts, 
the  part  EBCF  of  pasture,  and  the  part  EADFoi  arable 
land,  is  required  to  be  divided  by  a  line  /2^  so  that  the  part 
BEKI9  which  is  cut  off  from  the  pasture-land,  has  an  area 
of  2600  D^  and  the  part  EALK,  which  is  eat  off  finom  the 
arable  land,  has  an  area  of  290O  Q^, 

Let  CGfF  se  «  =  40\  40^,  AffE  =  /5  «  18^.  ^ff,  GB:^ 
a  =  228°,  A5£G=:480^^  A -rf£^-ff  =  6488  Q";  .*. 
A  GKI  =  p  =  3080  D%  A  LKH  =  g  =  8588  D*.  The 
calculation  is  effected  in  the  following  way : 

gfg(g  -f)  Sin.  (^  -  g)  ^  3^ , 
€?  Sin.  a  Sin  ff 
then 

^  =  fir^  [  ±  ^/  (w-  tt)  -  Pi 
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The  calculation  by  means  of  logarithms  gives 

hg.u^  [log.  %p  +  /cgr-  ?  +  log.  (g— 1?)  +  log.  Sin.  («— g)]  — 
[2log.  a  +  bg*.  Sin.  a  +  log.  Sin,  0\ 

sz[log.6l60^log.85SS+log.50S'{'log.Sin.fi9f^l4/]'^ 
[2  log.  228  +  log.  Sin.  40°  41^ + log.  Sin.  1 8°  26^] 

=  9'628224d  —  4*0298522  =  5*5988721, 


■ 


u  =  396617*68 ;  v^  (yj  —  u)  =  8264*11 

228 
and  a:  -  -^  [8264*11  —  8080]  =  82-63. 

Of  the  two  values  found  for  Xy  only  the  first  can  be  used 
here,  because  the  second  is  native. 
Hence  we  further  obtain 

Cot.6^  ' Cot.a^  1-10839  -  1*16397  =  -  0*05558, 

2y 

and.-.  ^  =  93^10^. 

If  .* .  we  make  GK  bs  82^.  6$^,  and  through  K  draw  the 
line  ILy  forming  an  angle  GKIss9S\  !&,  then  the  required 
part  is  cut  off. 

Remark.  The  problem  here  solyed  it  of  the  greatest  importance  to  the 
practical  siir?eyor.  A  aimilar  problem  is  to  be  found  in  Lambert's  learned 
German  Correspondence,  published  by  J.  BemonlH,  2ndTol.  (1782)yp.412$ 
also  in  Von  Tempelhof  s  Supplement  to  Clairaulf  s  Rudiaients  of  Algebrs, 
(Second  Edition,  1797),  p.  225. 


V.    GEOMETRICAL  DETERMINATION  OF 
HEIGHTS  AND  DISTANCES.^ 


SECTION  XLVI. 

Prob.  To  detemune  the  distance  between  two  cbfectsy  foken 
there  is  an  obstacle  between  them,  as  a  sea^  a  morass^  or 
mountain^  the  distance  bettveen  them  not  being  knownj  mder 
the  supposition  that  there  is  a  station^  from  which  we  can 
measure  the  distance  to  these  objects  in  a  straight  line. 

First  Solution^ 

1.  Let  A  and  B  (Jig.  54>  be  the  twoobjeetSj  whose 
distance  from  each  other  is  re- 
quired to  be  found.  Take  a 
station  C,  from  which  the  dis- 
tances to  A  and  B  may  be  mea- 
sured ;  measure  the  distances  CA^ 
CBf  and  from  these  kst  back- 
wards measure  off  the  same 
spaces  towards  D  and  E^  make  "  "^^^^vN^ 
Cp^CA,CE=CB.  If,  after  ^^B^ 
this,  we  measure  the  distance  DE^  so  that  AB  =  DEf  or, 
make  Ciyz:^CA,  CE':=zCB,  then  also  2^5=2X^6?^. 

2.  If  the  distances  CA^  CB  are  very  great,  and  if  it  be 
impracticable  to  measure  them  backwards  by  reason  of  impe- 
diments, take  merely  an  equal  part  of  the  two  distances,  the 
half,  the  third,  fourth,  or  in  general  the  nth  part ;  measure 
off  these  parts  backwards  from  C  towards  a,  &,  or  forwards 
from  C  towards  a,  0;  then  a&,  or  a/9,  is  the  same  part  of  the 

*  The  problems  in  tfau  chapter  must  properly  be  conadered  merely  u 
gfeometrical  exercises  (u  appears  from  the  mode  of  treatment  alraidy 
adopted),  and  consequently  are  not  determined  for  snryeyors  only. 
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unknown  distance  AB,  as  Co,  or  Ca  is  of  CA.  and  C6,  or 
Cffis  of  CB.  ' 

The  reason  of  this  is  easily  seen. 

Second  Soluiion. 

Again,  A  and  jB,  Hig.  56)  are  the  two  objects,  and  C 
the  chosen  station*     In   the  direction      ^  _ 

CB,  make  the  distance  CD  =  CA,  and 
if  it  be  practicaUe,  measure  AD»  Let 
AC=CD=:a,  BC^b,  AD -=  c, 
BD^b'^aszd:  then  in  the  triande 
ACB,  ^ 

AB'z^(f  +  V^2abCos.  C, 
and  in  the  triangle  ACDy 

f?  ^    StC?   ^    St(^    Cos.    Cy 

because  AC  =  CD  =  a.  If  we  subtract  the  value  of  Cos.  C 
from  the  second  equation,  and  substitute  it  in  the  first,  we 
then  obtain 

^5«  =  a«  +  i«-2aJ+  — 

a 

=  (a  -  by  +  — 

=  cP  +  -, 

and.-.  ^5=  >v/^(P+  j). 
Exam.  When  a  =  50^,  6  =  76^,  c=sS2^,  AB^Vl^*  249. 

TAtrd  ^o/u</o». 

If  in  the  directions  CA,  CB  (fig,  56),  there  are  two 
points  D,  Ej  whose  distance  DE  can  be 
measured,  then,  when  the  distances  CA,     .     ^ 
CB,  CD,  CE  are  also  measured,  the    AjJ^  ^^ 
distance  of  the  objects  A,  B  may  in  like 
manner  be  determined.     Let  VA  =  a, 
CB^b,CD^c,  CE^d,  DE^t; 
then  in  the  triangle  ACB, 

AB'^t^'VV-^abCos.  C, 
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and  in  the  triangle  DCE^ 

^zs(?zsd^'~'2cd  Cos.  C, 

And  when  we  substitute  in  the  first  equation  the  value  of 
Cos.  C  from  the  second  equation 

Exam.  When  a  =  30°,  bzs:85%  c=20\  d=15%  c=:lS^, 
J5=28'. 

Fourth  Solution. 

'  If  we  are  provided  with  instruments  fx  measuring  angles, 
it  win  only  be  necessary  (Jig.  56)  to  measure  the  angle 
JCB,  and  the  distances  Ci,  CB.  Let  CB  iszCjCA^  *, 
L  ACB  =  a  ;  then 

AB=i  V  (jaf-^-V-^Zab  Cos.  a). 

But  we  can  also  first  determine  the  angles  CJB,  CBA. 
For  since  CAB  +  CBA  »  180°  —  a,  .••,  by  means  of  the 
proportion, 

.     ,„     CAB -^  CBA      ^       CAB  ^  CBA 

a  +  b.a-'b^Tan. ^ :    Tan. 

^      180° -a      rr      CAB  ^  CBA 
=zTan. g ;    ran, 

it  will  merely  be  necessary  to  find  the  difference  between  the 
two  angles  CAB^  CBA.  If  the  angles  CAB,  CBA  are  de- 
termined, we  then  have 

.  „  _    ft  Sin.  a  o  Sat,  et 

~  Sin.  CAB  ~  Sin.  CBA' 

CoR.  If  ^C  r=  BCy  we  then  find 
AB=:  ^/(2a«-2a*  Cos.  a)=zaV  %  (1  -Cos.  a)  =  2 a  iSVji.  ^  « 

If  ACB  be  a  right  angle,  then  Cos.  a  =  0,  and  .* . 

U  ACB  =  45°,  then  because  Cos.  45\  =  ^  i, 

AB=z  x/ta^  +  ft^-aAV'g) 
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Exam.  1.    When  a=s  l6d',    i  =  102^  a  =  49\25^ 
AB  =  127'-797. 

Exam.  2.    When  a  =  189^  6  =s  1U^^  l»  =  107^  48^ 
AB  =  249^*295. 

Exam.  8.    When  a  =  J  =  250^,  «  =  4S\  5(y,  i<JB  = 
186'-629. 


SECTION  XLVII. 

PsoB.  To  determine  the  distatice  between  two  obfectsy  when 

only  one  of  them  is  accestibk. 

First  Solution. 

Suppose  A  (Ji^.  57)  is  an  inaooessible  object,  and  B 
another,  whose  distance    firom 
^  it  is  required  to  find. 

1.  In  AB  produced,  assume 
any  point  D,  and  find  a  station 
C,  nrom  which  both  B  and  D 
are  accessible ;  measure  the  dis- 
tances CB9  CDf  and  measure 
these  off  backwards  on  CBy 
CDj  produced;  tben  make  Cd:=CDy  and  Cft  =  CB; 
then  proceed  in  the  direction  dfr  till  a  point  a  is  arrived 
at,  which  lies  in  a  straight  line  with  A  and  C.  If  we  now 
measure  the  distance  &a,  we  then  also  have  the  dbtance  AB, 
because  AB  =  ab. 

2.  If  there  be  not  suffident  space  to  measure  off  the  whole 
of  the  distances  CB^  CD  backwards,  it  will  only  be  necessary 

to  take  equal  parts  of  them,  CS  =  —  CD,  Cfi  =  —  CB, 

n  n 

then  to  proceed  in  the  direction  S|3,  till  we  arrive  at  a  point 

a,  which  lies  in  a  straight  line  with  A,  C.     If  after  this  we 

measure  fia,  we  shall  then  find  AB  firom  the  proportion 

AB: 0a  s  CB:  C&  =  CD:  CS. 
The  reason  of  this  method  is  easily  discovered. 
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Second  SdiUion. 

If  we  can  measure  from  C  towards  A  and  B  (fig.  57)9  also 
from  B  towards  A  and  C,  and  likewise  the  angles  AC  By 
ABCy  and  besides  these  the  distance  BC^  then 

^p_      BCSin.ACB 
^    "^  Sin.  {ACB  ^ABC)' 

Exam.  When  BC^  7SS\  ACB  =  24^  16'.  IS'',  ^jBC 
=  Sl\  5,  -45  =  S68'-7S4. 

Third  Solution. 

Let  ^jB  (]^.  58^  be  the  distance  to  be  measured,  from 

which  the  point  B  is  only  accesn-    j g       j) 

ble ;    C  a  point  bejrond  it,  and  D 
a  point  in  AB  proauced. 

1.  In  CD  take  any  point  £,  J^g-^^- 
and  proceed  in  the  direction  EA^ 
till  a  point  F  is  arrived  at,  which 
is  in  a  straight  line  with  B,  C; 
then  measure  the  distances  BDy 
BF,   FCy  CE,  ED:  from  hence 

the  distance  AB  may  be  determined.    Let  BD^Oj  BF^h^ 
CF  z^CyDEz:!  d,  EC  =  e. 

S.  Draw  EG  parallel  to  BD  ;   then  because  the  triangles 
CGE^  CBD  are  similar, 

CD  :  CE  =  BD  i  GE 

or  f{  +  e  /  e  =  a  :  GE 

and  CD  :  CE  =  BC  :  CG 

or  d+e:e=zb  +  c:  CG^ 

con^uentlyGi;=^-^^,C(?=(^ 


FGz:zCF--CG:=: 


cd—bt 
d  +  e 


3.   The  triaugles  EFG,  AFB,  are  in  like  manner  similar ; 
we  •  *•  have 

FG  :  GE^BF:  AB, 
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or 


cd'^  be        at 


d  +  e  '    d  +  c 


=  b :  AB, 
abt 


consequently  AB  =  -^ — j--. 

Exam.    When  a  =  25(/,  6  =  76',  c  =  132^  d  =  140', 
e  =  80^,  AB  =  122jf . 

Ftmrih  Solution. 

A^n,  let  AB  (Jig,  59)  be  a  distance  which  is  accessible 
only  m  By  but  which  cannot  be  pro-   j. 
dum  in  any  direction. 

1.  Take  two  stations  C,  D,  which 
are  in  a  straight  line  with  JB,  from 
which  also  both  A  and  B  may  be 
seen;  measure  the  distances  CD^  CBy 
and  the  angles  ACB,  ADB.  Let 
BC^a,  CD  =  ft,  ADB^a,  ACB 

2,  In  the  triangle  ACD 

Sin.  CAD  :  Sin.  ADC  =  CD  :  AC, 
or  Stii.  (a  —  0)  :  Sin.  azsb  :  AC, 

b  Sin.  a 


..AC^ 


Sin^ia^py 


or 


coi 


3.  But  in  the  triangle  ACB, 

AB'  ^BO  +  AO^StBC.AC.  Cos.  ff 

Um.  (a-/s)/  Stii.  («-jg)    • 

nsequently ^JB=  Aa'  +  fJ^T'''   y^g^gm^gCosJj 
^  L    ^  \Stn.  (a--p)/        Sin.  («-/S)  J 

Exam.  Let  a  =s  50(/,  &  ss  67^  a  =  38^  7\  /3=21^  48^. 
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Here 


<^  =  250000 
/     bSin.a     V        „,,^^,„« 

2  ^  Sin.  a  Cos,  /? 


■^inF"^"^^^ 


186081*46 


Sin.  (a  —  g) 
c»nsequently  AB  =  a/  135374-26  =  367''9S2. 


SECnON    XLVIII. 


Pbob.  To  find  the  distance  o/^  tteo  objects  from  one  amtherj 

when  neither  of  (htm  is  accessme. 

First  SoUithn. 
Let  AB  (fig,  60)  be  the  distance  to  be  measiired. 


1.  Take  a  position  C,  extend  the  A 
directions  AC^  BC,  indefinitely  to- 
wards D  and  E,  and  bisect  DE  in  JP. 
Measure  from  JP  towards  A  and  D, 
and  determine  the  points  G,  Hf  in 
which  the  sidit-lines  FA^  FB,  cut 
the  lines  CZ>,  CE.  Then  mea* 
sure  the  three  sides  of  the  triangle 
DCE,  and  the  distances  CG,  CM. 
Let    CD  ^a^    CE  =6,    D£  =  c, 

GCr  =  d,  CH  =:  6* 


in  F,   Cfzx  ^  G/^  4a  —  d,  and  beeauae  the  trianfles 

:,  FG 


8.  Dmw  jy parallel  to  CE;  then,  beeanse  D£  it  Uaeeted 
in  ^   Qr»i«,  G/^  '        '     -  -  ^"-   -^--•~ 

MSC,  FG/ateaaaint 

Gf:  Ff  ^  CG  :  AC 
ia-d  !  lib  sx    d    :  AC 

bd 


or 


conseqii^ntly 


s    d 
ACs 


-xjr 
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S.  In  like  manner,  when  Fg  is  parallel  to  CD^  we  find 

6  — 2e 

4.  After  the  lines  AC,  BC  have  been  found,  it  will  only 
be  necessary,  by  the  first  solution,  §  XL VI,  to  measure 
these  lines  themselves,  or  proportional  parts  of  them,  back- 
wards on  the  lines  produced ;  tnen  the  distance  AB  will  be 
deduced  firom  hence. 

Cob.  If  we  wish  to  determine  AB  by  arithmetic,  it  may 
be  done  in  the  following  way. 

Since  the  three  sides  of  the  triangle  DEC  are  given,  we 
have 

Cos.  DCE  =  ^"^/r""' 

But  in  the  triangle  ACB,  we  have 

AB»=:AC^+  BC^-^zAC.BC.  Cos.ACB. 

If  .-.  for  ACf  BC,  and  Cos.  ACB  ==  Cos.  DCE,  we  sub- 
stitute their  values  ahready  found,  we  then  obtain 

L(a  -  2d)"       (i  -  2c)«       (a-2d)  (6-2e)J  ' 

to  which  expression  we  can  also  give  the  following  form,  which 
is  more  convenient  for  calculation  by  logarithms: 

Lv^^^^ra    J  -  2f/       (a-«d)  (*-«.«)      J 

Exam.  When  a=156^,  6=98^  c=  187^  d=:«S^  e=8V, 
AB  =  275^-791. 

Second  SobUwn, 

Let  ^£  (]^jp.  6l  J  be  the  inaccessible  distance.. 

1.  Take  any  point  whatever,  C,  measure  towards  A  and 
B,  and  by  these  means  determine  the  angle  ACB ;  make 
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fig' €2 


ACD  ^  ACBf  and  proceed  in 
the  direction  CD^  till  we  find  a 
point  2?,  where  the  angle  BDC  ^ 
=  90'^— >BC^,  and  measure  the 
distance  CD^  and  the  angle  ADC, 
Let  BCA^ACD^a,  ADC^p, 
CD^a. 


%.  Since  ACDz=:a,  and  BDC 
=  90'*— a,  CED  is  a  right  an^le, 
consequently   A  CED  is  similar 
to  A  BEC^  and  .  • .  JBC=  CD.    Consequently  also  A  ACD 
is  similar  to  A  ACB,  and  .*.  AD^AB. 


S.  But  in  the  triangle  ACD 

Sin.  DAC  :  Sin.  DC  A  = 
or  Sin.  (a-i-fi) :     Sin.  a      = 

consequently     AB  =  -tt: — 7 — t-tv- 
^        ^  Sin.  (a  +  g) 


C2?  :  JZ> 
a    :  AD(^AB), 


Exam.     When  a  =  31^   5^  g  =  113".  17^  a'=  56?', 
-^5  =  502''463. 


TAtrd  Solution. 

Let  ^j8  (^^.  62J  be  the  inaccessible  distance. 

!•  Take  any  position  C,  make 
ACD = 90'* f  proceed  in  the  direction 
CD,  till  the  point  D  is  arrived  at,  like-  ^ 
wise  BDC  =90\  and  in  the  line  CD 
find  two  points  £,  /",  so  situated,  that 
AFC=BED=45\ 

S.  Having  determined  these  points, 
measure  the  distances  CD,  CF,  DE.    Let  CD = a,  CF—h^ 
DEszc.    Draw  Aa  parallel  to  CD. 

8.   Then  aD=u<C=C/'=: 6,  and  i}D  =  D£  =  c;  con- 
sequently Ba^  c^  b. 
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4.    But  in  the  right-angled  tiriande  ABOj  JJP  =  Aa^ 
AB^  sf  [a«  +  (c  -  6)«1 

Fcurlh  Solution. 

Let  ^£  C^.  6S)  be  the  distance  to  be  measured. 

1.  Take  any  position  C,  where  ^-   ^j 

ACB  is  an  obtuse  angle,  measure  "^^ 

this  angle  in  measuring  towards 
A  and  S,  then  its  adjacent  angle 
ACD  is  also  known.  Now,  on 
the  si^ht-lines  AC^  BCy  fix  on 
two  pomts  D,  £,  in  such  a  posi- 
tion, that  ADB  =z  AEB=:9(^, 
and  measure  the  distance  DE, 
then  from  hence  AB  may  be  deter- 
mined.  Let  DE=:  a,  ACD  =s  a. 

%,  Since  ADB,  AEB^  by  the  construction  are  right  angles, 
the  points  2>,  £  are  in  a  circle,  whose  radius  is  An.  If  we 
suppose  this  circle  actually  described,  then  DAE  is  an  angle 
at  tne  circumference,  and  DE  is  the  chord  of  the  arc,  upon 
which  it  stands ;  consequently,  from  known  trigonometrical 
principles 

DE=zars  AB  Sin.  DAE. 

But  Sin.  DAE  =  Cos.  a,  (because  ADC  is  a  right  angle) » 
.*.  a  =  AB  Cos*  a,  and 


Cos.  a 

Exam.  When a= 563^-7,  a=42".  IS'-?'^  AB^762^  $62. 

Fifth  Solution. 
Let  AB  (Jig,  64>  be  the  distance  to  be  measured. 
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1 .  Fix  upod  three  stedoiis  C, 
Z>,  Ef  so  that  the  three  angles 
ACB^  ADB,  AEB^  which,  in 
measuring  towards  A  and  B^  in- 
clude the  sight-lines,  are  equal 
to  one  another ;  let  each  of  toese 
angles  =  a.  Then  measure  the 
three  sides  of  the  triangle  CDE, 
and  from  these  we  can  determine 
the  distance  AB.  Let  CD  =  o, 
DE  =  6,  CJE  =  c. 


/'g-.^^ 


^ 


9.  Upon  AB  describe  an  arc,  which  indudes  thegivea 
angle  a,  and  complete  the  circle ;  then  this  circle  will  be  given 
hj  the  three  points  C,  J9,  E,  Draw  the  diameter  DP,  the 
line  PCf  and  the  perpendicular  DQ. 

S.  The  triangles  DCP,  DQE  are  similar;  £ar  DQE= 
DCP  =  «,  and  DEC  =  DPC ;  consequently 

DQ  :  DE  =  CD  ;  DP, 

or,  because  DQ,  is  the  altitude  of  the  triangle  CDEy  = 
2  A  CDjB 


2ACDE 


:b=:a:  DPy 


and  .*• 


DP  = 


abc 


2  A  CDjB* 


4.  If  in  this  expression  we  substitute  for  the  triangle  CDE 
its  value  from  §  XXIX,  we  then  obtain 


DP== 


2  abc 


'/(a  +  A+c)  {a  +  b--c)  (a  +  c-A)  {b-^-ca)' 


6.  When  the  diameter  of  the  circle  is  found,  it  is  easy  to 
determine  the  chord  AB.     For  since  AB^DP  Sin.  a,  when 
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for  DP  its  value  is  substituted, 

.0  2abcSin.a 

Aa  a 


which  expression  readily  admits  of  being  calculated  by  loga- 
rithms. 

4 

Exam.  When  a  =  197',  i=  118^  c=  235',  a=  56". 

29^,  JB  =  ips'-sse. 

CoE.  From  4  it  appears  at  once,  that  when  a,  6,  c,  are 
the  three  sides  of  a  tnangle,  the  radius  of  the  circle  described 
about  it  ss 

ahc 

>•  (a  +  6  -f  c)  (a  +  6  —  c)  <a  +  c  —  4)  (6  -h  c  —  a). 


Sixth  Sobstiim. 
Let  AB  (fig.  65)  be  the  distance  to  be  measured. 


J%.^5 


1.  Take  any  position  C,  make  the 
right  angle  ACb,  and  proceed  in  the 
direction  CD,  as  fiir  as  the  point  2>,  j4 
where  also  BDC  is  a  right  angle; 
measure  from  C  towards  B  and  i>, 
likewise  from  D  towards  A  and  C, 
and  determine  by  these  means  the 
angles  BCD,  ADC ;  measure  also  the  ^ 
line  CD.    Let  BCD  =  a,  -rfDC  —  ff^CD^  a. 

9,.  From  the  right-angled  triangles  ^CD,  BDC^  we  ob- 
tain, 

BD=^a  Tan.  a^  AC  =  a  Tan.  0. 

If  Aa  is  drawn  parallel  to  CD ;  then 

Aa^Oy  Ba=z  a  (Tan.  a  —  Tan.  /Sj. 

S.  Therefore  in  the  right-angled  triangle  AaB 
AB?  ^if  ^€f  (Tan.  a  -  Tan.  gf 

and  consequently  AB  =:  a  \/ [l  +  (Tan.  a  —  Tan.  j5/]. 
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4.  In  order  the  more  easily  to  calculate  the  expression 
found  for  AB^  put  Tan.  a  —  Tan.  p  =  Tan^,  .-.  find  an 
angle  ^  such,  tnatits  tangent  is  equal  to  the  diffeienoe  of 
the  tangents  of  the  two  angles  a,  /?.   Having  found  thisangle, 
then 

JjB  =  a  ^/  (1  +  Tanf  ^)  ^aSec.^ 

Exam.    Let    a  =  1875',    a  =  65\  17',    jS  =  SD**.  48'. 
Here 

Tan.  ^  =  Tan.  a  —  TVin.  g  =  21724911  — 0-8SS1686 

=  1*3393225 
consequently  ^  =  58®.  15'  ll". 
Hence  we  obtain, 

i)g-.  See.  ^  =zlog.  Sec.  53\  15'.  11"  =  02230941 
log.  a  Sec.  ^  =  8*3613968 

r.JB  =  2298'-247. 

SevefUh  Solution. 

Again  let  AB  (fig.  65)  be  the  distance  to  be  measured. 

1.  Take  any  two  positions  C,  D;  measure  the  angles 
ACD,  BCDy  BDC,  ADC  also  the  line  of  vision  CD.  Let 
CD  =  a,  ACD  =  a,  BCD  =  ft  BDC  =  y,  ^I>C  =  8; 
then  in  the  triangle  ACDj  Z.  C^D  =  180^  —  a  —  8, 
and  in  the  trian^e  BCD,  Z.  CBD  =  180"  —  y  —  0. 
Since  .  * .  these  last  angles  are  also  known,  for  shortness'*  sake, 
put  CAD  =  A,  CBD  =  B. 

5.  In  the  triangle  CAD  we  .  * .  have 

^S'tVi.  A  :  Sin.  S:=:  a  :  AC, 

< 

and  in  the  triangle  CBD 

Sin.  B  :  Sin.  y  =  a  :  5C, 

3.  Now,  since  in  the  triangle  ACB,  both  the  two  sides 
AC9  BC,  and  also  the  angle  included  by  them  ACBz^a^p, 
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are  known,  we  .  *•  obtain 
AB=z 

,[(Sin.  8^«      (Sin.  yX*     g  iS^tn.  8  Sin.  7  Coj.  (g-g)l 
"^"^[XSi^l   '^[sin.Bj  Sin.  A  Sin.  B  J 

In  this  expression  we  must  calculate  each  part  of  the  magni- 
tudes under  the  radical  sign  separately ;  but  the  calculation 
will  be  essentially  shorten^,  by  using  in  the  third  part  the 

logarithms  of        '   .  and  -^ — 'L,  which  must  be  calculated 

tSin.A  iSin.  B 

for  the  two  first  parts 

Exam.     Let    a  =  110",   jS  =  37".  40^,   7  =  117*.  SO', 
8  =  38^  St&j  a  =  750^.     Here  A  =  31^  40^,  B  =  24^50^, 

consequently  AB  =  750^/4*341984  =  1562^*80. 


SECTION  XLIX. 

Prob.  To  find  the  (dtitude  of  an  obfecty  for  inatqnce  of  a 
tower,  when  its  base  lies  in  the  same  horizontal  plane  with  a 
chosen  or  given  station,  under  the  supposition^  that  the 
distance  from  this  station  to  the  object  can  be  measured. 

First  Solution. 

Let  AB  (fig.  66;  be  the  altitude  of  the  object  to  be  mea- 
sured, or,  more  properly,  the  ver-  ^ 
tical  line,  which  is  drawn  from      rv.       /tjr.66. 
the  highest  point  of  the  object  to  ^^ 

its  lowest,  in  the  horizontal  plane; 
let  C  be  the  chosen  or  given  sta- 
tion, and  •*.,  according  to  the 
hypothesis^ .  BC  is  a  horizontal  ^ 
line. 
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Measure  CB^  and  the  ang^le  of  elevation  ACB*  LieC 
CB  =  a,  ACB  =  a ;  then  in  the  right-angled  trLangle 
ABC, 

AB^a  Tan.  a 

Exam.  Whena=sS67^a=S2^  17'.«S'^  JB=2Sl'-  915. 

Second  Solution. 

If  the  distance  from  C  to  B  cannot  be  measured  in  a 
straight  line»  measure  only  a  part  of  the  line  CBy  say  CD  ;  also 
in  C^  Z>,  the  angles  of  elevation  ACB,  ADB.  Let  CDz^a, 
ACB  s  tf,  ADB  s:  /3. 

In  the  triangle  ADC,  if  the  side  CD,  and  the  angka 
ifCA  J^^C  (=  0  -  a)  be  given ;  therefore 

^^  "  Sin.  (P^  ay 

In  the  right-angled  triangle  ABD  we  .*.  have  the  side  AD, 
and  the  angle  ADB  ;  consequently 

AB  ^  AD  Sin.  p  ^  ""  f ''''''/'''' f. 

Stn.  (fi  —  a) 

Also  BD,  and  consequently  £C,  may  be  determined ;  fiir 

•  «yw.  (j3  —  a) 

Exam.  When  a  =  967^  rt=7*.  5^  13^^/9=  Ifl*.  ♦a'.  S'^ 
i(A  ss  205^*181,  and  BD  =  682^*955. 


SECTION  U 

Pans.  To  find  the  aliitnde  of  an  objecty  uktn  it^  lomeM^jmni 
is  not  in  the  tame  horizfmtal  plane  wiik  the  Men  sMiom, 
on  the  tuppoution,  that  the  iuUmoe  Jrom  iSie  tMdtm  tm 
the  obfect  can  be  measured* 

First  iUtftfonu    ^  -     .  .     ^  . 

Let  AB  (Jig.  &i)  be  the  altkade  to  be  measured^  and  C 
the  given  station. 
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Jig-'^^ 


] .  Arrange  the  telescope  of  the  pro- 
tractor to  the  horizontal  direction  Ce,  ^^ 
then  direct  it  towards  A  and  By  and 
detennine  bj  these  means  the  angle  of 
elevation  ACc^  and  the  angle  of  de- 
pression BCc.  If  now  the  side  CB 
IS  measured,  then  AB  may  be  deter- 
mined. 


2.  For  let  ACc  =s  «,  BCc  =  P;  then  ACB  =  a  +  g, 
J9^C  z=go^  —  a ;  consequently  in  the  triangle  BACy  one 
side  and  two  angles  are  given ;  . ' .,  because  Sin.  {9^  -^  a)  = 

Cos,  a, 

a  Sin.  (a  +  0) 


AB 


Cos. 


CoB#  If,  aa  in^^.  68,  C  is  lower  than  B,  it  will  merely 
be  necessary  to  assume  the  angle 
BCc  =  /3  to  be  negative,  and  we    -^ 
then  obtain 

jg  __  a  Sin,  (a  —  0) 
Cos.  a 

which  may    also   be  very    easily   ^ 
proved  from  the  figure  itself. 


c 


ExAH.  Let  C  be  higher  than  By  and  as  19*.  7^ 
fi  =s  £5^  13^  a  s  lddS^'7;  then  ^IB  s  100(/-509. 

Secmd  Solution. 

1.  If  the  distance  from  Cto  B  cannot  be  measured,  from 
C  measure  a  part  CD  ovlj ;  determine  at  G  the  apde  of 
elevation  ACc  and  angle  of  depression  BCcy  also  at  2)  the 
angle  of  elevation  ADd.  It  is  not  necessary  to  measure  the 
angle  BDdy  because  BDd  =±  BCc. 

2.  Let  ACc  =  a,  irCe  ==  j3,  ADd^y  ;  then  ifCi?  ss 
a  +  ft  ^2)5  =  y  +  e;  and  .-.  CAD  =  ^/M?  -  ACB 
=  7  ^  a.  Consequently  in  the  triao^e  CA^D  all  die  angles 
and  the  side  CD  are  known ;  cdnsequeiltl]^ 
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AD^ 


a  Sin,  {a  +  g) 
Sin.  (7  -  g)  ' 


8.  Now  in  the  triangle  BAD^  the  angles  JDBj  ABD 
(=  90°  —  j3),  and  the  side  AD  are  known ;  consequently 
also  AB.    Thus 

^  J  _  ^2>  ^tn.  (7  +  g)  ^  g  .ytn.  («  +  g)  *yin.  (y  +  g) 
C<w.  g  Sin.  (7  —  a)  Ccw.  g 

Cor.  In  ^^.  67  it  was  assumed,  that  C  was  higher  than 
B.  But  if  (fig.  6S)  C  be  lower  than  B,  it  wiU  only  he 
necessary  in  the  expression  found  for  AB,  to  substitute  —  g 
for  g  ;  we  then  get,  because  Cos.  —  g  =  Cos.  g, 

^P  _  g  Sin,  {a  -  g)  >yin.  (7  -  g). 
""  ^Stii.  (7  -  a)  Cos.  g 

which  may  also  be  very  easily  proved  immediately  from  the 
figure  itself. 

Exam.  Injig.  68^  leta=29^  g=17^  6^  yszSS?.  49^'S^\ 
a  =  1152';  then  AB  =  1010^*953. 


SECTION    LI. 

Pbob.  To  find  the  altitude  of  an  object y  when  it  is  tut- 
practicable,  from  the  chosen  or  given  station  in  the 
direction  of  the  obfect,  to  measure  either  forward  or 
backward. 

first  Solution. 

Let  AB  (fig.  Gq)  be  the  altitude  to  be  measured^  and  C 
the  given  station. 

1.  Measure  any  horizontal  station 
CD  =  a.  Now,  if  this  line  be  in 
the  same  horizontal  plane  BCD^  as 
the  lowest  point  B  of  the  altitude 
AB  ;  measure  the  horizontal  angles 
BCD  J  BDC^  also  one  of  the  angles 
ofdevation^CB,^Z)fi,  viz.  ^C5.  C 
Let  BCD^a,  BDCz=ff,  ACB^y. 


J^&^' 
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S.  Then  in  the  triangle  CBD  there  are  two  angles  BCD^ 
BDCy  and  the  side  CD  givqn  ;  consequently 

r*!!—     g  Sin.  0 
^^  "  Sin.  {a  +  /S)- 

S.  But  in  the  right-angled  triangle  ABC,  having  the  right 
angle  at  B^ 

AB  =  BC  Tan.  y  ; 
if  for  BC  its  value  he  substituted  from  2,  we  obtain 

jn  —  g  Sin,  g  Tan,  y 
■"     Sin.  (a  +  /3)    • 
Exam.  When  as  79".  45^  5=6l°.  V,  y=14^  19'.  27^ 
a  =s  857^  AB  =  303'-128. 

Second  Solution. 

1*  If  no  station  can  be  found  which  is  in  the  same  hori- 
zontal plane  with  JB,  let  CD  he  any  other  line  in  any  posi- 
tion wnatever ;  respecting  which,  for  the  sake  of  greater 
generality,  I  shall  assume,  that  neither  C  not  D  is  in  the 
same  horizontal  plane  with  B. 

2.  Suppose  a  horizontal  plane  cBd  drawn  through  JB, 
which  cuts  the  vertical  lines  Ccy  Dd^  drawn  from  C,  D,  in 
Cj  d.  It  is  well  known  that  at  C,  D  the  horizontal  angles 
Bcdy  Bdc,  may  be  measured,  although  these  points  are 
higher  than  c,  a.  Measure  the  said  angle,  the  station  CD, 
likewise  the  angle  of  elevation  ACn,  and  the  ancle  of  depres- 
sion BCny  of  the  altitude  to  be  measured,  Cn  being  an  hori- 
zontal line.  Let  CD  =  a,  Bed  =  a,  Bdc  =  ft  ACn  =  7, 
BCn  =  8. 

S.  If  now  we  suppose  the  horizontal  line  Cm  drawn,  then 
also  the  vertical  angte  DCm  may  be  measured ;  let  this  angle 
=  €.  Now  since  Cm  is  horizontal,  and  Dd  vertical,  conse- 
quently  DCm  is  a  right-angled  triangle,  and.*. 

Cm  =  a  Cos,  e« 

Likewise  cd  =  Cm,  because  Ccdm  is  a  parallelogram. 

4.    Consequently  in  the  triangle  Bed,  the  two  angles  Bed, 
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Bdcy  and  the  side  cd  are  known ;  .*. 

_     cd  Sin,  g      _  g  Cos,  g  Sin,  g 
^^  "•  iSm.  {a  4-  g)  "^    *«».  («  +  g)' 
AUo  /;£  =  Cn?  beeaiise  CcBn  is  a  parallelogram* 

5.  Since  AB  is  vertical,  and  Cn  Korijsootal;  .-•  ACuj 
BCn,  are  right-angled  triangles ;  consequentlj 

An^  Cn.  Tan.  y,  Bnz:^Cn.  Tan.  S;  .•. 

J5  =  Cn  {Tan,  y  +  Tan.  8)  ■=  _^-_^^^-^ 

or,  when  we  substitute  for  Cn  =  cj8  its  value  taken  from  4, 
An  —  ^  Cos.  g  Sin,  g  ^y/n.  (y  +  8) 
""    5'm.  (a  +  g)  Co9.  y  Cos.  8" 

Cor.  By  this  method,  we  at  the  same  lime  find  the  alti- 
tudes of  the  stations  C,  D  above  the  horisontal  plane  oBd  ; 
for  Cc  =  J3n,  Di  =b  Dm  +  wd  =3  2>m  +  Cc  j  eonsequentiy 

a  Cos.  c  «SVn.  g  Tan.  S 


Cc  = 


iSm.  (a  +  g) 


►.J     a  Cos.  €  Sm.  g  Tan,  8  ,       c«, 

Z>d  = ^. — ~, — ^—- +  a  Sin.  i. 

Sin.  («  +  g) 

The  measured  angles  may  also  be  negative ;    the  mode  of 
proceeding  in  this  case  is  given  in  the  following  example. 

ExAK.  Let  AB  represent  a  church-steeple  in  a  valley, 
whose  height  is  required  to  be  determined  m>m  a  measared 
station  CD  on  a  neighbouring  hill.  I  assume,  that  the 
station  C  is  higher  than  the  top  of  the  spire  A^  and  D  lower 
than  C,  and  that  the  following  are  known,  vii.  a  ss  357^*3, 
a  =  85".  37'.  lV\  g  =a  79"-  13'.  12'',  y  a  -  18^  5\  4SK^ 
8  =  ao°.  18'.  9",  c  =»  —  3^.  48'.  10''.  Now,  ance  whatever 
angle  ^  may  denote,  Cos.  --*  ^  s=  Cos.  ^,  and  iS'tn.  —  ^  ss 
—  Sin.  ^ ;  we  obtain 

^j^_357^'3Cog.3°.48'.10"iyen.79M3'>12"Aytn.7M2'.gO'^ 
Sin.  164'\  50'.  Q&'  Cos.  13^  5'.  49^^  Cos.  20^  18'.  9" 

=s  l83'-892 


HKICHT8   ANA   J>ISTAKCXS.  T7 

^^•"  ^'tn.  164^  50^.  86 

=  495'-470 
Dd^Cc--  357^-3  Sin.  3\  48^  10^'  =  471 ''773. 


SECTION  LII. 

PaoB.  ^person  is  standing  upon  a  tawer.  whose  height 
above  the  horizontal  plane  upon  which  it  stands  is 
known :  the  person  wishes^  without  moving  from  the 
spot,  to  determine  the  distance  between  two  objects 
which  are  in  the  above-mentioned  horizontal  plane* 

SoLDT.  Let  AB  (Jig.  69)  represent  the  tower,  whose 
altitude  =s  A ;  a  person  standing  at  A,  wishes  from  it  to 
measure  the  distance  CD,  which  is  in  the  same  horizontal 
plane  CBD  with  B. 

Measure  the  angles  CAB  s  a,  DAB  s  /?,  CAD  =  7  ; 
then  CD  may  be  round.  For^  since  ABd  ABD  are  two 
right-angled  trianries,  and  the  line  AB,  together  with  the 
angles  cAB,  DaB  are  known,  therefore  AC^  AD  may  be 
determined:  thus 

AC  =  h  sec.  a,  AD  =  A  $tc.  0. 

Now,  since  in  the  triangle  ACD,  the  sides  AC9  AD,  and 
the  angle  CAD,  are  known,  CD  may  be  found :  thus 

CD  =  A  v'  (sec.  ef  '\'  Hc.fi  —  %sec.  asee.  0  Cos,  y). 

Exam.  When  a  =  56*.  34^,  fi  =  69*.  12^7  =  81*.  SO^, 
A  =  214^,  CD  =  665^  949. 


SECTION  LIII. 


Pbob.  An  object  standing  vertically^  for  instance  a 
tower^  is  seen  from  three  stations,  which  are  in  a 
straight  line,  and  in  the  same  horizontal  plane  upon 
which  the  object  stands ;  the  distance  of  these  three 
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st(Uions  from  one  another j  also  the  angles  at  which  we 
see  the  object  from  each  of  these  stations j  are  given  : 
find  the  height  of  the  object ^  and  its  distance  from  each 
of  the  three  points. 


fiS'  70. 


SoLUT.  Let  AB  (fg,  70)  be  the  object,  CE  any  straigfac 
line,  respecting  which  it  is  assumed,    ^ 
that  it  IS  in  the  same  horizontal 
plane  with  By  and  Cy  D^  E  are 
the  three  stations  in   this  plane. 
The  angles  ACB^ay  ADB=zp, 
AEB=zyy   likewise  the  distances 
CD^a^  DE=b  are  eiven:   find 
the  altitude  AB,  and  tne  distances   ^ 
BC,  BDy  BE. 

1.  Ifthe  line  jSDcan  be  found, 
then,  from  the  right-angled  tri- 
angle ABDy  in  which  both  the  line 
BVy  and  the  angle  ADB  are  known,  the  altitude  AB  may 
be  calculated.  Having  found  this,  then  the  right-angled 
triangles  ABC,  ABE^  in  which  the  angles  ACB^  AEB  arc 
known,  also  give  the  distances  BE^  BC.     Let .  * .  BD  =  x. 


2.    Then  the  right-angled  triangles  ABC^  ABD,  ABE, 
give 

AB^x  Tan.  p^  BC  Tan.  a=BE  Tan.  y, 
consequently     BC  =   ,.,  ^  ■    ,  BE  = 


Tan. 


3.  But  in  the  triangle  BCD^ 


Tan.y 


Cos.  BDC  = 


Biy  +  CI)^-  BC^ 


i«  +  a«  - 


x^  Tan  »  g 
Tan.^  a 


2BD.CD 

and  in  the  triangle  BED, 


Cos.  BDE = ^^  \^rf';:.^^ 

2  BD .  DE 


Sox 


lan.^  y 
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Now  since 

BDC+  BDE=z  1 80° :  Cos.  BDC=  -  Cos.  BDEj  .  • . 

^  Tan.^  a  ^  Tan.^  y 


2  ax  Stbx 

Tan?  a  Tan?  y 

ax^iTan?B--  Tan?  y^      bx^ ( Tan?  g  -  Tan? a) 
^^  Tan?y  "^  Tan?  a 

=  (a  +  ft)  ab. 

4.  Now 
Tan.«  g—  Ton.*  y  =  (Tan.  g  +  Tan.  y)  {Tan.  0  -  Tan.  y) 

_  Sin,  (g  +  y)  Sin,  (g  -  7) 

""  Cos?  g  Co5.«  y 

and  in  like  manner 
Tan."  g  —  Tan."  a  =  {Tan.  g  +  Tan.  a)  {Tan.  g  -  Tan.  a) 

_  Sin,  (g  -f  g)  4Sm.  (g  -  g) 
■"  Ccw.«  g  Co5.«  a 

also,  7\xn.  a  ==  ^    '    ,   Tan.  y  =  ^   '  ^.     If  these  values 

Cos.  a  Cos.  y 

be  substituted  in  the  foregoing  equation,  after  the  requisite 
reductions  we  obtain 

as?  Sin,  (g+y)  Sin,  (g-7)      bi?  Sin,  (g  +  a)  Sin,  (g  —  a) 
Sin?  y  Cos?  e  "*■  Sin?  a  Cos?  g 

ss(ji+  b)ab 

and  hence 

x^  Stn.aStn.yCos  gv- 


L + 6  »yt».  (g  +  a^ASm-Cg-  a)iyf  n-VJ 
or  when,  for  the  sake  of  brevity,  we  substitute 

a  Sin.  (g  +  7)  Sin.  (g  -  7)  Sin?  az=zj, 
bSin.  (g  +  a)iStn.  (g-a)*S'fn.«7  =  B, 

X  =  5'in,  a  ^Sin.  7  Cew/gV^^'^y  =  BD 
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6.  Hence  we  further  obtain 
AB-x  Tan.  0  =  Sin.  a  Sin  p  Sin.  y  ^-li-^If* 

Jm,   "T"  -O 

Tan.  a  '  A  -\r  B 

BE^yn =  -Mil.  a  Sin.  &  Co8.  y  ^/^  ^    .    p 

Tan.  y  '        A  +  B 

Exam.  Let  a  =  19^  27^.15^^  &  =  13^  4/.  7^  y  =  10^- 
48'.  25'',  a=1750',  6=1047'.  Here^— a=— ff*.  2S'.  8'^, 
and  i9iit.  (/?  —  a)  =  —  «S'in.  6^.  23'.  8"  :  oonsequentlj  B  is 
negative,  and  we  bate 

^  =       a  Sin.  (0 +7)  iSftt.  (0-7)  iSin.'  a  r=      S-100596 
B  =  -  i^iii.(/S+a)'ym.  (a— |S)  iSVn.«  7  =  —2-200971 

A-\-  B   -  0-899625 
log.  CA  +  S')^  0954061 5  —  I 

log.  V^^^^y  =  4-8778078, 

henoe 

^B  =  1065''754 
BC  35  3017''266 

BD  =  459l'-201 
BE  =  5583'-S20 

Rbmark.  The  rigoal  uigU»  .ffC^,  i9i>:dr,  BE^t,  are  in  £Kt  no  odier 
than  Ae  angles  of  eleration  of  the  pomt  A  above  the  hoiison,  taken  from 
the  three  Btations  C,  D,  E,  Now,  dnoe  it  is  not  neoesMu^  lo  ilieaMlile 
towards  B,  in  order  to  find  these  angles,  we  can  then,  bj  means  of  the 
formalA  alieadjr  found,  determine  the  altitude  of  lihiM  pdut  A  above  the 
horiiwitnl  plane,  trtien  Oaahom  the  altitude  AB  only'this  point  is  visible, 
and  in  this  re^eet  tlie  problem  is  of  great  dse  in  practiGal  Geometry. 


SECTION  LIV. 

-  -  t 

Prob.    Three  phUfe^^  whose  situaiion  is  known^  are  seen 
from  a  fourth  plate ^  which  is  in  the  same  plane  with 
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the  Others,  mid  there  the  angle  is  measured,  which  the 
sight-lines  make  with  one  another:  rehired  to 
determine  the  distance  of  this  fourth  place  from  the 
other  three,  and  also  its  situation. 

.  SoLUT.  Let  J,  By  C  (fig.  11)  be  the  three  places ;  the 


distances  jiB  =  a^  BC  =  A,  and  the  angle  ABC  s=  a  are 
given.  D  is  the  fourth  place,  where  the  angles  ADB  =  /?, 
JSDC  =  7  are  measured :  required  to  determine  the  distances 
AD,  BD,  CD,  and  the  situation  of  the  point  D  in  refer- 
ence to  A,  B,  C. 

1.  If  the  angle  BAD  be  found;  then  in  the  quadrilateral 
figure  ABCD  the  three  angles  ABC,  BAD^  ADC  are 
known,  consequently  also  the  fourth  BCD.  If.*,  in  each 
of  the  two  triangles  ABCf  DBd  there  are  two  angles  and 
one  side  known ;  these  two  triangles  are  determined^  and 
the  sides  AD,  BD,  CD  can  be  cdculated.  Let  •* .  the  un- 
known angle  BAD  as  0. 

2.  Since  the  four  angles  of  every  quadrilateral  figure  are 
together  =  4  iJ,  BCD  =  360*^  -  ABC  ■-  ADC -BAD 
=  S60^— a— g— 'y— ^,  or  when  we  abbreviate  it  by  putting 
360  -  («  +  g  +  7)  =  fi,  BCD  =  /i  -  #. 

8.  From  the  two  uigles  BAD,  ADB,  and  the  side  AB 
of  the  triangle  ABD,  we  obtain 

Stn.  p 
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and  fitwn  the  two  angles  BCD,  BDC,  and  the  iide  BC  of 
the  triangle  DBCj 

Sin.  y 
We.*,  have 

a  Sin.  6      ft  Sin.  (ji  —  0) 
Sin.  p  Sin.  y 

te        a  Sin.  y  Sin.  ^  =  6  Sin.  /5  Sfei.  (/ii— ^), 

or  also 

a  Sin.  y  Sin.  ^  =  ft  Sin.  0  (Sin.  fi  Cos.  ^  -  Cos.  fi  Sin.  ^> 

If  both  sides  of  this  equation  be  divided  by  Sin.  ^,  we  get 

a  Sin.  7=  ft  Sin.  p  QSin.  fi  Cot.  ^  -  Cos.  fi), 
whence  we  obtain 

a  Sin,  y 
Coi.  ^  =  €01.11-^-  bSin.0Sin.^' 

4.   If  the  angle  ^  is  found ;  we  then  have 
^  _  a  Sin,  (g  -I-  ^) 

Cor.  1.  Smce  this  problem  is  of  great  use  in  praetioe,  it 
is  .*.  worth  while  to  consider  a  few  particular  casesy  which  are 
contained  in  the  general  solution. 

1.  If  a  =  180^  or  if  the  point  B  falls  on  the  line  JC, 
then  we  haveu  s=  860«  —  180^  —  g  — 7=  180°  — (g  +  y); 
consequently  Coi.  /xss  —  CoC.  (g+y).  Sin.  fi  =  Sin.  (g+y)- 
We  have  . -.  for  tins  case 


or 
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also,  because  Cot.  (g  +  7)  =  ,sSr(f^> 

r     ^      g  Sin,  y-b  Sin,  g  C<w.  (g  +  7) 
Lot.  0  s  J  ^^.^  ^  ^^.^  (13  +  7) 

The  first  of  these  expressions  is,  however,  the  most  con- 
venient for  calculation. 

2.  If  the  point  B  be  under  the  line  AC,  then  the  convex 
angle  ABC  within  the  quadrilateral  figure  ABCD,  and  not 
the  concave  one  ABC^  must  be  taken  for  a,  because  the 
former,  and  not  the  latter,  together  with  the  three  remaining 
angles  of  the  quadrilateral  figure  an  together  =  4  /l,  as  was 
supposed  m  the  solution. 

8.  If  ABC'\-ADC  =  2ii,  ora  +  j3  +  7  =  180°:  then 
^=180®^  Cot.  fc=  —  00 ,  Sin  /AssO.    We  .'.  obtun  firom  5, 

Cot.  ^  =  —  00  H — t. 

Consequentlj  the  expression  fi>r  Cot.  ^^  appears  here  in  a  form, 
firom  wnich  its  value  cannot  be  determinea. 

Describe  a  circle  about  the  triangle  ABC ;  then,  because 
by  the  hypothesis  ABC  +  ADC  =  2  12,  the  point  D  must 
necessarfly  fall  on  the  circumference  of  this  circle.  This 
limitation  does  not  obtain,  when  the  angles  a,  g  are  assumed 
to  be  arbitrary ;  much  more,  on  account  of  the  given  situation 
of  the  three  points  A^  B^  C,  the  angles  g,  7  must  be  of 
that  mamitude  required  by  the  condition,  that  the  point  D 
falls  on  the  circumrerence  of  the  drde  described  about  the 
triangle  ABC.  But  under  the  supposition  that  the  angles 
/3,  7  are  so  assumed  that  the  problem  is  possible,  every  point 
in  the  circumference  ABCl)  will  verify  the  problem.  For 
let  ly  be  any  other  in  the  circumference;  then  AiyB=  ADBj 
BI/C^BDC. 

As  regards  the  calculation,  it  is  known  firom  Trigonometry, 
that  when  yp  denotes  any  concave  or  convex  angle ;  for  all 
angles  between  90°  and  180^,  Cot.  i^  =  -  Cot.  (180»  —  ^) ; 
for  all  angles  between  180°  and  270°,   Cot.  ^  = 
+  Cot.  (^-180^);  and  for  all  angles  between  270°  and  860°, 

Cot,  }p=z  -^  Cot.  ^SGOf"  —  1//). 
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Cob.  2.  If  it  is  required  to  find  the  point  D  arithmeticallj 
only,  describe  the  triangle  ABC  on  paper,  then  make  a 
triangle  ahc^  which  is  similar  to  the  former:  on  oft,  as  a 
chords  describe  a  circular  arc  adb^  which  subtends  the  given 
angle  0 ;  also  on  he  describe  a  circular  arc  hdc^  which  subtends 
the  given  angle  7.  The  point  of  intersection  d  of  these  two 
circles,  will  then  give  the  fourth  place  on  the  paper ;  thus 
the  point  d  in  reference  to  a,  b,  Cy  will  have  the  same  situation 
as  the  point  D  has  in  reference  to  A,  B,  C.  The  reason  of 
this  is  easily  seen. 

Exam.  1.  Let  a  =  1153^-7,  b  =  849'-4S,  a  =  112^  25^ 
/3  =  27**.  31^  y  =  19^  14^  Here  fi  =  360*  —  (a  +  g+y) 
=200''.  50';  consequently  iStn./n=  —  &n.  20\  50^,  Cot.fA=z 
CoL  20^  50^.     We  have  .  • . 

aSm.y 11537  .  Sin.  19".  iV 

b  Sin.  p  Sin.  fi  ""        849*43  Sin.  27".  31'  -Sin.  20\  5(y 

=  -  2  7229400 

Cot.  fi  =  Cot  20'.  50^  =  2-6279121 

.-.  Cot.  ^  =  —  009502 79. 

Since  the  cotangent  here  has  been  found  to  be  negative,  ^  is 
an  obtuse  angle.  Find  .  • .  in  the  Tables  an  an^  to  which 
the  positive  cotangent  00950279  belongs ;  we  find  it  to  be 
84*.  34'.  18^''.  This  angle  being  subtracted  finom  180^,  gives 
^  =  95^  25^  42'^;  fitrni  which  the  dbtanoes  AD,  BD, 
CDmaj  be  very  easily  calculated. 

Exam.  2.  Let  a=1490',  6=768^  a=235^  /S=87°.  lO'. 
y  =  46^  15^     Here  fi  =  39\  SS' ;  .-. 

a  Sin.  y 
T^Srj^  =  ^"f '99939 

Cot.  fi  =  1  -2095085  ; 

consequently  Cot.  ^  =  4*9695024 

and  ♦  =  1 1°.  22^'S9'' 

In  this  example  it  has  been  assumed,  that  the  point  B  is  on 
the  other  side  of  the  line  AC,  say  in  B^. 
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Exam.    3.    When  a  ^  8514.^  b  =  3796^,  a  =  65\  7', 

p  =  135°.  19^,  7  =  113°.  2(/ ;  we  find  0  =  24°.  53^  22^'. 

Since  in  this  example  the  angle  ADC  =  /?  -f  y  is  greater 
than  180°;  consequently  the  point  D  cannot  be  below  the 
line  ACf  because  otherwise  ADC  <  180°.  Nor  can  it  be 
in  the  line  ACy  for  then  ADC  =  180°.  Therefore  the  point 
D  must  necessarily  be  above  ACy  where,  with  the  points  Ay  C, 
it  forms  a  convex  angle  of  135°.  19^+113°.  20^=  248°.  S9^, 
or  a  concave  angle  of  111°.  21^;  also  it  must  fall  within 
the  angle  BAC^  because  the  angle  BAD  =  ^  has  been 
found  to  be  positive. 

Remark.  Of  all  the  Geometricians  who  have  handled  this  important 
problem,  I  can  only,  for  the  sake  of  brerity,  adduce  the  following  :  Lambert 
(Mathematical  Contributions,  Berlin,  1765,  p.  73)  ;  Tempelhof  (Elements 
of  Analytical  Finite  Magnitudes,  Berlin,  1769,  p.  482)  ;  Langsdorf  (Illustra- 
tion of  Kaitner's  Principles  of  Analytical  Finite  Magnitudes,  Manhrim,  1777, 
p.  432) ;  Kastner  (Geometrical  TVeatise,  Ist  Collection,  Gtfttingen,  1793, 
2nd  part,  p.  289) ;  Pfleiderer  (Arch,  of  pure  and  practical  Mathematics, 
2nd  Number,  p.  318). 


SECTION  LV. 

Prob.  Four  objects  in  the  same  straight  line  are  seen 
from  a  station^  and  there  the  angle  is  measured^  which 
the  sight'lines  make  with  one  another;  the  distance 
of  the  first  object  from  the  second,  also  that  of  the 
third  from  the  fourth:  find  the  distance  of  the  second 
from  tlie  third. 

SoLUT.  Let  the  four  objects  be  A^  5,  C,  D,  (fig.  72)  ;  let 
E  be  the  station  from  which  they 
are  seen,  and  the  angles  AEB  =  a, 
BEC=  ft  CED  =  7,  are  mea- 
sured ;  the  distances  AB  =  a, 
CD  ss  b  ate  given :  find  BC,    Let 

1.  The  triangle  AEB  gives  . 

Sin.  JBE  =  4ESin^ 
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and  the  triangle  BED^  in  which  BED  =  P  -f  7,  BD  = 

Sin.  DBE  ^  ^"^  f'^^ -^  A 

Now,  since  Sin.  ABE  «  Sin.  DBE, 

AE  Sin,  a  _  ED  Sin,  (g  +  y) 
a  "■  b  +  x  ' 

ED  _  (b  +  x)  Sin,  a 
^^'''  AE"  aSin.{p  +  yy 

8.      The    triangle    ACE,    in   which    AEC  ^a  -^  g, 
AC=:a  +  Xj  gives 

Si^  ACE  =  ^ES^J'^^^\ 

and  the  triangle  ECD^ 

StH.DCE=^^f^'y. 

Now,  since  Svt.  ACE  =  Sin.  DCE, 

AE  Sin.  («  +  g)  ^  ED  Sin,  y 
a  +  X  b       ' 

ED  _  b  Sin,  (a  +  g) 
*°^*-  AE~  {a  ■[■  X)  Sin.  Y 

ED 

8.  If  the  two  expressions  found  in  1,  2,  for  -— ,  be  put 

equal  to  one  another,  we  then  obtain 

(a  +  X)  (i  +  X)  =  ^in.a^»i«.y • 

The  solution  of  this  equation  gives 

,r/fl-b\»  .  ab  Sin,  (a  -f  g)  Sin.  03  +  7)1       ^^LJ 
^■"'^L\"T"y  ■*"  Sin.  a  Sin.  y  J  2     " 

4.  In  order  to  shorten  the  calculation,  give  the  first  part 
of  this  expression  the  following  form : 


2 


,  r,    ,    4  ab  Sin,  {a  +  g)  Sin,  (g  -f  y)"] 
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Then  put 

«        ,  ab  Sin,  (g  +  g>  Sin,  (jg  +  y)  _  ^_    .  . 

and  find  an  angle  0,  such,  that  its  tangent  is  equal  to  the 
left  side  of  the  expression :  then  we  have 

a  —  ft-,     ^       a  +  b 
=  — - —  Sec.  0 — . 

Exam.  Leta=27Sl^  6=1987',  a=19^7^  /3=S1^  5^ 
7  =  14^  57'.    Here 

consequently  log.  Tan.  ^  =  11*2046761 

0  =  86*.  25^  4l''«6S, 
and.',  x=  8612^*2. 

The  angle  0  must  in  this  case  be  very  accurately  calculated, 
in  order  to  prevent  a  great  mistake.  If,  for  instance,  0*63^' 
were  left  out,  we  shouM  then  get  fer  x  only  861 1^'9. 

Remark.  Anotber  solution  of  this  problem  is  given  by  Lambert  (Mathe- 
matical ContributionSy  p.  208),  which,  however,  leads  to  a  very  difficult 
formula.  My  formula  agrees  essentially  with  that  which  Mr.  Hanptman 
Rhode  delivered  to  the  Berlin  Academy  of  Sdence  as  an  Appendix  to  a 
Memoir  on  another  sulject  (M6moire  sur  un  endroit,  ftc  Potsdam,  chez 
Hornith,  1804.) 


SECTION  LVI. 

Pbob.  The  apparent  distances  of  three  places /ram  one 
another,  as  seen  from  three  different  points,  are  given: 
likewise  the  apparent  distances  of  the  three  points  as 
viewed  from  one  of  the  three  places;  required  to  deter- 
mine the  relative  positions  of  these  six  points,  on  the 
supposition  that  they  are  all  in  the  same  plane. 

SoLUT.  Let  J,  B,  C|  (fig.  7S)  be  the  three  phuses,  which 
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are  seen  from  the  three  points 
D,  JB,  F;  the  angles  ADB^a^ 
BDC^^,  AEB=zy,BEC=S, 
AFB  =  £,  BFC  =  S,  also  the 
angla  DAE  ^  k,  EAF  =  \ 
are  given  or  measured ;  find  the 
positions  of  the  six  points,  Ay 
B,  C,  JO,  E,  F. 


1.  The  angles  DCE,  EOF, 
may  be  determined  from  the 
given  angles.  For  since  in  each 
triangle  the  sum  of  all  the 
angles  is  equal,  by  merely  in- 
specting the  figure,  we  have  DCE  =  «  +  «  +  $  —  7—  S, 
iCF=  X  +  7  +  S— €  —  2.  Since  .•.  these  angles  are 
known,  for  shortness'  sake  put,  DCE  =  /x,  ECF  t=  v.  If, 
besides,  the  angles  EAB,  ECB,  are  known,  we  then  have  all 
the  angles  of  the  figure,  and  consequently  also  the  positions 
of  the  SIX  points.     Let,  therefi)re,  EAB  =  ^,  ECJ3  =  ^. 

8.  Since  DAB  =  ^  +  Ki  DCB  =s  ^  —  ju  ;    oonsequendy 
in  the  triangle  DAB  we  have 

«y.       ABSin.U  +  K) 
«3tn«  a 
and  in  the  triangle  BCD 

BD  =  ?£^^^:JtzJi} . 

Sin.  0 

These  two  expressions  for  BDy  when  put  equal  to  one  ano- 
ther, give 

AB  _^  Sin,  a  Sin,  {}ff  —  ju) 

TC  "■  Sin.  e  Sin.  (*  +  k)' 

3.  In  like  manner,  from  the  two  triangles  EAB,  ECB, 
we  obtain 

iSm.y    '  ^^~      Sin.1  .* 
J    ,  -^-S        Sin.  y  Sin.  ip 
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4.  Further,  fi^m  the  two  triangle^  FAB^  FCB,  in  which 
FAB  =  ^  -  X,  FCB  =  1^  +  V,  we  get 

p^      ABSin.(4^^\)    j.„     BC  Sin,  (t//  +  v) 

^^  -  Sin.  6  '  ^^  ==  SiiTK         ' 

d   •  i^  -  Sin^itL_^lfj^ 

5.  If  we  put  the  expressions  found  for  -j^,  in  2, 8, 4,  equal 

to  one  another,  we  then  obtain 

Sin.  y  Sin.  -^  ^  Sin,  a  Sin.  (i/»  —  /i) 
Sin.  S  Sin.  ^  ""  iSin.  0  iSin.  (^  —  ic) 
jyin.  7  Sin,  xj,        SirL_i^in.  (^  +  v) 

Sin.  8  *yin.  f  "*  S^kT^t'^C^  -  xy 

If  we  expand  Sin.  (yp  —  /li),  iSwt.  (^  +  k),  Sin.  {\p  +  v), 
^S'ift.  (^  ~  X)  and  multiply  cross  ways,  these  equations  give 

Sin.  ff  Sin.  y  Sin.  xp  {Sin.  ^  Cos  k  +  Cos.  ^  Sin.  k) 
=  Sin.  a  Sin.  8  19111,  ^  (Sin.  ^  Cos.  fi  —  Cos.  ^  ^SVn.  /i) 

iSYn.  Y  iSVn.  ?  Sin.  xp  {Sin.  ^  Co^.  X  —  Cos.  ^  Sin.  X) 

=:  Sin.  i  Sin.  c  Sin.  ^  (i9tn.  t//  Cos.  v  +  Cotf.  i/^  Sin.  v) 

If  each  of  these  equations  be  divided  by  Sin.  ^  Sin.  t//,  we 
have 

Sin.  p  Sin.  y  {Cos.  k  +  Cot.  ^  Sin.  k) 

=  Sin,  a  Sin.  S  (Cos.  ^  —  Cot.  \p  Sin.  /x) 

Sin.  y  Sin.  Z  (Cos.  X  —  Cot.  ^  Sin.  X) 
=  Sin.  S  &n.  c  {Cos.  v  +  Co^  i/^  Sin.  v). 

6.  The  first  of  the  two  equations  Ust  found  gives 

Cot.  \f,  = 
jgtn.  a  Sin.  8  Cos.  fiSm.  g  Bin,  y  {Cos.  k+Coj.  »  Sm.  k) 

Sin.  » jSin.  S  ^in,  fi 
and  the  second 

Cot.  \P  s 
Sin.  7  gm.  g  (Cos.  X-^C^.  ^  jSmi.  X)  -Sin.  9  Sin.  %Cos.v 

Sin.  S  Sin.  c  /8'm.  ip 
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If  these  two  expressions  be  put  equal  to  one  another,  we 
obtain 

Cot.  ^  = 

[Sin.  a  Sin.  S  Sin.  c  {Sin.  v  Cos.  fi  +  Sin.  fi  Cos.  v)  —     *l 
Sin.pSin  y  Sin.e  Cos.v  Co3.k — Sin  a  Sin.y  Sin  ZSin.fi  Cos  A  J 
JSin  ff  Sin.  y  Sin.  c  Sin.  v  Sin.  k — Sin,  a  Sin.  y  Sifi.  1^  Sin.  A  Sim.  ft 

or,  if  the  numerator  and  denominator  be  divided  by  Sin.  7, 
and  Sin.  Qi  +  v)he  substituted  for  Sin.  v  Cos.  fi  +  Sm,  p, 

Cos.  V,  and  Cosec.  y  for  ^, 

Sin*  y 

Coi.  ^=: 

[Cosec.  y  Sin.  a  Sin.  8  Sin.  c  Sin.  (/i  +  v)  —  "I 

Sin,  g  Sin,  c  Sin,  v  Cos.  k  —  Sin,  a  Sin.  1^  Sin,  ft  Cos.  Xj 
Sin.  p  Sin.  c  Sin.  v  Sin.  k  —  Sin.  a  Sin.  Z  Sin.  X  Sin.  n 

7.^  In  order  to  determine  Cot.  xp^  it  is  onljr  requisite  to 
eliminate  Cot.  ^  from  the  two  equations  last  found  in  5; 
but  this  obiect  will  be  much  more  easily  attained  by  substi- 
tuting in  the  expression  found  for  Cot.  ^  the  angles 

a,  g,  7,  8,  €,  Z9  «j  \  /«>  V, 
respectively  for  the  angles 

Z9  €f  8,  7,  ft  a,  V,  /u,  X,  ic; 

because  the  former  have  the  same  position  with  respect  to  the 
angle  yf/f  that  the  last  have  with  respect  to  0.  By  this  sub- 
stitution, we  obtain 

Cot.  \P=z 

rCosec.  8  Sin.  f  Sin.  y  Sin.  ff  Sin.  (X  +  k)  —  1 

LSin.  €  Sin,  g  Sin,  k  Cos.  v  ^  Sin.  Z  Sin,  a  Sin.  X  Cos.  fij 

Sin.  e  Sin.  g  Sin.  k  Sin.  v  —  Sin.  Z  Sin.  a  Sin.  ft  Sin.  X 

in  which  expression  the  denominator  is  the  same  as  that  in 
the  expression  for  Cot.  ^. 

In  these  two  expressions  for  Cot.  0,  Cot.  \p^ 

/ut  =  K  +  «  +  g  —  7  -  8,  V  =  X  +  7  +  8  -  €  —  ?; 
consequently        ;i  +  vs:»c  +  X  +  «  +  g  —  c  —  ?. 
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Exam.  Let  a  =  40*^.  3&j  0  =  27^.  9^  y  =  36^.  49^, 
«=:31^  18^  6=22^  ?=13«.  28',  ic=25«.  23',  X=20^17'; 
. •.  /ix  =  25°.  1',  V  =  52°.  56\     Here 

Ccwec.  7  iSm.  a  Sin.  S  Sin.  c  Sin.  (ja  +  v)  ^  0*20668928 

Sin.  0  Sin.  €  Sin.  v  Cos.  k  =:  0*12823178 

Sin.  a  Sin.  Z  Sm  p,  Cos.  X  =0  0601144? 

Cosec.  8  Sin.  Z  Sin.  y  Sin.  $  Sin.  (X  +  ic)  =  008767862 

Sin.  c  Sin.  p  Sin.  k  Cos.  v  =  004416768 

Sin.  Z  Sin.  a  Sm.  X  Cos.  fi  =  004760865 

Sin.  p  Sin.  e  Sin.  v  Sin.  k  =  0  05847082 

Sin.  a  Sin.  Z  Sin.  X  Sin.  ^  =  0*02221714 

Therefore, 

^  .    ,         002334303 
Cot.  6  =  ^-7;^^-— ^77  =  0-6438802 
^        003625368 

^       ,        —0-00409771 

consequently     ^=57^  13^  24^^  ^  =  96°.  26'.  55". 

When  the  angles  0  and  xp  are  found,  it  is  easy  to  deter* 
mine  the  points  Ay  B,  C,  Z>,  E^  /*,  and  also  to  calculate 
the  distances  of  all  these  points  from  one  another,  when  only 
one  of  these  distances  (no  matter  which)  has  either  been 
measured  directly,  or  is  otherwise  already  known. 

Cor.  When  the  stations  Dj  JS,  F^  have  a  different  position 
irom  that  assumed  in  Jig.  73,  then  also  the  formuls  found 
for  Cot.  ^,  Cot.  ^  will  still  obtain,  provided  the  values  cor- 
responding to  this  position  are  given  to  the  angles  a,  j9,  y,  S, 
^c.  The  mode  of  proceeding  in  this  case  will  be  best  eluci- 
dated  by  an  example. 

Suppose  the  first  station  is  at  i>'  instead  of  27,  and  that  it 
is  wished  to  determine  the  values  of  a,  /3,  k  depending  upon 
the  position  of  this  point ;  then  suppose  that  the  point  D  nas 
arrived  by  slow  degrees  at  ly.  Now,  as  the  point  D  advances 
to  /y,  and  approaches  the  line  A  By  the  angle  ADB^a  will 
always  increase,  till  this  point  falls  in  AB  itself,  anda=  180^. 
If  the  point  D  move  towards  the  upper  side  of  the  b'ne  AB^ 
then  the  concave  angle  will  become  a  convex  one,  and  con- 
sequently, if  wc  assume  the  point  D  at  ZX,  we  must  under- 
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Stand  by  a,  not  the  concave,  but  the  convex  angle  AVB. 
But  if,  as  is  desirable  in  most  eases,  we  wish  to  avoid  the 
convex  angle,  we  can  then  let  the  point  I)  pass  over  to  jy^  bjr 
producing  AB^  say  towards  the  side  A.  Under  this  suppo- 
sition, the  angle  a  will  constantly  decrease,  because  the  Imek 
DBf  DA  approach  each  other,  till  it  becomes  s=  0,  when 
the  point  D  is  situated  in  that  part  of  BA  whidi  is  produced, 
and  the  lines  DB^  DA  coincide ;  and  lastly,  negative,  when 
the  point  D  moves  towards  the  upper  side  of  AB^  and  the 
line  BD^  which  before  was  on  this  side  of  the  Une  DAy 
is  now  on  the  other  side  of  it.  If  .-.  we  make  use  rf 
the  concave  angle  AD' B^  we  must  put  a  s  -^  AD^B. 

Proceed  in  like  manner  with  the  angle  /3.  Thus,  while 
the  point  D  is  situated  under  the  line  BC^  or  reproduced, 
and  consequently  the  line  Z>C  is  on  this  side  of  the  line  DBy 
the  point  V  is  positive ;  but  when  it  is  above  the  line  BC^ 
and  . ' .  the  line  J9C  is  on  the  other  side  of  DB^  it  is  negative. 
Thus,  for  the  point  2>^,  g  t=  —  BD^C. 

The  angle  k  is  positive,  while  it  is  under  AEy  but  negative 
as  soon  as  the  line  AD  is  on  the  other  side  of  the  line  AE. 
Thus,  for  the  point  2?^,  k  =  -  EAD^. 

With  regard  to  the  trigonometrical  functions  of  the  negative 
angles,  when  9  denotes  any  angle,  Sin.  --  9=  —  iSm.  0, 
Cos.— e=Co«.  0,  Tan.— e=— ran.  0,  Cot.— »=— Coe.  6, 
Stt.  —  6  =  Stc.  0,  Cfistc,  —  0  =  —  Cfi9fc.  6*  CakulationB 
involving  angles  of  this  kind  occur  finequently  in  the  sequd. 

Remark.  Lambert's  problem  which  is  here  solTcd,  is  of  great  pntidcsl 
use ;  because  by  its  means  the  positions  of  six  points  are  obtained  at  once; 
it  is  to  be  found  in  his  Contributions,  I.  p.  72.  The  formula  there  giren 
(p.  B2)  for  Cot.  s,  or  mine  for  Cot,  ^,  is  not  qidte  correct,  because  both  in 
the  numerator  and  denominator  a  flictor  has  bc«n  omitted  by  mistake.  This 
error  was  first  discovered  by  Good  (Lambert's  Sdentific  Correspoiidenoe, 
2nd  YoL  p.  232),  and  acknowled|?ed  {ibid,  p.  236}  by  Lambert 
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SECTION  LVII. 

Frob.    The  radius  of  a  circle  being  given,  to  calculate 
from  it  the  circumference  and  area  of  the  circle. 

SoLUT.  Let  the  radius  of  a  circle  =  r,  the  ciccumfereDoe 
=:  p,  and  the  area  =  9 ;  then,  as  is  already  known, 

p  =  8irr,  ^ss  irr*; 

or,  when  the  diameter  =  dy 

p  =  iri,  q  =  iiriP: 

in  which  ir  is  the  number  which  represents  the  circumference 
of  A  circle,  whose  diameter  =  1 .     This  number  is 

3*14159265358979323846264338327950 . . . 

Thus  far  has  this  number  been  calculated  by  Ludolph  of 
Cologne.  In  Vegans  larse  and  small  Logarithmic  Tables, 
this  number  is  calculated  by  the  author  as  tar  as  143  decimal 
places.  In  most  practical  easeb,  however,  it  will  be  neees- 
sary  netely  to  make  use  of  the  first  five  decimal  places ;  end 
thus  ir  s  3'14159* 

By  the  transformation  of  this  number  into  a  continued 
fraction,  we  obtain  the  lidlowing  abbreviated  values  z 

\5.  -?L  ?51  ?^  ^^^993  104348  208341  ^ 
1*7*  106*  113*  33102'  33215'  66317 '  ^' 

Lambert,  in  his  Corrcspondeiiee,  IL  pp.  156,  157)  calculates 
27  values  of  this  kind ;  the  two  last,  nowever,  are  not  correct, 
as  Professor  Sekuk  has  discovered.  (Solution  of  some  of  the 
most  important  Mathematical  Theories,  Eonigsberg,  1803, 
p.  159.) 
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In  practice,  when  great  accuracy  is  not  requisite,  we  maj 

355 
put  w  ss  -— r,  because  this  number  differs  from  Ludolph^s, 

b^;inning   from    the    seventh    decimal    place:    finr  == 

3-1415929  — 
If  we  make  use  of  logarithms  ;  then 

hg.Trm,  0  4971498726941S3854S5127  ... 
or  abbreyiated 

log.  w  =  0  4971499. 
CoR.    From  these  two  equations,  for  p  and  q  we  obtain 
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Exam.  1.   The  diameter  of  a  circle  is  42^  1'^  9!" :  what 

are  its  circumference  and  area  ?  Ans.  The  circumference  = 
132^  3^\  9!"^  and  the  area  =  1393  Q^  37  U".  04  U"\ 
nearly. 

Exam.  2.  The  area  of  a  circle  is  3765  0^.  18  Q^'' : 
what  are  the  radius  and  circumference  ?  Ans.  The  radius 
=  33'.  &'.  9/"y  and  the  circumference  =  217^  5".  2''', 
nearly. 

AftVD  Examples  in  this  RuU. 

I.  There  are  three  circles  given ;  the  diameter  of  the  first  is 
9^.  7^^  the  diameter  of  the  second  is  13^.  6^\  and  the  diameter 
of  the  third  is  22^.  9'^ :  find  a  circle,  whose  area  is  equal  to 
the  sum  of  the  areas  of  these  three  circles.  What  is  the 
diameter  of  this  circle  ?    Ans.  About  28^  3^'.  A/". 

• 

II.  From  any  point  let  there  be  two  concentric  drcles 
described ;  let  the  radius  of  the  exterior  circle  =  1^.  5^'.  3'^'y 
and  the  radius  of  the  interior  one  =  10^^  ^"  :  what  is  the 
radius  of  a  circle,  whose  area  is  equal  to  the  area  of  the  circle 
described  between  these  two  ?     Ans.    About  1(/^  7^'^  4^. 

III.  The  radius  of  a  circle  is  39^  3'^  \  it  is  required  Co 
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describe  about  it  another  concentric  circle,  such  that  the  area 
of  the  circle  described  between  these  two  =  385  Q^  What 
is  its  area?    Ans.   About  41^  S^'.  V*'. 

IV.  The  diameter  of  a  circle  is  45^  S".  ^''f :  find  the 
diameter  of  another  circle,  whose  area  :  the  area  of  the 
former  circle  : :  387  :  932.     What  is  the  diameter? 

Ans.    29^.  2^^  3%  nearly. 

V.  There  are  two  circles  given ;  the  circumference  of  one 
IS  69^.  5^^  and  that  of  the  other  35\  ^^ :  what  is  the  diameter 
of  a  circle,  whose  area  is  equal  to  the  sum  of  the  areas  of 
these  two  circles  ?    Ans.  24^  8^\  ^"^  nearly. 

yi.  To  convert  a  circle,  whose  diameter  is  9^  7^^,  into  an 
equilateral  triangle :  what  is  the  dimension  of  a  side  of  this 
triangle  ?    Ans.  13'.  Of'.  &"  nearly. 


SECTION  LVIII. 

Phob.  From  the  given  radius  of  a  circle,  to  find  the 
value  of  an  arc  expressed  in  degrees,  minutes,  and 
seconds. 

SoLUT.  Let  the  radius  of  a  circle  =  r,  the  given  number 
of  degrees  of  an  arc  =  ^ ;  let  the  length  of  this  arc,  expressed 
in  the  same  terms  of  unity  as  the  radius,  =  /.  Since  the 
circumference  of  the  whole  described  circle,  with  the  radius 
r,  =  2irr,  then 

S6(fi  :  ^  =  27rr  :  /, 

and.-.  /=^. 

180° 

If  ^,  besides  degrees,  contains  also  minutes.and  seconds ; 
the  degrees  must,  be  converted  into  minutes  or  seconds,  and 
the  180  in  the  denominator  multiplied  by  60,  or  by  60  x  60= 
3600.  If  it  is  considered  preferable,  the  minutes  and  seconds 
can  be  converted  into  deciinal  parts  of  a  degcee,  and  the  180 
remain  unaltered. 
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Cor.    ConTenelx,  from  the  exprataioa  found  for  l,   ww 
pbtain 

ISC'/  180°/ 

6  = ,  r  = . 

^        irr  ir^ 

Exam.  1.  What  is  the  length  of  an  arc  of  37^.  19^,  is  a 
circle  whose  radius  is  13\  4^'P 

Ans.    87^  «^^  7^'^.  4^,  nearly. 

Exam.  2.  What  is  the  length  of  an  are  of  149P'  16'.  1S^\ 
im  a  cirde  whose  radius  is  19^.  7^^  ? 
Ans.    51^  y'.  8^^^  S^,  nearly. 

Exam.  3.  What  is  the  length  of  an  arc  of  253^  9^.  3^^,  in 
a  omle,  whose  radius  is  23".  8^^  &^^? 
Ans.    105^  V.  2^^'.  1^,  nearly. 

Exam.  4.   How  many  degrees,  minutes,  and  seconds,  does 
an  arc  contain,  whose  chord  is  25^  7^^  when  the  radios  of 
the  circle  to  which  it  belongs  5=  19^.  S^^.  7^^^? 
Ans.    76^.1''.  11^^  nearly. 

Exam.  5.   What  is  the  radius  of  a  eiide,  when  an  ere  of 

25^.  3^.  49^^  has  a  chord  of  247^.  8^^  ? 
Ans.    566^.  4'^  7'^^  4^,  nearly. 


Exam.  6.   Thei:e  are  two  arcs  having  equal  ehords«  whid 
"belong  to  two  different  circles ;  one  is  15^.  39^.  7^\  the  otho 

fiflr.     (V       A<S'/  •     4-nA    fi.Fef     liol/mtfva     f/t     o     aiiv.Ia    ornncA     ««iiin6  ii 


whidi 
other 
56^.  9^  43'^'^;  the  first  belonsp  to  a  circle  whose  radius  is 
7^  6^^.  3^^^ :  what  is  the  ra£us  of  the  circle  to  wluch  the 
other  arc  belongs  ?    Ans.   2^  l^'.  9l",  &^  nearly. 


SECTION  LIX. 

PaoB.  From  the  given  emgle  and  radios  cf  u  e^ment  of 

attrdcy  toj!ndite49rea. 

Sot.irT.  Let  ^  be  the  number  of  demes,  asiautos  suid 
seconds,  whidi  tife  ande,  a»d  oensequeBdy  idso  Ait  avo^  of 
the  circle  contains,  /  £e  chord  of  the  are,  r  Ab  ffafiva^ 
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mm  f*|4 

q  the  area  of  the  segment ;  then,  by  the  foregoing  §,  /=  7^7^. 

Now,  since  every  segment  of  a  circle  is  equal  to  a  triangle, 
whose  base  is  the  arc,  and  whose  altitude  is  the  radius  of  Uils 
segment,  consequendy 

—  'ZL  —  !L!^ 
'  "■  2"  "  S60»* 

Cor.  Hence  we  obtain 

irr"  TT^ 

Exam.  1.  The  radius  of  a  drcle  is  7^^  ^" ;  the  angle  of 
a  s^ment  of  this  circle  contains  37^*  5^:  what  is  the  area  of 
this  segment  ?     Ans.    20  Q'^  19  U"'*  67  D^,  nearly. 

Exam.  2.   What  is  the  angle  of  a  segment,  whose  radius 
s  25783^  and  whose  area  :=  935  Q^? 
Ans.  0*58023^^,  nearly. 

Exam.    What  is  the  radius  of  a  segment,  whose  angle 
=  46^.  25^  18'^  and  whose  area  =  367  D^  90  D^'  ? 
Ans.  301^  S^''.  5'^',  nearly. 

Aftw  practical  ExampUa  to  this  Ruk. 

I.  The  area  of  a  segment  is  equal  to  the  square  of  its 
radius :  what  is  its  angle  ?    Ans.  1 14^  35^  29^^ 

II.  There  is  a  segment,  whose  angle  =  69^.  47^^^  and  is 
such,  that  when  the  radius,  arc,  and  area,  in  the  order  in 
which  they  are  here  placed,  are  expressed  in  terms  of  one  and 
the  same  unity  for  the  chord  and  area,  the  three  values  thus 
obtained  are  in  continual  proportion :  what  is  the  area  of  this 
segment,  the  fix>t  calculated  at  unity  ? 

Ans.   13008  n^  28  Q^^ 

III.  Find  a, triangle,  whose,  three  sides  are  in  the  propor- 
tion of  the  three  numbers  11,  13,  20,  and  whose  area  is  equal 
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to  the  area  of  a  segment,  whose  angle  is  l^.  27^-  5'^  «^ 
whose  arc  is  27'  3'^  What  are  the  three  «des  <rf  tlos 
triaoRle  ?  Ans.  One  side  =  44^-8594,  another  =  5301 57, 
and  the  third  =  8l'-5626. 


SECTION  LX. 

Prod.  To  find  the  area  of  a  segment  of  a  drcle,  from 
the  arc,  and  the  radius  of  this  arc,  expressed  m  degrees, 
minutes  and  seconds. 

SoLUT.    Let  JDB  (Jig-  74j  =  ♦  be  the  given  arc  ex- 
pressed  in  degrees,  minutes,  and  se- 
conds ;  C  the  center,  and  r  the  radius 
of  the  arc ;  then,  by  the  foregoing  §, 


Segment  ACB  =  «gJo» 


S60  ^ 


Now  A-rfC5=ir»S«.*,  (§  XXVI) 

consequently  Segment  ADBA  =  -^  -  ii*  Stn.  ^ 

Exam.  1.    When  ^  =  29'.  88'.  15'',  r  =  37',  then  seg- 
ment ADBA  =  15'5801  D'. 

Exam.  2.    When  ^  =  TS'-  «5'.  11",  r  =  65',  then  seg- 
ment ADBA  =  682-3871  D'. 


SECTION  LXI. 

Peob.   From  the  given  chord  and  radius  of  a  tegmeni, 

to^nd  its  area. 

SotOT.  Let  ACB  (fig.  7*)  be  the  <^cnt.^o«e  aretis 
sought,  let  the  given  ra£us  =  r,  the  given  duad  AH  =  " 


m 
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If  the  angle  ACB  is  found,  then  the  area  of  the  segment  is 
also  found  (§  LIX). 

Put  ACB  =  ^:  then,  if  the  perpendicular  Ce  is  drawn, 
ACc  =  i  ^9  Ac^r  Sin.  |  ^,  An  =s  a  ss  2  r  Sin.  ^  ^ ;  con- 
sequently 

Sin.  i6^  r-, 

from  which  the  angle  f  may  be  determined.     Having  found 
this  angle,  then 

Segment  ACB  =  ^. 

CoR.  If  the  chord  AB  and  the  angle  ACB  be  given,  then 
in  like  nnanner  we  obtain  the  area  of  the  segment  from  §  LIX, 
by  substituting  in  the  expression  found  in  this  section  for  r 

its  value  --^. — r— .     Thus 
2  Stn.  i  ^ 

Segment  ACB  =   ^^^jtt^      : 
^  1440*  Sin.^  i  0 

which  expression  is  most  readily  calculated  by  means  of 
logarithms. 

X 

Exam.  1.  The  chord  of  a  segment  =  23^,  the  radius 
=  29^"  7'^;  what  is  its  area  ?    Ans.  350  D^  71  D''. 

Exam.  2.  The  chord  of  a  s^ment  =  54^,  the  angle 
=  67*.  15^  25'^ :  what  is  its  area  ?    Ans.  1395  D^  07  D''. 

Rbmarx.  If  the  chord  be  equal  to  the  raAos,  then  the  area  of  the  ae;- 
ment  «  |  ir  r',  because  in  this  case  the  chord  is  a  side  of  a  reguUr  hexagon 
described  in  the  circle  of  which  the  segment  is  a  part.  If  the  chord  m  r  ^S, 
then  the  segment  is  a  quadrant;  and  consequently  its  area  »  |  rr*.  If  the 
chord  ■■  r  ^  3,  then  it  is  a  side  of  a  triangle  described  in  the  circle ;  and .' . 
the  segment  «  ^  irr*. 

SEcrriON  LXii. 

PiiOB.  From  the  arc  and  chord  of  a  segment  expressed  in 
degrees,  minutes,  and  seconds,  to  find  the  area  which 
is  included  by  the  chord  and  arc. 

SoLUT.  By  the  forc^mg  section,  if  wc  retain  the  notation 
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there  used  (jig.  7^), 

Segment  ACB  =  ^^^^^^_. 

But  in  the  triangle  ACBj  Cc^  ^a  Cot.  ^  ^,  and  ooa- 
sequently 

A  ACB  ^  lafCoLi^; 

we  .  •.  have 

Segment  ABBA  =.  ^^J^*,  ^  ^  ^  i  ^  Cd.  i  ^. 

Exam.  1.  When  a  =  18^  9^'.  3^'',  ^  =  118°.  39^.  25^^ 
Segment  ABDA  s  68*8624  D^* 

Exam.  2.  When  a  =  126'.  5''.  W'\  ^  =  269°.  14/-  7'', 
Segment  ABDA  =  22527*207  D^. 

Remark.  In  the  second  example,  Cot,  ^  t  «  ^^*  134**.  37'.  3*'5  » 
—  Citi,  ih^,  22'.  56**5;  Uie  section  is  greater  than  the  sefment,  becanse  it 
is  greater  than  a  semicircle. 

SECTION  LXIII. 

Prob.  To  find  a  segment  of  a  circle,  which  is  bisected  by 

its  chord. 

SoLUT.  Let  ACB  (fig.  7^)  be  the  required  segment, 
which  is  bisected  by  its  chord  AB^  so  that  the  segment 
ADBA  =  A  ACB,  or  2  A  ACB  s  segment  ACB.   Now 

the  segment  ACB  =  ^^  (§  LIX),  and  A  ACS  = 

^  r^  Sin,  ^  ;  we  therefore  have  the  equation, 

2.  In  order  to  solve  an  equation  of  this  kind  between  an 
arc  and  its  sine,  there  is  scarcely  a  more  convenient  method, 
than  that  which  the  rule  known  by  the  name  of  False  Position 
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presents.  To  apply  this  mode  of  cafeulation  with  advantage, 
make  first  a  few  rough  guesses,  in  order  at  least  to  ap- 
proximate somewhat  near  to  the  value  of  the  angle  ^.  Assume 

^  =  90%  this  gives,  -^^  =  ^  ir  =  0*785  ..•  and  Sin.  ^=s  1 ; 

consequently  ^  must  be  >90^     If  we  assume  ^=  120^ ;  then 

-^  =  ^  7=1*047  •••  and  Sin.  ^  s  0*866  ,.. ;  consequently 

^  <  120^  Hence  it  foUows,  that  ^  must  be  between  90 
and  120°.  Put  .* .  successively  ^  =  100°,  ^  =  110° ;  then 
we  have, 


When  ^  =  100°. 
log.Sin.^=  9'9938515— 10 


360°  =  ^'9*^«*74-   1 


Error         525041 
Subtract       —92543 


When^  ss  110°. 
lag.Sin.^-  9*9729858-  10 


3g^o  =  0-9822401  -   1 


Error         —92543 


617584  Difference  of  errors. 

Now  form  the  following  proportion : 

617584  :  525041  s=  10°  :  8°  30^  nearly. 
We  have  .  • .  ^  =  108°.  SO',  nearly. 

S.  This  value  found  finr  ^  does  not  diffier  very  much  irom 

the  real  one,  as  the  following  calculation  shews.  In  order  to 

render  it  more  accurate,  try  also  fiirther  the  assumption 
0  s  108°.  35^:  we  then  have 

When  ^  =  108°.  35\ 

^-  360° 

log.Sin.(^  =  99T67447  - 10 


when  ^  =  108°.  SO'- 
/flgr.^^  =  0  9762771-   1 
log.  Sin.  ^=  99769566  - 10 


Error 
Subtract 


6795 
1342 


^^   =0-9766105-  1 


Error 


1S42 


5^53  Difference  of  errors. 
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Now  form  the  following  proportion : 

5^53  :  1842  s  5^ :  1^  13'^  nearly. 

We    ••.    have    ^  =  108^  35^  +  1^  13'^  =  108^  3ff.  13^\ 
nearly. 

4.  Since  the  value  of  ^  is  only  a  little  too  smaU,  as  the 
following  calculation  shews,  .* .  assume  ^  only  a  few  aeoonds 
larger ;  we  then  have 


When  ^  =  108^  3&.  18^^ 
log.  ^  r=  0'9766916-  1 
%.5m.f  a  9*9766930—10 


Error        14 
Subtract       —4 


When  0  =  108^  36^.  14^'. 

log.  j^  =  0-9766927  —    1 
log.  Sin.^=  9*9766923—10 


Error     —4 


18  Difference  of  errors. 

Put  .  * .  again : 

18  :  4  =  1'^  :  18^^^ 


/// 


6.  Since  this  last  approximation  is  only  represented  by 
this  denotes  that  even  the  seconds  in  the  vdues  of  ^  found  in  4 
are  correct,  and  we  .'.  can  put  6  =  108^  86^  18^^  If  we 
wish  to  determine  this  value  still  more  accurately,  we  must 
use  logarithms  with  more  than  seven  decimal  places.  Eukr 
(Introduction  to  the  Analysis  Infinitorum,  translated  by 
Michelsen,  2nd  vol.  p.  452)  performed  this ;  and  by  these 
means  found 

^  =  108°.  36'.  18^'.  45'^^  27^^  ^. 

Remark.  The  method  here  adopted  is  fouDded  on  the  weU-kno^i^  pro- 
pertv  of  trigonometricAl  lines  and  their  logarithms,  that  their  differences,  in 
small  alterations  of  the  angles,  are  nearly  as  the  differences  of  the  an«^les 
themseires,  which  supposition  is  the  more  correct,  the  smaller  these  changes 
are  with  respect  to  the  angle. 


t 
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SECTION  LXIV. 

P&OB.  To  bisect  a  semicircle  by  a  chord  which  is  parallel 

to  the  diameter. 


SoLUT.  Let  ADFEB  (Jig.  75)  be  a  semicircle^  and  DE 
II  the  chord  ^B,  which  Insects  ./ifr.75, 

it ;  let  the  radius  =  r,  and  the  jj, 

angle  DCE  =  ^.  ^ 


1.  Since  the  area  of  the  se- 
micircle =:  ^  V  r*,  and  the  area 

of  the  s^ment  BFED  =  |g^  -  — ^ 

— ^  r*  Sin.  ^  (§  LX),  we  have  the  equation 

or  90"^  IT  s  ir  ^  —  ISO''  Sin.  ^, 

oralso  ^3Q0 — ^=&».#. 

Since    ^    must  necessarily  be    greater    than    90%    put 

!^  =  90j  +  ^;    this  gives  6  ==  Co9.  ^,  and  instead  of  the 
bregoing  equation,  we  then  nave  the  one, 


180"  ^ 


S.  Hence  the  value  of  ^  may  be  determined  in  the  same 
way  as  in  the  forcing  §•  Since  -^  must  be  <  ^^^  be- 
cause ^  <    180 ;    try  i/>  s  45".     This  assumption  gives, 

i^  =  i  IT  =  0"785  ...,   Co«.  ^  =  0*707  ... ;    whence  we 

conclude,  that  ^  is  actually  less  than  45%  but^  cannot  be 
widely  different  from  it,  because  these  two  magnitudes  first 
difiisr  in  the  second  decimal  place.     If  •* •  we  put  ^  =  40" ; 

then  we  have  -^^  s  g  tt  =  0*698...,  and  Cos.  ^s:0*766.... 
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and  consequently  ^  >  40°.  After  having  in  this  way  pre- 
viously convince  ourselves,  that  the  value  of  \p  lies  between 
40°  and  45° ;  we  can  then  approximate  it  more  nearly  by 
means  of  the  proportional  parts.  To  effect  this,  try  the  twro 
assumptions  ^  =  41°,  ^  =  43°. 

^1^  =  43°. 

log-  3^.,  =  0-8753459  —  1 
/og.  Co*. i/;r=9-8641275  —  10 

Error     —112184 


—   AlO 


1^  =  41 


180° 
Zo^.Co«.^=  9-8777799  - 10 


lojy. -^  =  08546613  -  1 


Error        231186 
Subtract-  112184 


Now  put 


343370  Difference  of  errors. 


343370  :  231186  =  2°  :  1°.  20^,  nearly. 


S.  We  have  .-.)/»  =  41°  4- 1^  20^  Since  this  value  differs 
but  very  little  from  the  true  one,  as  the  following  calcula- 
tion shews,  calculate,  in  the  second  place,  on  the  assumption 

^  =  42°.  21^ 


iP  =  42^  20^. 
%.  1^=0-8685598-   1 
log.Cos.yp  =  98687851  - 10 

Error  2253 

Subtract  —  608 


yf,  =  42\  21'. 

''«'•  rS0°  =  ^'«6«7308  -   1 
log.  Co8.\Pz=  9*8686700— 10 

Error  —  608 


2861  Difference  of  errors. 

Again^  put 

2861  :  2253  =  l' :  47^',  nearly. 

We  obtain  •*.  )//  =  42°.  20^  47^^  and  in  this  value  the 
seconds  are  perfectly  right,  of  which  we  can  be  convinced,  by 
assuming  \p  greater  or  less  by  1^^,  and  making  the  trial  widi  it. 
However,  the  approximation  cannot  be  continued  further,  for 
then  it  would  be  necessary  to  make  use  of  logarithms  with 
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more  than  seven  decimal  places.    Euler,  in  the  above-dted 
work,  by  these  means  finds 

yf,  =  42^  2&.  47'^  14'^'. 

From  this  value  of  xff  we  further  obtain 

^  =  i/,  +  90°  =  132^  20^.  47^\  \^'". 

Remark.  Kastoer  treats  this  problem  in  a  simDar  bat  more  general  way 
(Geometrical  Treatise,  2nd  Ck>Uection,  p.  129,  &c.),  for  he  gives  a  method 
how  to  find  a  segment  having  a  g^ven  proportion  to  the  area  of  the  circle. 


SECTION  LXV. 

Pbob.  Two  circles  intersect  each  other;  the  radii  of  these 
circles,  together  with  the  line  which  joins  the  points  of 
section,  are  given :  find  the  area  of  the  lune  which 
is  common  to  both. 

SoLUT.   The  two  circles.  AFBG,  AEBH^  (Jig.  76)  in- 
tersect each  other  in  the  points  y$g^,  7Si 
A,   B ;  the  radii  AC  =  r, 
AD = p,  together  with  AB = a 
are  given :  nnd  the  area  of  the 
space  included  by  the  two  arcs  G[ 
AFB^    AEBy   or»  as  it  is 
called,  the  lune  AFBEA. 

Put  Z-  ACB  =  ^,  ^  ADB  =  yp ;  then,  by  §  LXI, 
Sin,  i  ^  =  — ,  Sin.  i\p=^  — .  Having  firom  hence  deter- 
mined the  angles  ^,  ^,  then 

Segment  AFBA  =  """^^f^o*  -  4r»  Sin.  «, 

Segment  AEBJ  =  ^^  -  ^^  Sin.  y^. 

As  the  lune  AFBEA  consists  of  these  two  segments,  con- 
sequently this  last  is  found. 

Exam.    Let  r  =  27^  p  =  14^,  fl  =  g'.  6'^.  4/^'.    Here 

p 
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^=r20^  21'.  4^^7,  T^=  39^  50'.  2&^'9\  consequeDtlj, 
Segment  AFBA  =  2705  D^  Segment  JEBJ=z5'36l  D', 
and  .-.  AFBEA  =  8066  D^ 

Cob  When  the  lune  AFBEA  has  been  found,  the 
areas  of  the  lunes  AFBHA^  AEBOA  may  also  be  easily 
found ;  for  it  is  only  necessary  to  subtract  it  from  the  cirdes 
AFBG,  AEBH. 

If  in  any  circle  AFBG  (Jig.  77j,  the  two  radii  AC^  CBj 
are  perpendicular  to  one  another,  j^        f^^  77 

and  AB  be  assumed  as  the  dia-  

meter  of  the  second  circle  AEBH; 
then  ^  =  90\  ^  =  180^  AB^ 
az^r  'J^y  P  =  i  AB  =  r  \/i. 
For  this  case  .  *  • 


Segment  AFBA  = 


Trr*  .  90^ 
360° 


-ir«&ji.90''=iirr«-ir». 


Segment  AEBA  =  i'!^  -J??-'  -  \i^  Sin.  180^  =  i ir  r«. 


360 


we 


Consequently  the  lune  AFBEA  =  i  ir  r*  —  i  r*.  If 
subtract  this  from  the  area  AEBH^  in-r*,  we  then  have 
the  lune  AFBHA  =  i  r«  «  AD^  =  A  ACB.  The  area 
of  this  last  lune  does  not  depend  consequently  on  the  quad- 
rature of  the  circle  :  thus  it  is  always  equal  to  the  square  of 
the  radius  of  the  lesser  circle,  or  also  equal  to  the  triangle 
ACB. 

Since  ACB  is  a  right  angle,  then  the  circle  AEBH  passes 
through  the  center  C  of  the  other  circle.  If  now  the  diameter 
XZ  is  drawn  parallel  to  AB^  then  there  are  two  curvilinear 
segments  ACJTy  BCZ^  the  first  of  which  is  inclosed  by  the 
arcs  AC^  AXy  and  the  radius  CX;  the  second  by  the  arcs 
BCj  BZ,  and  the  radius  CZ.  The  area  of  both  segments 
together  is  found  by  subtracting  the  lune  AFBEA  = 
ivf^'-ir^  from  the  semicircle  XFZ^  ^irr^.  Conse- 
quently each  of  these  segmenu  is  half  of  the  triangle  ACBy 
or  half  of  the  lune  AFBHA. 
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Let  the  curvilinear  sector  XCA  be  equal  to  the  cur- 
vilinear sector  XCA  ;  then  the  curvilinear  A  ACA\  inclosed 
by  the  circular  arcs  AA\  CA,  CA\  is  equal  to  the  curvi- 
linear  A  ACA^  =  A  ACB.  Further,  ACB  is  a  right  angle, 
and  .  • .  Z-  ACX  =  Z.  BCZ  =  i  -B  ;  consequently,  if  the 
straight  lines  CA\  AA^  are  drawn,  ACA^  is  also  a  right 
angle,  and  AACA^  =  A  ACB;  .*.  also  the  curvilinear 
A  ACA'=^  A  AC  A'.  Since  the  arcs  AA'^  AC  are  quadrants 
of  their  respective  circles ;  then  Arc.  AA' :  Arc,  AC  =  r  :  p, 
and  .-.  (Arc.  A  Ay  :  (Arc.  ACf  =  r»  ;  /  =  2  ;  1.  Hence 
it  follows,  that  (Arc.  AA'y  =  (Arc.  ACy  +  (Arc.  A'Cf. 
The  area  of  the  rectilinear  triangle  AC  A'  is  •  * .  equal  to 
that  of  the  curvilinear  triangle  ACA'^  and  they  have  this 
common  property,  that  the  square  of  one  of  their  sides  is  equal 
to  the  sum  of  the  squares  of  the  other  two. 


VII.    PROBLEMS,  WITH  their  analyticai. 

AND  GEOMETRICAL  SOLUTIONS,  CHIEFLT 
WITH  RESPECT  TO  GEOMETRICAL  COK- 
STRUCTIONS. 


fig  7^' 


SECTION  LXVL 

Peob.  ThehcLse  of  a  triangle^  one  of  its  angles,  and  the 
difference  of  the  other  two  sides  are  given  :  find  the 
triangle. 

SoLUT.  In  the  triangle  ABC  (Jig.  78,   79^,  the  bsse 
BC^  the  an^Ie  ACB^^  and  the  difference  ^ 

of  the  two  sides  AC^  AB  are  given : 
find  the  triangle.  Let  BC  =i  a^ 
ACB  =  a,  AC  -  AB=z  ±d;  the 
upper  sign  obtains  for  ^.  78,  the 
lower  (oTjfig.  79. 

1.  If  the  angle   BAC  be  known; 
then  in  the  triangle  ABC  we  have  two 
angles  and  one  side ;    consequently  the     y/>.  Z9, 
triangle  itself.     Put  .• .  BAC  =  ^. 

2.  Then 

Sin,  0  JSin.  0 

consequently,  since  AC  —  AB  =  ±  d, 

a  [Sin.  (a+  if)  '"  Sin,  a]  _    .    , 
iS'tn.  0  "~  —    ■ 

3.  But  Sin.  (a+0)  —  Sin.  a=2  Cos.  («  +  i  0)  Sin.  ^  0 
and  Sin.  ^  =  2  Sin.  i  ^  Cos.  ^  ^ ;  we  have  .•. 
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2  a  Cos.  (g-f-j^)  Sin.  ^^  _        , 
2  Sin.  i  0  Cot.  i  ^       -  ±  «> 

or  flCoj.  (g-h  i»)  _  ^  j^ 

Cos.  ^  ^  —    ' 

4.  Co«.    (a  +  i  ^)  =:  Cos.  a  Cos.  ^  ^  —  Sin*  a  Sin.  ^  ^, 
and  ^  *  ^  y  =  Tan.  ^  0 ;  consequently 

a  (Cos.  a  —  Sin.  a  Tan.  ^  ^)  =  +  d, 

J  fTT       1    .        fl  Cos.  a  '\-  d      ^  ^       ^        d 

and  .-.   Tan.  i  A  =  : =  Cot.  a  +  — ^. — . 

a  bin,  a  a  bin*  a 

» 

Exam.  When  a  =  173^  d  =  —  27^  «  =  56°.  25'.  IS^', 
then  ^  =  80°.  48^  86^^ 


Const.  To  the  given  base  BC^  apply  the  angle  £C^=a; 
on  CA  (Jig.  78^,  when  C^  >  ^i&,  and  consequently  d  is 
positive,  or  on  CA  produced  (Jig.  79),  when  CA  <  AB, 
and  consequently  d  is  negative,  take  CDz^d^  and  draw  BD; 
then  make  the  angle  AnD  =  ADB,  and  produce  the  lines, 
till  they  intersect  each  other  in  Af  then  ABC  is  the  triangle 
sought. 

IJpon  ACf  BD,  draw  the  perpendiculars  BE,  AF:  then 
(because  JBC=a,  BCjt^a),  B£=a  Sin.  a,  CE=:aCos.a; 
.  *•  Z>£  =  a  Co5.  a  +  d,  (the  upper  sign  (or  Jig.  78,  and 
the  lower  tor  Jig.  79)  and 

Tan.  DBE^^^  '^  ^"•"  +  \ 

15  E  a  Sm.  a 

Now,  since  Z.  ^j52>  =  Z.  ADB,  by  the  construction, 
consequently  ^Z>£  is  an  isosceles  triangle,  and  .*.,  because 
AFi^  perpendicular  to  the  base  BD,  DAF:=i  BAD=i  ^. 
But  Z.  DAF  =  Z.  2>££,  because  A  ADF  is  similar  to 
A  DBE  ;  consequently  also. 

Synthetic  ProoJ.  The  triangle  ^^C  has  the  given  ba^ 
£C,   and  the  given  angle  BCA   (by    the    construction). 
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Further,  in  the  isosceles  triangle  AB  =  AD^  and  • 
AC-  AB:=z  AC-  AD^  ■\'CD^-\-  d. 


Remark.  If  </  is  pontive,  and  «  a  Cot.  ^,  the  formola  girtm  Tmn.  |  ^  aeO, 
and  .  * .  ^  B3  0 ;  in  Uie  figure  the  point  D  will  Uien  be  in  iS,  and  we  hmve 
/.  jiBD  »  L  ^^B  B  90<',  consequently  AB  U  AC,  li  d>  a  Cm.  ^ ; 
then  Tan,  |  f  is  negative,  consequently  ^  f  is  an  obtuse  angle,  and  f  >  180®  ; 
then,  in  the  figure,  D  is  above  iS, . ' .  ACBy  and  consequently  also  ABC  is  an 
obtuse  angle,  and  in  this  case  the  lines  AB^  AC,  do  not  meet  on  this,  bat  on 
the  other  side  of  the  line  BC,  Since  .'.for  this  case,  the  angle  ACB  is  no 
longer  in  the  triangle  ACB,  but  is  an  exterior  angle  of  this  figure ;  conse- 
quently this  solution,  at  least,  cannot  be  made  use  of  here. 


SECTION    LXVII. 

Pbob*  Tfie  bcLse  of  a  triangle,  the  sum  of  its  other  two 
sides,  and  vertical  angle  are  given :  Jind  the  triangle. 

SoLUT.  In  the  triangle  BAC  (Jig.  80J,  the  base  BC  =  a» 
the  sum  of  the  sides  AB  +  AC  =  «» 
and  the  vertical  angle  BAC  =  a,  are  a       . 

given :  find  the  triangle.  /\  /ig.  80. 

1.  Since  BAC  =  a,  ABC  +  ACB 
=  180®  —  a.  The  sum  of  the  two 
ancles  at  the  base  is  consequently  known, 
and  it  is  only  necessary  to  know  their  ^^ 
difference,  in  order  to  find  the  angles 
themselves.     Let  •* .  ABC  —  ACB  =  ^ ;  then 

JfiC  =  90^-ia+  ^^,ACB:=i  90®-i«-i^. 

2.  We  .  • .  have 

.^  _  a  Sin.  ABC  _  a  Cos.  ^  (g  -  ^) 

""       Sin.  a       ""  *Stn.  a 

jg  _  a  Sin,  ACB  _  a  Cos.  j  (^  ■^  ») 
"~        Sin.  a        ""  Sin.  a 

Mow  since  AB  +  AC  =  «, 

a  [Cos.  i  {a+  <!»)  4-  Cos.  j  (a  —  ^)]  _ 

tSm.  a 

S.   Cos.  ^  (a  +  0)  +  Cos.  i  (a-^)  =  2  Cos  ^a  Cos.  j  ^, 
and  Sin.  a  =  2  Sin,  ^  a  Cos.  ^  a,  consequently 


j 
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2  a  Cos.  ^  a  Coa.  ^  ^  _ 
2  Sin.  i  a  Cos.  ^  a     ""    * 

and  Co..  i  0  =  i^--i5. 

4.  Having  from  hence  detennined  ^ ;  then  we  also  have 
the  angles  ABC  =  90^  -  i  (a  -  ^),  ^CBsgo'^-i  («  +  *), 
and  consequently  also  the  triangle  itself. 

Exam.  Fora  =  125^67,  s  =  1 52^39, «  =  49\  37^  48^^, 
then  ^  =  118°.  48^  5&\  then  JfiC  =  124^  35\  Z4»'\ 
ACB  =  5°.  46^.  88'^ 

CoKST.  Draw  a  line  BD  =  s ;  to  D  apply  the  angle 
BDC  =  ^  a ;  from  B^  with  a  radius  jBC  =  a,  describe  a 
circle,  which  cuts  the  line  DC  in  C ;  make  the  angle  DC  A 
=  ADCf  and  draw  Ci? ;  then  ^jBC  is  the  triangle  sought. 

Upon  DC  draw  the  perpendicular  BE ;   then  BE  = 

g2)AytVt.i?Z>C=g^/n.j«,  and  Cos.  C2?Jg==:|S==^^"*'*'' 

BC  a 

=  Cos.  i  ^ ;  consequently,  CJB-B  =  |  ^,  BCE  ss  go"— i  ^. 
We  .-.  have  ACB  =:  DCB -- DCA  =  90' -  it -ia, 
ABC  =  2>fiJS  +  EBC  =  90'  -  ia  +  i 0,  which  was  re- 
quired. 

Synthetic  Proof.  Since  L.  BDC  =  Z-  Z)CJ;  BAC 
=  5Z)C  +  DC^  =  2  BDC  =  a;  also  BA  -^  AC  =:  BA 
+  ^D  =  BD  =s  «,  and  BC  =  a;  consequently  B^C  is  the 
required  triangle. 

Remark.  The  problem  u  only  positive,  when  a  <  «>  and  alto  t  Sm,  |  • 
<  a ;  the  first,  becaufie  the  sum  of  two  rides  of  a  triangle  is  always  greater 
than  the  third  ride ;  the  second,  because  Cot.  |  ^  cannot  be  greater  than  1. 
It  is  also  evident  fft>m  the  figure,  that  BC  b>  a  cannot  be  greater  than  BE 
a  »  Sin.  i  •,  because  otherwise  it  coidd  not  reach  the  line  CD,  which  is 
required  by  the  construction. 

If  in  the  problem,  the  difference  of  the  rides,  instead  of  the  tom^  be 
given ;  then  it  may  be  solved  in  a  similar  way. 
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SECTION  LXVJII. 

Pbob.  The  base  of  a  triangle^  the  difference  of  the  tu?o 
angles  at  the  ba^se^  and  the  difference  of  the  sides,  are 
given :  find  the  triangle^ 

SoLUT.  In  the  triangle  ABC  (fig.  81  J,  the  base  BC  =  a, 
the  difference  of  the  angles  at  the  base, 
or  ABC—ACB=a^  and  the  difference 
of  the  two  sides,  or  -4C—  AB  =  <f ,  are  /  \yig'  SI. 

given :  find  the  triangle. 


1.  Since  the  difference  of  the  angles 
ABC,  ACB  is  given ;  consequently  it  is 
only  necessary  to  know  their  sum,  in  B^ 
order  to  be  able  to  determine  the  angles  themselves.  Put .  * . 
ABC+ACB=zfh ;  then  we  have,  ABC^\  (^+«)i  ACB=z 
J  (^  -  a) ;  further,  BAC  =  180^  -  ^. 

2.  Hence  it  follows,  that 

^^  _  a  Sin,  i  (0  -f  «)    jg  _  a  Sin.  i(i^  -^  a) 
Sin.  ^        '  Sin.  ^ 

Therefore  AC-JB=  '^[Sin.i(<l^+a)-Sin.i(i,-a)]^^ 

Sm.  ^ 

8.  Sin.  i  (^  +  a)  -  Sin.  i  (^-«)  =  3  Cos.  i  ^ Sin.  ^  a, 
Sin.  ^  s  S  Sin.  ^  ^  Cos.  ^  ^ ;  consequently, 

2  a  Cos.  ^  (ft  Sin.  ^  a  __  , 
2Sin.i^Cosi^    "" 

and.-.  ^t«.i^  =  ?L*!Mf. 

4.  Having  from  hence  determined  the  value  of  ^ ;  we  then 
likewise  have  the  angles  ABC  =  i  (^  +«)»  j<CjB=:  i(^— a), 
BAC  =  180°  —  A,  and  .••,  since  the  line  BC  is  also  given, 
the  triangle  ABC  is  known. 

Exam.     When  a  =  234^  d  =  98',  a  =  80\  59^.  S4'', 
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lis 


then  i  0  sr  39^  38^  22^^  ABC  =  i  ^  +  ^  «  =  6S\  9f.  9^\ 

ACB  r=  i^  —  ^a  =  24«.  8'.  $5^'. 

Const.  To  BC^  the  given  base  of  the  triangle,  apply  the 
angle  CBD  =  ^  a,  and  from  C,  with  a  distance  CD  =  d^ 
cut  the  line  BD  in  D;  draw  CD,  and  produce  it;  then 
make  the  angle  DBA^ADB^  and  produce  BAy  DA,  till 
they  meet  in  A :  then  ABC  is  the  triangle  sought* 

Produce  BD,  and  draw  CE  perpendicular  to  it:  then 
CE  =  BC  Sin.  CBE  =  a  Sin.  i  «,   Sin.  CDE  =  ^ 

=  ^*ji_?=  5'/n  1  ^ ;  consequently  CDE^ADB=ABD 

=  J0,  ABC=ABD'hCBD=z  J0  +  Ja,  and  ACB=ADB 

—  C-BD  =  J  ♦  —  g«>  which  was  required. 

Remark.  The  problem  is  impossible,  when  CD  is  less  than  the  perpen- 
dicular CE;  for  then  the  line  CD  cannot  reach  BD,  This  agrees  also  with 
the  calculation,  since  d  cannot  be  less  than  a  Sin,  |  a,  because  otherwise 
Sin,  I  f  >  ly  which  is  impossible. 


SECTION  LXIX. 


Pbob.  JTie  vertical  angle  of  a  triangle j  and  the  segments 
into  which  the  perpendicular  dratvnfrom  the  vertex  of 
this  angle  divides  the  base,  are  given :  find  the  triangle. 

SoLUT.  In  the  triansle  ABC  (fig.  82  J,  the  vertical  angle 
BAC  =  a  is  given ;  tuso  the  see-         Jk:^^- 
ments  BF^a^  CF=hy  into  whicn  ^ 

the  base  is  divided  by  the  perpen- 
dicular AFy  are  given :  determine 
the  triangle. 


1.    Sinee-B/'=a  = 


jk. 


AF  Tan.  BAF,  BndCF=zb-AF  Tan.  CAF:  therefore 
a  :  6  =  Tan.  BAF :  Tan.  CAF ; 
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conseqtiently 

c+6;a-6=  Tan.BJF'\'  Tan.CAF:  Tm.BAF^T€aii.C^F 
=  Sin.  (BAF-^CAF)  :  Sin.  {BAF^CAF) 
=  Sin.  a :  Sin.  {BAF^CAF). 

S.  Hence  we  obtain 

Sin.  (BAF  -  CAF)  J^—Il^!^ 

or,  mux  BAF=9(f-ABC,  and  CAF^go'- ACB,  and 
.  • .  BAF  -  CAF  =ACB-  ABC, 

Sin.  (ACB-  ABC)  =  ^°  ~  *j.f  "' " 

3.  Having  from  this  equation  determined  the  difference 
ACB-^ABCot  the  angles  at  the  base;  then,  because  their 
sum  is  ahready  known,  we  have  also  the  angles  ACB^  ABC^ 
for  ACB  +  ABC  =  180^  -  a. 

Exam.  When  a  =  247^  b  =  5S\  a  =  IIS*.  2(y.  54'', 
we  find  ^C5  —  ABC  =  S6°.  25'.  15''-25.  Now  since 
ACB'\'ABC^6G'.S^.&f'.  therefore  -^CB=51°.32'.10"-62, 
^jBC=15^6'.  55"'S7. 

Const.  On  an  indefinite  line,  make  BF  =  a,  Cf*  =  i  ; 
upon  £C  describe  a  segment  of  a  circle  BAC^  containing  an 
angle  equal  to  the  given  angle  a.  From  F  draw  the  per- 
pendicular FAy  which  meets  the  segment  in  A^  and  draw 
the  lines  BA^  CA  ;  then  BAG  is  the  required  triangle. 

Make  FD  =  FC;  then  Z.  FAD  =  JL  FAC,  L.  ADC 
=  Z-  ^CZ? ;  further 

-BC  :  AB  =  &n.  fi^C ;  Sin.  ACB 

AB  :  BD  =  Sin.  ADB  :  Sin.  BAD 

=  Sin.  ACB  :  Sin.  BAD, 

consequently  BC  :  BD  =  Sin.  BAC :  Sin.  BAD  ; 

or  since  BC=^a+b,  BD^a^b,  B4C  =  a,  BAD  =  BAF 

-  FAD  =  5^F  -  F^C  =  ACB  -  ^JffC, 

a  +  6  :  a  -  i  =  ^tVi.  a  :  Sin.  {ACB  -^  JfiC) 
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and  .  • .  Sin.  (^JCB  -  ABC)  =  ^^  ~  ^^  '^'"-  ^ 
which  was  required. 

Cor.  If  the  s^^ents  themsdves  are  not  given,  but 
merely  their  proportion  to  one  another,  and  also  tne  altitude 
of  the  required  triangle :  let  m  ;  n  be  the  given  proportion 
between  the  segments,  and  p  the  altitude  of  the  triangle. 
First  construct,  as  was  done  before,  a  triangle  BAC9  whose 
segments  BF,  FC  are  equal  to  the  lines  m,  n,  and  upon  the 
perpendicular  AF^  produced  if  necessary,  make  AO  =  p; 
through  Of  parallel  to  BC^  draw  the  line  AfiV,  which  cuts 
AB,  AC  J  at  these  lines  produced,  in  Jf,  N:  the  A  MAN  is 
the  required  triangle.    This  method  is  very  easily  understood. 

If  instead  of  the  altitude  of  the  triangle,  one  of  its  sides, 
viz.  AMf  be  given :  then  in  ABy  or  this  line  produced,  it  is 
only  necessary  to  determine  the  point  JIf,  so  that  AM  may 
be  of  the  required  length,  and  then  from  M  to  draw  MN 
parallel  to  BC,  in  order  to  obtain  the  required  triangle  MAN. 


SECTION  LXX. 

Prob.  77ie  vertical  angle  of  a  triangle^  the  sum  of  its 
sides,  and  the  difference  of  the  segments  into  which  a 
perpendicular  from  the  vertex  of  this  angle  divides  the 
base,  are  given :  find  the  triangle. 

SoLUT.  1.  Let  BAC  (Jig.  82)  be  the  required  triangle,  the 
sum  of  its  sides  AB+ACzsa^  the  difference  of  the  segments 
BF'-CF^  d,  and  the  vertical  angle  BAC  =  a.  If  the 
difference  of  the  sides  AB,  AC  be  also  known;  then  we 
can  determine  each  of  these.     Assume  therefore  AB—AC 

=x;  then-4B=^-±-?,  AC^  1=1^.    Further,  let  JffC^j^. 

2  2  r 

2.  Since  ^B»  =  ^F»  +  BF^,  AC^  =z  AF^  +  CF':  then 
AV-'AC^BF^^  CF^,  or 
(^AB  +  AC)  (^AB  -  AC)  =  {BF  +  CF)  {BF  -  CF), 
or  ax  'Si  dy. 


or 
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3.  In  the  triangle  BAC,  we  have 

BC*  =  Am  +  Aa^^AB  .AC  .  Cos.  a. 

If  in  this  last  equation  we  substitute  for  v  its  value  -^  taken 

a 

from  2,  and  solve  the  equation,  we  then  obtain 

_     ,      fl'Jfl  -  Cog,  g) 
^  "       2  a«  -  £P(1  +  Co*,  a) 

or,  since  1  +  Cos.  asz^  Cas.^  J  a,  1  —Co*.  a=  2  St9i.'|^s, 


a*cPStn.«Ja  orfStn.  J« 


SoLUT.  2.  1  From  2  of  the  foregoing  solution,  we  have 

aiAB  ^AC)  =  dy, 

and.-.  AB^AC   =  ^. 

a 

» 

2.  Assume  the  angle  ABC  =  ^ ;    then  ilC£  =  180^  — 
(a  +  ^),  and 

Sin.  a         '  «S'|]t.  a   ' 

consequently.     AB-AC==^  ^"^^  ^'  f^^  ~  '^"'  *^ 
*         "^  bin.  a 

_  2  y  Co*,  (i  «  +  ^)  Sin.  \  a 
■"        2  Sin.  iaCos  ^a       ' 

_y  Co*,  (jg  +  ») 
"^  Co*.  ^  g 

3.  If  the  two  expressions  for  AB  —  AC  in  1  and  2  be  put 
equal  to  one  another,  we  then  obtain 

/Y      / ,            s     d  Cos.  i  a 
Cos.  (i  g  +  0;  = -^  ; 

whence  the  angle  ^  may  be  determined. 
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4.  FurthcTi  since  AB-\-AC^a ;  therefore  ftom  S  we  haye 
y  [Sin.  (<x  4-  »)  +  Sin.  ^]  _ 

2  y  Sin,  (j  «  -h  ^)  Cos.  ^  a  _ 
*^'  2  Sin.  i  a  Cm.  i  a         "  ^' 

J  a  Sin.  I  a 

further,  ^B  =4^^^:^^+^)  =  ,  ^  °  f  %^"  V\     s. 

.^  _^  y  Sin.  ^  _  a  Sin.  ^ 

""    Sin.  a     ""  2  Cos.  J  a  Sin.  (J  a  +  ^)* 

Since  the  second  solution  gives  all  the  parts  of  the  required 
triangle  at  once,  by  means  of  formuhe,  which  are  simple 
and  easy  of  calculation,  it  is  consequently  preferable  to  the 
first. 

Exam.  When  a  =  207',  d=l3^.  7^\  a  =  61".  23^  IS''^ 
we  find  J  a  +  ^=  S&.  44/.  14/-8,  0  =  56°.  2'.  35^^'S; 
and  hence  fiC=y  =  105'-8357,  JS  =  107^-0022,  AC 
=  99^-9976. 

Const.  Upon  an  indefinite  line  (fig.  88j,  take  BD  =  d, 
and  make  CDG  equal  to  half  the 
adjacent  angle  of  the  given  vertical 
angle,  consequently  =  90°  —  J  a  ; 
from  B^  with  the  radius  BG  =  a, 
cut  the  line  DO  in  G,  and  join 
AG ;  then  make  the  angle  GDA 
=  DGAj  and  fix>m  A^  with  the 
radius  ^^,  describe  a  cirde,  which 
cuts  the  indefinite  line  in  C,  and  join  AC  ;  then  BAC  is  the 
required  triangle. 

For  since  CDG  =  90®  —  ia;  therefore  BGD  =  90^^—1 
a^ABC;  consequently  Sin.BDG  =  Sin.  CDG  =  Cm.  J  a, 
5'«/t.  BCJO  =  Sin.  [90°  -  ( J  « + ^fiC)]  =  Cos.  (J  a  +  -^BC) . 
But  in  the  triangle  BGD 

BG  :  BD  =  Sin.  BDG  :  Sin.  BGD, 


lis  CBOMETRICAI.   €0K8TBUCTI0NS.* 

or  a     .-     d    s=  Cos.  J  a :  Cos.  (J  «  +  ABC); 

consequently    C69.  (J  a  +  ABC)  = 'l^. 

But  analytically 

Cos.  Ga+#)=^ ^-^; 

we  have  •' .  J  a  +  i<£C  =s  J  a  +  ^,  and  ABC  =  ^,  which 
were  required. 

Synthetic  Proof.  Upon  jSC  draw  the  perpendicular  AF ; 
then  BF^  FC,  are  the  segments  of  the  triangle  BAC. 

Since  Z-  GJC  =  2  Z.  GDC,  (Euc.  III.  20);  therefore 
GAC  is  the  adjacent  angle  of  the  vertical  angle  in  the  required 
triangle ;  consequently  BAC  is  this  vertical  angle*     Further 

AB  +  AC  7:z  AB  +  AG  z=:  BG  ::^  ay 

BF  ^  CF:=z  BF^  DF:=^  BD=zd. 

U,  E.  D. 

SECTION  LXXI. 

PaoB.  The  base  of  a  triangle^  its  altitudcy  and  the  dif- 
ference of  th^  angles  at  the  base,  are  given  :  find  the 
triangle. 

SoLUT.  Let  the  required  triangle  be  BAC  (fig.  S2)  ;  the 
base  BC  =  a,  the  altitude  AF  =  A,  and  the  di£^nence  of  the 
angles  at  the  base  ACB  —  ABC  =  a. 

1.  If  from  these  data  the  sum  of  the  angles  ACB^  ABCy 
can  be  determined;    we  then  have  the  angles^  and  codso* 

Siently  also  the  triangle.    Put  •*.  ACB  +  ABC  =i  d^ ; 
en  ACB  =  ^^  +  a),  ABC  =  ^  (^  -  a). 

2.  From  the  right-angled  triangles  AFCj  AFBy  wc 
obtain 

CF  =  A  Cot.  J  (^  4-  a),  BF=zh  Cot.  J  (*  -  «)• 
Now  since  CF  +  BF  =  a;  we  have  the  equation 
A  [Cot.  J  (*  +  «)  +  Cot.  J  (^  —  a)]  =  a. 


i 
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3.  But  Cot.  }  (0  +  a)  +  Cot.  J  (^  -  a) 
_  Sin.  ^ 

Sin.  J  (*  +  «)  Sin.  J  (0  —  a)  =  J  [Cos.  a  -  Cos.  ^] ; 

instead  of  the  former  equation,  we  consequently  have  the 
foUowing  one : 

A  Sin.  0 


I  [Cos.  a  —  Cos.  ^] 


=  a. 


or  lytw.  0  +  -r  Cos.  0  =  — -  Cos.  a. 

^       2A  ^        2A 

4.  In  order  from  hence  to  determine  the  value  of  0  in  the 
easiest  way,  we  can  make  use  of  the  following  artifice.     Put 

Tan.  /x  for  ~;  consequently  determine  an  angle  n  such,  that 
2A 

its  tangent  is  ^ual  in  numerical  value  to  the  e3tpres£(ion, 
—= ;    by  these  means  the  foregoing  equation  is  transformed 

into  the  following  one : 

Sin.  0  +  Tan.  fi  Cos.  0  =  Tan,  fi  Cos,  a  ; 

or,  when  we  multiply  both  sides  by  Cos,  fc,  and  substitute 
Sin.  n  for  Cos.  fi  Tan,  fc, 

Cos,  fi  Sin,  0  +  Sin.  fi  Cos,  0  =  Sin.  fi  Cos,  a, 

or  likeiivise        Sin.  (0  +  ^)  =  Sin,  fi  Cos,  a, 

whence  0  may  now  be  determined. 

Exam.     Let  a  =  1S65^  A  =  789^,  a  =  %\\  59^  18^^ 
Here  log.    Tan,  /u  =  U^.  —  =  9*9370257,  and  ,' ,  fi  zs 

40^  51^  37^^*55.  Henee  we  obtain  further,  log.  Sin,  (0+/ii) 
log.  Sin,  fi  +  log.  Cos.  a  =  9*7839362,  and  consequently 
0  +  /lA  s=  37°.  2&,  53'^  96,  or  0  +  /n  =  142^  SS\  6'^-04. 
The  first  of  the  two  values  found  for  .0  +  /i  need  aot  to  be 
used  here,  because  ^  +  fi  must  necessarily  be  greater  than  fu 
If  .*.  we  take  the  second  value,  we  then  obtun,  ^  = 
1 01°.  41^  28'/-49,  and  hence  JCfiss  5(0 + a)  =  6l^4(/.  23^^-24, 

ABC  =  5  (^  -  «)  =  40\  1^  5'''24, 
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Const.  From  D,  the  centre  of  the  given  base  BC^ 
(Jig,  84^y  draw  KF  perpendicular  to  it,  and  make  DE=^h  ; 
from  E  draw  the  line  EG  pa- 
rallel to  jBC,  and  to  ED  apply 
the  angle  EDG  =  a  ;  then 
by  these  means  the  point  G  is 
determined.  Draw  EB^  and 
from  Z>,  with  the  distance  2>G, 
cut  EB  produced  in  H ;  then 
describe  upon  BC  an  arc, 
including  the  angle  HDK : 
and  from  the  point  A^  in  . 
which  this    arc  cuts  the  line    ^ 

EGy  draw  the  lines  AB^  AC ;   then  BAC  is  the  triangle 
sought. 

This  construction  may   be  derived   from   the  analytical 
solutioui  in  the  following  way : 

Since  BD=^iayDE=zh;  therefore  Tan.  BED  =^^=z 

DE 


a 


ss  Tan.  fuL ;   consequently  BED  =  fi.    Further,  in  the 

triangle  HED, 

HD  :  ED  =  Sin.  HED  :  Sin.  DHE, 

h 


or  since  HD  ^  DG  ^  DE  Sec.  GDE  = 


Cos. 


Cos. 


:  h  =  Sin.  fi :  Sin.  DHE, 


consequently     Sin.  DHE  =  Sin.  DHI  =  Sin.  fi  Cos.  <x* 

But  by  the  analytical  solution  also,  Sin.  (^  •{'fi)=^Sin.^'h 
Cos.  a;  we  have  .".  either  ^-{-fi^DHEj  or  ip-^fi^DHL 
The  first  supposition  cannot  obtain  here ;  for  since  DH  = 
DG  >  DE,  consequently  also  Z.  DEH  >  Z.  DHE 
(Euc.  /.  18j  ;  .%  ju  >  0  +  /u,  which  is  impossible.  We  .•• 
have  DHI  =  0  +  ju,  and  consequently  EDH  =  DHI  — 
DEH  =  0.  Now  since  ^  denotes  the  sum  of  the  two 
andes  at  the  base  of  the  required  triangle;  consequently 
HDK  must  be  the  vertical  angle  of  this  triangle ;  from  which 
all  the  rest  necessarily  follows. 

Synthetic  Proof,  The  triangle  BAC,  as  appears  immediately 
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firom  the  ccmstnicdon,  has  the  given  base  and  altitude ;  .*. 
it  only  remains  to  be  proved,  that  likewise  ABC  ^  ACB  = 
GDE  =  a*  Produce  . '  •  the  line  GE^  till  it  cuts  the  circular 
arc  in  Z,  and  firom  the  centre  O  draw  the  radii  OA^  OB, 
OCy  OL :  then  BOC  =  2  BAC  (Eue.  III.  20),  and  BOD 
=  J  BOC  =  BAC ;  but  likewise  HDK  =  BAC  (construc- 
tion), consequently  HDK=BOE,  and  BO  Q  HD.  Further, 
smce  DH  ==  JDG,  OB  =  OA ;  consequently  DH :  OB  =s 
DG  :  OA ;  but  likewise  DH :  OB^DE :  EO,  consequently 
DG  :  OA=:DE  :  EO,  AAEO  is  similar  to  AGED  (Euc. 
VI.  7),  and  .'.0A\\  DG.  Now  draw  CZ,  then  ACL  = 
BCL  --  ACB  =  ABC  -  ACB;  further,  JCZ  =  J  JOL  = 
^0£  =  GDE :  consequently  ABC  -  ACB  =:  GDiJ. 

Q.  £•  D. 


.  SECTION  LXXII. 

PuoB.  To  divide  a  straight  line,  so  that  the  rectangle 
contained  by  the  two  parts  may  be  equal  to  a  given 
square. 

SoLUT.  The  given  line  AB  3=  a  (Jig.  S5)  is  required  to 
be  divided  in   (^  so  that  AG  x  GB 

Let  AG  ^  x:  then  BG  =  a 
-^x ;  rectangle  AG  x  GB^^x  (a— j), 
and  .*.        « 

J  (a  —  x)  ^  W» 

The  solution  of  this  equation  gives 

CoKST.  Upon  AB  describe  a  semicircle  AFB :  from  B 
draw  the  perpendieular  BZ,  and  then  make  BE  =  mn ; 
from  E  draw  the  line  JSjP  parallel  to  AB,  whi<:h  cuts  the  semi- 
circle in  F^f;  and  from  these  points  draw  FGffgi  perpen- 
dicular to  AB :  then  6  or  g*  is  tne  required  point  of  section. 

Draw  the  radius  CF:  then  C(?  ?=  CF^^FG^  =  C5«- 
J?l?=;ia^--i^/  consequently  CG  =  C^=  A/Cio*-  i*), 
and  .•.  AG  =  Ja+  a/  Ho^-V).  ^G«Jg- ^/  (ia^-^A^), 
which  are  the  two  values  found  for  x. 


jy 
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The  synthetic  proof  of  this   construction  is  founded  an 
Euc.  VI.  IS,  17. 


SECTION   LXXHI. 

Feob.  To  produce  a  given  line,  so  that  the  rectangle 
contained  by  the  whole  line  thus  produced^  and  the 
part  produced,  may  be  equal  to  the  square  of  a  given 
line., 

SoLUT.  Let  the  line  AB  be  given  (fig.  S6)  :   lengthen  it 
by  the  part  BC,  so  that  the 
rectangle  AC  x  CB  =^  mn^  ^g  *^ 

Make  AB  =  a^mn  =:  b, 
BC  =  X ;  then  AC=a-{-Xf 
and  we  .  * .  have  the  following 
equation : 

jr  (a  +  x)  =  4*. 

The  solution  gives 

Const.  Upon  AB  describe  a  semicircle;  from  B  draw 
the  perpendicular  BE  =  mn  ;  and  from  the  centre  O  draw 
the  line  OE;  to  the  point  F,  in  which  this  line  cuts  the 
semicircle,  draw  the  tangent  FC^  which  meets  AB  produced 
in  C ;  then  BC  is  the  required  part,  by  which  AB  must  be 
produced. 

For  since,  as  is  readily  seen,  A  EOB  is  similar  and  equal 
to  A  FOC,  and  0J5?  =  0B\+  BE"  =  i  rf»  +  i«  :  then 
OC=zOE:=  ^/  (ifl«  +  i"),  and  .-. 

BC  ^  OC'-OB^^  V(i<^  +  V)'-'la. 

If  we  produce  the  line^B  in  the  other  direction,  and  make 
Oc  =  OC,  we  then  have  Be  =  OB  -^  OC=ia  -{- 
a/  (^  a^  4-  6^),  which  is  the  absolute  value  of  this  line.  But 
with  respect  to  the  position,  if  £c  be  opposite  to  £C,  we 
.  • .  have  analytically  jBc  =  —  J  a  —  \/  (i  a"  +  i*),  whidi 
is  the  second  value  of  x.  Since  in  the  problem  nothing  is 
said  as  to  which  side  the  line  ^13  is  to  be  produced  on,  con- 
sequently both  values  of  x  verify  it,  because  Be  .  cA  ^ 
BC  .  CA.     But  if  it  is  expressed  in  the  problem,  that  the 
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line  is  to  be  produced  towards  B,  then  the  first  value  of  x 
need  only  be  retained. 

The  synthetic  ^roof  of  the  construction  is    founded   on 
Euc.  IIL  36,  and  is  easily  deduced  from  it. 


SECTION  LXXIV. 

Pbob.  To  divide  a  given  line  into  two  parts,  so  that  the 
rectangle  contained  by  one  part  and  another  given 
line,  may  be  equal  to  the  square  of  the  other  part, 

SoLUT.    Let   (Jig.  %t)  two  lines  AB,  ran,  be  given: 
divide  the  first  in  D,  so  that 
rectangle  AD  x  mn^  BD^. 

Let  AB  =  a,  mn  =  ft, 
BD  =  X ;  then  AD^a^-x, 
and  .'.,  from  the  conditions 
of  the  problem,  we  have  the 
equation 

(a  —  x)  6  =  xK 

The  solution  of  this  equation 
gives 

x=-j6±  a/  (aft  +  i6«). 

Const.  Upon  that  part  of  AB  which  is  produced,  take 
BC=mnf  and  upon  AC,  BC,  describe  two  semicircles;  from 
B  draw  the  perpendicular  BC,  and  from  F,  the  center  of  the 
semicircle  BGC,  draw  the  line  FE ;  to  the  point  of  inter- 
section Gj  draw  the  tangent  GD,  which  meets  AB  in  D : 
then  D  is  the  required  point  of  section. 

For  since  jBJE*  =  AB  x  BC  CEuc.  VL  IS,  17)  =  ab,  and 
BF  =  lBC  =zlb:  consequently  FE'  =  BE'  +  BF'  = 
aft  +  ift«,  and  FjB  =  VCaft  +  +  ft»).  But  A  DFG  is 
similar  and  equal  to  A  BFE,  and  .  * .  DF  =  FE  ;  con- 
sequently also  DF  =  ^/Coft+ift"),  and  .-.  DB=:DF- 
BF  =  v(aft  +  ift*)  —  jftf  which  was  required. 

The  second  value  of  x,  because  it  is  negative,  does  not 
obtain  here,  otherwise  the  point  Z>,  which,  according  to  the 
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Eroblem,  is  to  be  an  interseetion  of  the  line  AB^  wffl  &1I 
eyond  the  point  B,  and  consequently  not  between  A  and  jBL 

Synthetic  Proof.  Since  A  DFG  is  sinular  and  eqoal  to 
A  BFE :  then  BEz=:DG.  Now  BI?  =  ABx  BC  {Eue. 
VI,  IS,  17),  D&  =  BD  X  DC  {Euc.  III.  S6) ;  conse- 
quently also  AB  X  £C=  BD  x  DC.  Take  the  rectangle 
BD  X  BC  from  both  sides;  we  then  have  {AB—  BD) 
BC  =  {DC  -  BC)  X  BD,  or  ^D  x  BC^AD  x 
JBD^.    Q.  E.  n. 


SECTION   LXXV. 

Pbob.  7b  Jlnd  two  lines  such,  that  the  sum  of  their 
squares  may  be  equal  to  a  given  square,  together  with 
the  rectangle  contained  by  these  lines, 

SoLUT.  Let  AC  (jig.  88^  the  side  of  the  given  square 
=  a  ;  let  the  given  rectangle 
be  MG,  its  sides  MN  =  h, 
UG  =  c.  Let  XjV  be  the 
two  lines  sought.  From  the 
conditions  of  the  problemi  we 
obtain  the  two  following  equa- 
tions : 

xy  =zbc,  x^  +  y«  s=s  a*. 
The  solution  of  these  equations  gives : 

Hence  we  get  the  construction. 

Const.    Find  the  fourth  pnmortional  to  the  three 

AC,  MN,  NG  CEuc.  FL  18);  let  this  be  Z,  so  that 
AC  :  JIf  IV  =  NG  :  X.  Then  describe  upon  AC  a 
semicircle,  and  from  C  draw  the  peipendicuhur  CD  ^  X; 
from  D  draw  DB  paraUel  \o  AC,  which  meets  die  semidrde 
in  jB,  and  from  B  draw  the  lines  BA,  BC ;  these  oe  the 
lines  sought. 
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Draw  the  radios  0£,  and  tfaeperpendicolar  BF.  Since  AC: 
MN=  NG :  X (Construction),  ota:h^c:X;  therebre 

X^CD^  BF^^^:  consequently  OF^ ^{OB^-^BF^ 

=  v^  f  i  a* -j-\.    Hence  we  obtain  further :  AF  ss  J  a 

+  ^(ia«^^),  CF=Ja- V(i«»-^).     Now 

since  ^B»  =  ^C  x  AF  ^  W  -{-  a  ^/  Utf  -—^j  ^\<f 

+  V  (i  0*  -  i»<?),   B(?  =  ^C  X  Cf  =  S  a«  -  CI  X 

^/(ia«  — ^=J(i«-V(ia*-ycO:  consequently  AB^ 

^  [Ja«  +  ^/  (K-6V) ],    BC  =  ^/  [Ja«  -  ^/(i(l* -  Vi?)^ 
which  was  required 

Synthetic  Proof.  Since  ^£C  is  a  right  angle,  conse- 
quently ^OssAB^-hBCt  which  verifies  the  fint  condition 
of  the  problem.  Further,  smce  AC  :  MN  =  NG  :  X 
(=  BF) :  consequently  rectangle  AC  x  BF  =  rectangle 
MN  X  NG.  But  rectangle  AC  x  BF  =s  rectangle 
AB  X  BCy  because  both  rectangles  are  double  the  triangle 
ABC;  consequently  also  rectangle  AB  x  BC  s=  reetangle 
MN  X  NG.    a.  e.  d. 

Rbmark.   We  may  abo,  as  I  presame  to  be  already  knowoy  give  the 
analytical  expreasions  for  x  and  y,  the  following  more  simple  forms : 

The  formnls  given  in  the  solution  are,  bowerer,  better  adapted  to  the 
oonstmction. 

SECTION  LXXVI. 

Pbob.  To  find  a  right-angled  triangle  such,  that  its 
hypothenuse  is  equal  to  a  given  line,  and  the  rectangle 
contained  by  its  two  sides  is  equal  to  the  square  of  the 
difference  of  these  two  sides, 

SoLUT.    Let  ABC  (Jig.  88)  be  the  required  triangle, 
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whose  hypothenuse  ^C  =  a  is  given,  and  in  whidi  rectan^e 
AB  xBC^{AB-  BC)^. 

Let  AB  =  Ty  BC  =^  y:  then,  from  the  conditions  of  the 
problem,  we  obtain  the  two  following  equations : 

J*  +  y  =  aS  xy  =  (x  —  y)»; 

and  these  give 

In  order  to  adapt  these  expressions  found  for  x  zndy  to  the 
construction,  give  them  the  following  forms : 

Const.  Upon  a  given  hypothenuse  AC  ^  a^  describe  a 
semicircle;  from  C  draw  the  perpendicular  CD=^^C=  ^a» 
and  from  D  draw  DB  parallel  to  AC^  which  meets  the 
semicircle  in  jB  ;  from  B  oraw  the  lines  BA,  BC :  ABC 
is  the  triangle  sought. 

Draw    the    radius    OB,    and   the    perpendicular    BP' 
then  BF=  CD  =  Ja,  OB  =  Ja,   consequently   OF:ss 
ViOB"-  BP)=  ^/(ia«-Ja«),  and  .-.  .<F  =  Ja + 
>v/(i<^-Sa«),  CF=  Ja  -  v^Qo*- Ja«).    Now  since 
^B«  =  ^C  X  ^/;  BC^==ACx  CF;  consequently  ^S= 

which  was  required. 

j^iUAe^tc  Proof.  Since  A^^Cis  similar  to  ABFC:  then 
-rfjB:  AC=i  BF:  BC;  consequently  also  3AB:AC=i 
S BF:  BC::^  AC:  BC,  and  .'.3ABxBC=:  AC^.  But 
because  ABC  is  a  right  angle,  AC  =  -rfB*  +  BC;  we  con- 
sequently have  3  ABx  BC=  Aff-^BC,  and  AB  x  5C= 
AB^^^AB  X  BC+BCz:z  (AB  -  JBC/.    o.  k.  d. 


SECTION  LXXVII. 

Paob.  At  the  extremity  of  the  given  diameter  of  a  setni^ 
circle^  a  perpendicular  is  drawn :  find  a  point  in  this 
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perpendicular  such^  that  when  a  line  is  drawn  from 
this  point  to  the  other  extremity  of  the  diameter ^  that 
part  of  it  which  is  without  the  circlcy  may  he  equal  to 
a  given  line, 

SoLUT.  Let  AB  (Jig.  89^  be  the  given  diameter  of  a 
semicircle,  BC  a  perpendi- 
cular upon  it :  find  a  point  D 
such,  that  when  DA  is  drawn, 
DE  may  be  equal  to  a  given 
line  mn. 

Let  AB  =  a,  mn  =^  by 
AD  =  Xy  and  draw  BE. 
Since  AEB  is  a  right  angle, 
consequently  A  ^i9£  is  simi- 
lar to  A  ABEy  and  .  * . 

AD  :  AB  =  AB  :  AE 


fig^  99, 


X  :  a  =^  a  :  x-^  b. 


Hence  we  obtain 


and 


2*  —  fix  =  a". 


Const.  Upon  JBC,  make  BH=  mn  =  6,  and  upon  BH 
describe  a  semicircle  BFH ;  from  A  through  its  center  O 
draw  the  line  AFy  and  with  a  radius  AFy  describe  an  arc, 
which  cuts  the  line  BC  m  D :   D  is  the  required  point. 

For  since  ABsza^  BO^\BH^  \b  ;  consequently  AO^ 
^/  {BO'  +  AB^)  =  v'  (if +a«) ;  then  AD^AF^AO  + 
0/'=JA+  ^/{\^'\•^t  which  was  required. 

Synthetic  Proof.  Complete  the  circle  BFHG.  Since 
BD  touches  the  circle  AEBy  and  AB  die  circle  BFHG ; 
.  • .  BD^  -  AD  X  DE,  AW  ^  FA  x  AG;  consequently 
AD  y.  DE  -ft  FA  X  AG  ^  BD'  +  AE'  =  AD'y  and  .-. 
FA  y^  AG  ^  AD'  --  AD  x  DE  =:  AD  x  AE.  Now 
FA  =  AD ;  consequently  also  AG  =  AEy  and  .  • .  DE  = 
GFy  or,  smoe  GF=  BHzs  muy  DE  =  mn.    a.  k.  d. 
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SECTION  UCXVIIL 

Prob.  In  a  given  quadrant  to  describe  a  circle  wfdch 
touches  both  the  circumference  and  the  two  radH, 

SoLUT.  Let  ACB  (fig.  90)  be  the  psea  quadranty  and 
its  radius  =  a.      Furtner,  let  fia-.Bo 

EFG  be  the  required  circle,  D  ^s      -    ^___jC 

its  centre,  and  E^  F^  &,  the 
points  in  which  it  touches  the 
circumference,  and  the  two  radii 
of  the  quadrant. 

1.  Draw  DF^  DG:  then  „, 
DFBjDGBy  are  right  angles 
(Euc,  III.  1%) ;  likewise  ABC  is  a  right  ande  ;  conse- 
quently BFDG  is  a  parallelo^am,  and  since  D&  =  DF^  it 
18  also  a  square;  •*.  DBC  is  half  a  right  angle.  Produce 
BD;  consequently  this  line  passes  through  the  point  £. 
(Euc.  III.  9 J. 

2.  Let  DE  ^  DF  z=^  DG  ^  i;  then  BD  = 
a/(5G^  +  DG^)—  ^/2a:«=:r^/2;  consequenUy  BE  = 
BD + DE^x  *s/% + X.     Now,  since  also  BE^^a :  therefore 

X  ^/ft  +  x^  a, 

and.-.  x=-^-— —j-  =a(\/2  --  I), 

or  likewise  xssi  V2<i^  ^  a. 

Hence  we  obtain  the  following  construetion. 

Const.  Bisect  the  angle  ABC  by  the  line  BE;  to  the 
point  Ey  where  this  line  meets  the  circumference  AC^  draw 
the  tangent  EHf  whi&  meets  BA  produced  in  ff;  then 
make  Sg  =  Aff,  and  finom  G  draw  the  perpendicular 
GD;  from  D,  where  this  perpendicular  meets  BE,  with  t 
radius  DG,  describe  the  drde  EFG :  this  is  the  required 
circle. 

For  since  BEII  is  a  right  angle,  and  EBH  half  a  rigbt 
angle;     consequently   BS^  EHsza^    and     .-.    EH- 
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BH:=z  ^/(5£«+  EH^^  =  V 2 a« /consequently  BG  =  AH 
=  BH  —  BA  =  ^/  Zc?  ^  a,  which  was  required. 

Synthetic  Proof.  Draw  ZJ/'jierpendicular  to  BC ;  then 
2)/^2^  =  2?G5,  DBG  =  2?^/,  B2>  =  BD  ;  consequently 
A  DGB  is  similar  and  equal  to  A  DFB,  and  DF  =  Z>G?; 
hence  the  circle  described  with  the  radius  DG  passes  through 
-F,  and  touches  the  lines  JSC,  BA,  in  F,  6^  (Euc.  III.  16)* 
Further,  since  HBE  =  ^  it :  then  BE=^ EH;  but  likewise 
AH'=.  BG  (Construction),  consequently  HG^AB^zBE-rs^ 
EH,  and  .-.  A  HGE  is  isosceles,  and  HGE  =  HEG. 
But  also  DEH  =  DGH {=  R);  consequently  DEG  = 
JDGEjani  .-.  Z?G^  ^  Z>£.  Therefore  the  circle  described 
with  the  radius  DG,  also  passes  through  £,  and  it  meets  the 
circumference  AB  in  no  other  point,  otherwise  a  line  drawn 
from  B  to  this  point  would  be  equal  to  BE,  which  is  im- 
possible.    (Etic,  III.  8). 


SECTION    LXXIX* 


Pbob.  The  lines  drawn  from  the  vertical  angle  of  a  right- 
angled  triangle  to  the  centre  of  the  opposite  sides,  are 
given  :  find  the  triangle. 

SoLUT.  Find  a  rieht-angled  triangle  ABC  (fig.  ^\)  such, 
that  the  sides  AB^  SC,  con« 
taining  the  right  angle,  when  '^*^*  A 

bisected  in  3,  E,  and  the 

lines    AEy   CD  are  drawn,   ,^ * 

AE  =:mn=:a,  and  CD  =   ' j. 

pq^b. 

PutJ32?=:x:    then5C« 
consequently  BE^  =  \  BC^  =        .^,  and  AE^  =  Aff^ 


BE^^  4j:«  + 


i«  — x«       6«+15x« 


4  4 

we  consequently  have  the  equation 


Now  since  AE^a  ; 


8 
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J2  +  151* 


and  henoe      x  =  \/ 


4 

4a«r-y 
15 


=  0*, 


CoKST.  Upon  any  line  AB,  to  the  point  jB  draw  a  perpen- 
dicular C-Z,  and  make  BF-^pq-  \h ;  from  F  with  a  distance 
FG  =  mn  =r  a  cut  fiZ  in  G ;  in  jB^^  take  any  part  BK^ 
from  JT,  with  a  distance  JfZ  =  4  BJf,  cut  BZ  in  //  and 
from  G  draw  Crfl'  parallel  to  KU  which  meets  the  line  BA 
in  fl^;  then  from  H  make  i7J5  =  ipq  =  i  6  cut  the 
line  BC  in  E,  and  make  BC  ^  %  BE,  BA^^BH, 
Draw  -^C:  then  ^5C  is  the  triangle  sought. 

For  since  FG=a,  BF=z\h  (Construction):  then  5G*  = 
FCP  __  BF^  ±za^  ^  \  V:  Further,  because  A  BHG  is 
similar  to  A  BKI,  GH :  BH^  Kl :  KB  =  4  :  1  (Con- 
struction), and  .-.  Gi7=  4  BH,  GH^  =  l6  5J7»,  BG*  = 
GH^  —  JSft*  =  15  BIP;  consequently  15  BIP  =  a?  — 

ii«,  fi^«=  '''T/^;  .-.  (because  x  z:^  i  AB  =  2  JS/T), 

15 

4a*-6^        ,  .4a*  — 6*     , .  ,  •     i 

a»  = — ,  and  J  s=  \/  — — — ,  which  was  required. 

15  15 

Synthetic  Proof.    Assume  BD  ^  2  BH  -  \AB,  and 
draw  CD :   then,  because  also  5C=g  BE,  CD  1|  ^i?,  and 
. • .   CD— St  HE  =  pq  (Construction) ;  wherefore  the  line 
CD,  which  is  drawn  from  C  to  the  centre  of  AB,  is  of  the 
given  length.     Further,  because  the  triangles  BKI,  BGH, 
are  similar,  as  was  proved   before,   GH=^4BH,  and  also 
^^  =  4  BH  (Construction)  :  then   AB  =  GHy  and  .  • . 
GB^:=^GH^^BIPz=zA&'^BHK    But^-P-fljE? 
=  AB'  -  BB^   (because   ^£«  =z  AB"  +  BE^  HE*  = 
J3£P  +  BE^\  consequently    GB*  =  A&  -  fljE^.      But 
likewise  GB^=Gr'--BP^6P'--HE*,  (because  hy  the 
Construction,  BFsz^pqssHE)  ;  oonsequendy  we  have  AE^ 
-  iETE'  =  (?/•«  _  ff£i^  and  .• .  -rfi?  =  CrF;  hence,  since 
GF=^  mn  (Construction),  also  AE  s=  ma.     a.  £•  n. 
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SECTION  LXXX. 


PaoB.  An  angle  and  a  point  in  it  are  given  :  describe  a 
circle  which  touches  both  the  lines  cotitaining  the  angle j 
and  passes  through  the  given  point, 

SoLUT.  Let  the  giyen  angle  be  BAC  (Jig.  92  J  ^  the  given 
^int  D,  PMD  the  requir^  yvm  sa. 

circle,  which  touches  the  lines 
AB,  AC,  in  P,  if ,  and  passes  ^ 

through  the  point  D. 

1.  Through  O,  the  centre 
of  the  circle,  draw  the  line 
AE;  consequently  this  bisects 
the  ancle  BAC.  Further, 
since  tne  point  D  is  given, 
we  likewise  have  the  angle 
DAEj  and  the  line  AD. 
Therefore  let  BAE  s  a,  DAE  =  0,  JZ>  =  a. 

%.  If  the  angle  ADO  be  known ;  then  in  the  triangle 
ADO  we  have  one  side  and  two  angles,  consequently  also  the 
lines  AOj  ODj  and  at  the  same  time  the  centre  and  radius  of 
the  curde.  However,  this  angle  can  be  very  easily  found ; 
for  since  AO:  OP^AO  :  ODj  and  AO  ;  0P=1  ;  Sin.  a, 
AO  :  OD  =  Sin.  ADO  :  Sin.  /5;  then 

1  ;  Sin.  a  =:  Sin.  ADO  :  Sin.  |S, 

Sin.  0 


and 


Sin.  ADO  = 


Sin. 


Hence  we  get  the  following  very  simple  Construction. 

Const.  Bisect  the  angle  BAC  by  the  line  AE,  and  then 
take  any  point  F ;  from  tnis  point  draw  FG  perpendicular  to 
ACy  and  with  the  distance  FH  ==  FG,  cut  the  line  AD  in 
H :  then  from  D  draw  DO  parallel  to  HF :  O  is  the  centre 
of  the  circle. 

For  since /IK'S  PG  (Construction);  therefore  AF  :  FG=:. 


ISS 
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AF:FH.  But  AF:FG=l  :  Sin.a,AF: FH^Sin.AHr 
:  Sin.  fi;  consequently   1 :  Sin.  a  =  Sin.  AHF :  Sin.  g,  and 

Sin.   AHF  =  Sin.  ADO  =  ^?^,  which  was   re- 


quired. 


Sin. 


Synthetic  Proof.  Draw  OP  perpendicular  to  AB :  then 
OP  II  FG,  DO  II  HF;  consequently  AF :  FG  =  AO :  OP^ 
and  AF:  FH^AO  :  OD.  But  AF  :  FG  =  AF :  FH, 
(because  FG  =  FH^  by  the  construction) ;  consequently 
AO  :  OP^  AO  :  02),  and  ..  OP  ^  OD.  A  circle  de- 
scribed  with  a  radius  OD^  will  consequently  pass  through  /*, 
and  at  this  point  touch  the  line  AB^  consequently  also  AC. 

Remark.  Since  there  is  another  point  besides  H  in  the  line  AD^  from 
which  FH  «  FG:  consequently  strictly  there  are  two  cireles,  which  Terify 
the  problem. 


SECTION  LXXXI. 

PiiOB.  ^n  anglcy  and  a  circle  within  tV,  are  given: 
describe  another  circle^  which  at  the  same  time  touches 
the  two  lines  containing  the  given  angle  and  the  given 
circle. 

SoLUT.  Let  BAG  (fig.  93)  be  the  given  angle,  Kl  the 
giyen  circle,  whose  centre  is 
O9  and  MLK  the  required 
circle,  which  touches  the  lines 
AB,  AC  in  Jlf,  i,  and  the 
circle  in  JT.  The  centre  D 
of  the  required  circle  must, 
as  in  the  preceding  section,  be 
in  the  line  AD^  which  bisects 
the  angle  BAC ;  farther,  the 
centres  of  the  two  circles,  and 
the  point  of  contact,  must  B 
be  in  a  straight  line  (Enc. 
///.  11.)       "^  ^ 


Jtg'  ^3. 


I.  In  AD  take  any  point  P,  and  draw  PO:  then,  besides 
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the  angle  BAC,  and  the  radius  OK  of  the  given  circle,  the 
lines  APy  POy  and  the  angle  OPD  may  be  considered  as 
given.  Therefore  let  DAC=  iBAC=ay  OPD=0j  AP^Oy 
PO^by  OK^r. 

2.  If  the  angle  POD  be  known ;  then  we  can  draw  the 
line  ODf  and  then  the  centre  D  is  determined.  Assume  •*• 
POD  =  ^  ;  then 

no  —      ^  ^»»-  g         pi)  _      ft  Sin.  ^ 

Sin.  (|3  +^y  "  iSin.  (/S  +  ^)' 

consequently  Z>ir=  Z>0  +  0^^=:^^^^^  +  r, 

AD^PD  +  AP^      *^f  »  ,  +  a. 

3.  Now  DK  s  DM  SSI  AD  Sin,  a  ;  we  consequently  have 
the  equation 

h  Sin,  p  r    b  Sin.  ^  "I  -^. 

*n.  (g  +  «)  +  ''=  Urn.  OS  +  ♦)  ■*"  "r'"-"' 

or 

ft^tn.0+riS¥n.(0+^)  =  ft«SVn.a«S'in.0  +  a4S'tn.aiS!m 

from  which  equation  the  value  of  ^  may  be  determined, 

4.  Since  the  point  P  may  be  assumed  arbitrarily  :  deter- 
mine it  .* .,  so  that  the  obtained  equation  may  be  more  simple. 

This  is  the  case,  when  we  put  AP=s  a  =  — ;  for  by 

these  means  the  foregoing  equation  is  transformed  into  the 
following  one : 

Sin*  g  =  Sin.  a  Sin,  ^, 

and  this  gives  Sin,  ^  =  „.  *    ; 

otn.  a 

from  which  we  obtain  a  very  easy  construction. 

Const.  Bisect  the  given  angle  BAC  by  the  line  AT; 
from  A  draw  the  perpendicular  Aa  =  r,  make  cA  parallel  to 
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AB9  and  from  the  point  P,  where  it  cuts  the  line  AT,  drsw 
PO  to  the  centre  of  the  given  circle.  In  AT  take  any  point 
E9  draw  EF  perpendicular  to  ab^  and  with  the  lustance 
EG  =  EF,  cut  the  line  PO  in  G.  Through  O  draw  the 
line  DK  parallel  to  EG ;  then  the  point  JD,  in  which  this 
line  meets  AT^  is  the  centre,  and  DK  the  radius  of  the 
required  circle. 

.AtL  7* 

For  we  have  AP  =  -^ — -jp-  =  -^^ ,  as  was  required. 

Further,  because  EF  a=  EG  (Construction),  EF :  EP  = 
EG  :  EP;  but  EF  :  EP  =  Sin.  a  :  1,  EG  :  EP  = 
SitLP:Sin.PGE;  0Qiiaequentl7i9tn.a:  1  =  Sin.$:Sm.PGE, 

and  .-.  Sin.  PGE  =  Sin.  POD  =  §^. 

otn,  a 

Synthetic  Proof.  Draw  DM  perpendicular  to  AB :  then 
Dca^^DMAszM;  consequently,  since  also  EFP=zJl  (Con- 
struction)  Dc  \\  EF.  Now  likewise  DO  ||  EG,  hencf  PE :  EF 
=  PD  :  Dc,  and  PE  :  EG  =  PD  :  DO.  But  PE  :  JEF 
=  PE  :  EG  (because  EF  =  JBG),  consequently  PD  :  Dc 
=  PD :  DO,  and  .*.  Z>c  ==  DO;  and  unoe  also  elf  s=  Aa 
=  OJT;  then  DM  zs  DK.  A  circle  described  with  the 
radius  DK,  passes  .*.  through  M,  and  touches  the  line  AB, 
consequently  also  AC.  But  since  the  two  cirdes  touch  in  K, 
it  appears,  from  hence,  that  they  can  have  no  other  common 
point,  beoiuse  otherwise  a  line  drawn  from  D  to  this  point 
must  be  equal  to  DK,  which  is  impossible  (Eve.  III.  8.J 

Remark.  Since  in  PO  there  are  alwuys  two  {M>i]its»  rach  as  <r,  fiOB 
which  EG  B  £/*;  consequently  there  are  also  alwayv,  as  in  the  foregoing 
section,  two  circles,  which  verify  the  problem. 


SECTION  LXXXII. 

Paob«  An  angle  and  a  point  unthin  it  are  given  :  through 
t/ds  point  draw  a  line,  which  meets  the  two  lines 
including  the  angle,  and  with  them  forms  a  triangle  of 
a  given  area. 

SoLUT.    Let  BAC  (fig.  94)  be  the  given  angle,  and  D 


^JB  1'^ 


^aa 


•**« 
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the  given  point  within  it :  through 
this  point  draw  a  line  MN  such, 
that  the  A  NAM  has  a  given 
area. 


fisr.04.       P 


1.  Through  2>  draw  aline  FG 
parallel  to  AC:  then  the  lines 
AF^  FD  may  be  considered  as 
known.  To  AF  apply  a  paral- 
lelogram AFGKy  which  has  the 
given  area  (Euc.  I,  45j  :  conse- 
quently the  solution  of  the  prob- 
lem depends  merely  upon  this,  to  draw  the  line  MN  in  such 
a  way,  that  A  NAM  =  pardUelogram  AFGK. 

2.  If  this  be  done :  then  A  DGH=:  A  DNF+  A  HKM. 
But  ADGH:  ADNF^DG':DF^,  and  ADGH:  AHKM 
=  Z)G« ;  KM^  (Euc.  VI .  19) ;  consequently  also  A  DGH  : 
A  DNF  +  A  HKM  =  DG" :  DP'  +  ifJf*,  and  since 
A  DGH=  A  DNF+  A  HKMy  then  Ukewise  D&^DF^ 
+  -0/2,  and.-. 

KM^  V^DG^'-DF'). 

Hence,  since  the  lines  DGj  DF  aro  known,  the  line  JOf, 
and  at  the  same  time  also  the  point  Jf ,  may  be  very  easily 
determined,  both  bj  calculation  and  by  notation. 

Const.  After  having  applied  a  parallelogram  AFGK  to 
AFy  as  required  in  the  solution,  upon  AC  £aw  from  K  the 
perpendicular  KL^  and  with  the  distance  LM  =  DG,  cut 
the  line  KC  in  M :  then  from  JIf  through  D  draw  the  line 
MN:  what  was  required  is  now  done. 

The  proof  readily  follows  from  the  solution  itself. 


SECTION  LXXXIII. 


Pbob.  Two  lines  intersecting  each  other  at  right  angles, 
and  a  point  which  is  equally  distant  /rom  these  two 
lines  are  given:  through  this  point  draw  a  line,  so 
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that  the  part  of  it  contained  between  the  two  lines  ct/fi- 
taining  one  of  the  right  angles  may  he  equal  to  a  given 
line. 


I  

SoLOT.  Let  the  two  Imes  Bhy  Cc  (Jig,  95)  intersect  each 


j%.^^. 


other  at  risht  angles  in  the 
point  A  ;  let  the  point  D  be 
so  situated,  that  the  two  per- 
pendiculars DP,  Dp  are  equal 
to  one  another;  through  D 
draw  a  line  DM^  so  that  its 
part  EM  J  which  lies  hetween  ^ 
the  lines  Ji,  Acy  may  be 
equal  to  the  given  line  XZ. 


1.  If  the  Ime  D£  or  2>Af 
be  determined :  then  the  prob- 
lem is  solved.  Instead,  however,  of  finding  these  lines 
immediately,  it  will  be  better,  to  assume  their  sum  for  the 
unknown  magnitude  in  the  calculation,  because  their  differ- 
ence is  already  given.  Let .  * .  DP  =  Dp  =  a,  DM  ^  DE 
=zXZi=:2b,  DM  +  DE  sr  2  X :  then  DM  =  x+&,  DE 
=s  x  —  6. 

2.  Since  A  DPE  is  similar  to  A  EAM:  therefore 

DE:DP=^EM:AM 

or  X  —  ft  ;    a    =  2  6    :  AM; 

2ab      . 


and  •  * . 


AM^ 


X  -b' 


w  ,     2  aft        a  (x  +  ft) 


X  —  b 


3.   Now  DM^  =  Mf^  +  Dp^ ;  we .  • .  have  the  equation 

or  x*  -  2  (a«  +  ft'^)  2*  +  ft*  -  2a«ft«  =  Q. 

This  bi-quadratic  equation  is  a  quadratic  one  for  2^;    its 
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solution  gives 

X  =  ±  >v/  [a«  4-  i*  ±  a  \/(a*  +  4  &«)]. 

4.  Consequently  x  has  four  values,  all  of  which  verify  the 
equation.  For  since  it  was  not  expressed  in  the  problem,  in 
which  of  the  four  richt  angles  the  part  EM  between  the  lines 
containing  the  angles  was  situated;  consequently  this  line 
may  have  four  different  situations ;  viz.  either  the  position 
EM,  within  the  angle  bJc,  as  was  assumed  in  the  solution, 
or  the  position  E'W,  within  the  angle  BAC,  or  even  the 
two  positions  E'^M^\  E^^'M^^\  withra  the  angle  hAC.  If 
the  line  EM  be  bisected  in  R :  then  DR  ^  \  {DM  +  DE) 
=  X ;  likewise  if  the  lines  E'M\  E'M",  E^'M^^  be 
bisected  in  J^^  i?^  R^^' :  then  DR\  DR'\  DR''\  are  the 
three  other  values  of  x.  The  lines  DA,  DR\  are  equal  with 
respect  to  their  absolute  magnitudes,  and  only  differ  in  their 

Jositions ;  these  are  expressed  by  the  two  values  +  \/  [a*  -f- 
«  +  a  v'  (a*  +  44«)].  In  like  manner,  the  lines  DR^\ 
DR^^\  only  differ  in  their  position,  and  are  expressed  by  the 
two  values  +  v/  [a«  +  i^*  —  a  \/  (a*  +  4  6«)].  The  two 
first  values  of  x,  which  correspond  to  the  lines  DR^  DR\ 
are  always  positive ;  the  two  last  are  only  so,  when  a^  -f 
b«  >  a  >v/  (a«  +  46«),  or  a*  +  2  drb^  +  ft^  >  a*  +  4a«6-, 
that  is  6*  >  2  a«  h\  and  i«  >  2  a^ 

Const.  Let  B6,  Cc^  (Ji^.  gS)  be  the  two  lines  intersecting 
each  other,  D  the  given  point, 
and  DP  =  Dp  =  a,  be  two 
perpendiculars  to  the  former  of 
these  lines.  In  Dp .  take  the 
part  DS  =  JCZ  (preceding 
figure)  ==  2ft,  and  draw  PS ; 
then  in  DP  produced,  take 
PT^PS;  upon  DT  de- 
scribe  a  semicircle,  which  cuts 
the  line  Cc  in  M,  and  draw 
DM :  then  the  part  EM,  which  lies  between  the  two  lines 
including  the  angle  bAc,  is  equal  to  the  given  line  XZ. 

For  smce  DP=^a,DS^Zb:  then  PS  =z  ^/ (a*  +  46^), 
and.-.  DT=DP'\-PT=DP-yPS=:a+  V  (a«  +  46«). 
Now  draw  MT,  and  the  perpendicular  Mm.     Since  Z.  TMm 
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=  /.  MDT^  and  DP  =  Mm :  consequently  the  r^t-angied 
triangles    TMm^   DPE^   are  equal,  and  .  • .  MT  =  DJE. 
UEM  be  bisected  in  R:   then  D«  =  i  (DM  +  DE)  = 
i  (DM  -f  MT).      Now    Di/«  +  MT^  =  JDT^,    and 
DMxMT=MmxDT=za.DT,  hence I>J#«+2Z>Jf.Jlfy 
+  Arr»  =  DT«  4-  2  a  .  jDr  =  i3T  (2  a  +  DT)  = 
[a  +    ^/  (a«   +  4i«)]     X    [Sa  +    v/  (a«   +   4i»)1_  = 
4a«  + 4i«-f  4a  ^/(>  + 46«),   and   .-.   DJf  +  ifr  = 
V[4a«+  4i«  +  4a  ^/(a^  +  46«)],  DR  ^  v^  [a*  +  6« 
+  a  \/  (a^  +  4fr^)],  as  was  required. 

Synthetic  Proof.  Since  EM*  =  ^Jtf*  +  JE^,  and  -iP» 
s  (J£  +  EP)"^  =  ^E«  +  2  ^£  X  £P  +  EP*:  therefore 
JM*  '{•2AE^^^JExEP  +  EP^  =  EM^  +  ^P«,  or 
AM^  +  2PJ  xAE  +  EP^:=:  EM*  +  Z)i».  In  the  si- 
milar  triangles  JEM^  DEP,  DP :  AM  =  PE  :  AE  ;  and 
DPxAEI=PA  X  AE)  =5  AMxEP.  We  therefimhave 
AM'+^AMxEP+EF'^EM'+DP*,  or  (^if  +  £P)* 
= EM* + 2>/*;  consequently  since  AM=  Pm,  and  EP^mT^ 
(Pm  -h  i»r/  =  P7^  =  EM*  +  2>i».  But  likewise 
PT*  s=  P*S«  =  D^  +  DP*;  hence  Ei/*  +  2>/»  = 
DS*'\^  DP*,.\EM*^DS*,miEM^DS.    a.  e.  o. 

Remark.  The  circle  cats  the  line  Cc  tvnce  in  £*.  If  the  line  DM*  be 
drawn  through  this  point,  which  meets  BhmM':  then,  if  EAT  be  bisected 
in  Xf  DR  is  the  second  yalne  of  x  denoted  bv  the  same  letters  as  in>S^.  95, 
and  consequently  »  DR.  Tlus  is  very  easily  prored.  For  the  other  two 
Talnes  of  jr,  a  similar  construction  may  be  found,  which,  However^  I  shaU 
not  give  here,  in  order  that  I  may  have  room  for  other  matter. 


•  .M  ■■JiP  J^ 
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SECTION  LXXXIV. 


DEFINITIONS. 


1.  If  from  all  the  angular  points  and  extremities  of  a 
crooked  line  ABCDEF  (Jig.  97 J,  the  perpendiculars  Aa^ 


Ji^.&Z 


Bbj  Ccy  Ddf  Ecj  Ff^  Ggy  be  let  fall  upon  any  ^ven  straight 
line  PQ:  these  are  called  Ordinates.  Further,  if  in  the  line 
PQ  we  assume  any  point  R ;  then  the  parts  of  this  line 
which  lie  between  this  point  and  the  ordinates,  are  called 
Abscissae ;  thus  Ra  is  the  abscissa  of  the  point  A,  Rh  the 
abscissa  of  the  point  By  and  so  on  :  further,  PQ,  is  the  axis 
of  abscissae,  R  the  origin  of  abscissae ;  the  abscissa  and  ordi- 
nate of  a  point  form  together  the  co-ordinates  of  this  point. 

If  the  co-ordinates  of  a  point  are  given ;  consequently  also 
the  point  itself  is.  But  the  ordinate  of  a  point  may  fall 
on  both  sides  of  the  line  PQ :  consequently  the  determination 
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of  the  absolute  magnitude  of  the  ordinates  is  not  sufficient  ; 
we  must  also  know  their  position.  In  order  to  distinguish  the 
above  two  positions  from  one  another,  the  ordinates  above  the 
line  FQ  are  expressed  by  +  ;  on  the  other  hand,  those  which 
are  below*  it,  by  — .  Therefore  the  points  -4,  S,  C,  D,  E^ 
Ff  G,  have  the  ordinates  +  ^a^  +  Bb^  —  Ccy  +  Dd^ 
4-  Eey  +  Ffy  —  Gg»  There  is  a  similar  relation  between 
the  abscissae ;  thus,  the  abseissae  which  are  from  R,  in 
the  direction  of  Q,  arc  denoted  by  +  >  and  those  which  are  in 
the  direction  of  P,  are  expressed  by  — . 

2.  The  lines  JB,  BC,  CD,  DE,  EF,  FG,  of  which  the 
crooked  line  ABCDEFG  is  composed,  are  called  its  lines  of 
division.  But  if  the  crooked  line  inclose  a« space;  conse- 
quently these  lines,  as  we  already  know,  are  sides  of  the 
figure  thus  formed.  If  a  line  of  division  be  produced,  in 
order  to  avoid  mistakes,  it  is  denoted  according  to  the  order 
of  the  alphabet.  Produce  .'.  (when  the  contrary  is  not  ex- 
pressly required)  the  line  AB  not  towards  A,  but  towards  B  ; 
m  like  manner  BC^  not  towards  J?,  but  towards  (7,  and  so  on. 
In  this  case  it  is  advisable  to  denote  the  crooked  line,  from 
its  first  to  its  last  point,  according  to  the  letters  of  the  al- 
phabet. 

3.  When  from  any  point  R  of  the  axis  of  abscissse,  which 
need  not  be  exactly  the  beginning  of  the  abscissa,  a  circle  is 
described,  and  the  radii  Ra^  Rfiy  Ry,  i?S,  i?e,  RZy  are  re- 
spectively drawn  parallel  to  the  lines  of  division  AB,  BC^ 
CDy  DEy  EF,  FG,  according  to  the  order  in  which  they  are 
produced :  then  these  radii  are  called  the  corresponding  radii 
of  these  lines ;  viz.  Ra  is  the  corresponding  radius  of  ABy 
Rg  the  corresponding  radius  of  BC^  and  so  on. 

4.  By  the  exterior  angles  of  a  crooked  line  are  here  meant 
those  angles  which  the  continuation  of  a  line  of  division 
makes  with  the  other  at  their  point  of  junction ;  thus  CBa^ 
nCb,  EDcy  FEd,  GFe. 

It  is  known,  that  when  two  lines,  say  M,  N,  are  paralld 
to  two  others,  say  P,  Q,  viz.  M  \\  P,  N  ||  Q,  the  angle, 
which  the  lines  M,  N  form  at  their  junction^  is  equal  to  the 
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angle  included  by  the  lines  P,  Q.  Consequently  also  the 
exterior  angle  of  two  lines  of  division,  is  equal  to  the  angle 
formed  by  their  corresponding  radii ;  consequently  aBb  = 
=   aRp,     bCc  =  pRy,     cDd  =   yRS,     dEe  =    Si?€, 

eFf  =  tRK. 

The  absolute  magnitude  of  the  exterior  angles  is  not* suffi- 
cient, however,  to  determine  the  situation  of  two  lines  of  divi- 
sion, because  these  lines  may  form  a  convex  as  well  as  a 
concave  angle,  although  the  exterior  angle  continues  to  be  of 
the  same  magnitude :  this  . ' .  must  be  considered.  With 
this  view,  imagine  a  moving  line  turning  round  the  point  i{, 
and  advancing  successively  in  the  directions  jRa,  Rp^  Ry^ 
AS,  J?c,  RZy^  which,  by  these  means,  describe  the  angles 
aRp  =  aBb,  eRy  =  bCc,  'vRS  =  clJd :  then  it  is  evi- 
dent, that  this  radius  in  aavancing  from  R0  towards  £y, 
must  have  a  motion,  which,  as  to  its  direction,  is  exactly  con- 
trary to  that  which  it  describes  in  moving  from  Ra  towards 
Rp.  If.-,  we  consider  the  angles,  whicn  are  generated  by 
the  motion  of  a  radius  from  the  object  Q  towards  the 
objects  JTy  P,  Z,  as  positive ;  those  angles  which  re- 
quire a  contrary  movement  may  be  considered  as  negative. 
Therefore  the  angles  bCc,  dEty  eFf,  require  the  sign  +, 
and  the  angles  aBb,  cDd,  the  sign  — . 

Let  the  exterior  angles  of  a  crooked  line  aBb,  bCc^ 
cDdy  dEe,  eFJ\  with  their  proper  signs,  +  or  — ,  be 
constantly  expr^sed  according  to  the  order,  by  the  single 
letters  jB,  C,  Z),  jE,  P;  .*.  m  the  foregoing  figure  JB  =  — 
aBb,  C=:  +  bCc,  D  =;  -  cDd,  E  =  dEe,  F  =  eFf. 
Further,  let  the  angle  which  the  first  corresponding  radius, 
and  consequently  also  the  first  line  of  division,  maxes  with 
the  line  of  abscissie,  here  qRa,  be  denoted  by  J,  Let  the 
line  Ra  be  above  the  line  rq,  then  J  =  —  qRa, 


SECTION  LXXXV. 

Prob.  7%e  lines  of  division  of  a  crooked  line,  its  exterior 
angles,  and  the  co-ordinates  of  the  first  point,  together 
with  the  angle,  which  the  first  corresponding  radius 
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mtUus  with  the  line  of  abseiasa,  are  given :  determine 
the  co-ordinates  of  each  angular  poifU. 

SotUT.  Let  ABCDEFGHIKL  (fig.  98)  he  the  croaked 


line,  its  lines  of  diTiaion  AB  =  a,  BC  si,  CDs=e,  DE=d, 
EF^  e,  FG  =  f,  GH  =  g,  HI  =  A,  1K"=  t;  KL  =  kj 
let  the  ooirespraiaing  ndii  of  these  lines,  oooordii^  to  their 
order,  be  JIo,  Rff,  By,  JZS,  Rt.  Further,  let  it  be  the 
origin  of  the  abscissce,  the  abactsea  of  the  first  punt  Ra  =  p, 
its  ordinate  Aa  =  q, 

1.  From  the  points  B,  C,  D,  E,  tx.  to  die  Kne  of  ab- 
seisse  PQ,  draw  the  perpendicidars  Bb,  Ce,  Dd,  Be,  fte. 
We  then  have 


Aa 

Bb 

Ce 

Dd 

Ee 

Gg 

Hh 

li 

Kk 

U 


=  « 


Aa-A«^:=^ 
Bb  +  a/z= 
Ce  +  D«/s: 
Dd-Ddf=z 

Ee-Ee's 
fy+Gf= 
Gg-Ggf- 

m+  le  = 

Kk-  KV^ 


q  —  a  Sin.  ABcl^ 
Bb  +  bSin.CBb': 
Cc  +  e  Sin.  BCd  ■■ 
Dd  -  d  Sin.  DEd' . 
Ee-eSin.EFtf 
Ff  +fSin.  GFf  : 
Gg-gSin.GHgf: 
m+hSi*.IHif  '. 
:  It  +  i  Sin.  KIW 
Kk-kSin.KLl' . 


q  —  a  Sin.  qRa 

Bb  +  bSin.qR0 

'.  Cc  +  cSin.pRy 

Dd-dSin.pRB 

Ee  —  e  Sin.  q  Rt 

F/  +  fSin.qRZ 
Gg—gSin.qRn 

m+hSin.pR9 
■■  It  +  i  Sat.  p  R  i 
■■  Kk—  k  Sin.  q  R  K, 
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further : 

Ba  =p 

Bb  =:  Sa  +  ab  =  p  +  a Coi.  ABaf=s  p  +a  Cm. qBa 
Be  =Bb  +  bc  =  Bb  +  bCos.CBV=Bb+bCo:qB0 
Bd  =Be  —  ed=sBe  —  e Cot.  DCcf  ^  Bc^  cCos.pBy 
Be  ^Bd  —  de^Bd-dCoa.DE&=Bd-dCo».pBh 
Bf  =  Be  +  ef=  Be  +eCoa.  EFt!  —  Be+  eCoa.q  Be 
Bg^Bf  +  fg=  Bf  +fCot.  GFf=Bf  +  /Cos.  qBZ 
Bh  =:  Bg  +  gh  =  Bg  +  gCot.Gffg'=Bg+gCos.qBn 
Bi  ^Bh-kt  =  Bk-h  Cos.  IHif  =  Bh-  h  Cos.pBe 
Bk  =  Bi  -  ik  -Bi-  i  Cot.  KUtf  =  Bi-  i  Cot.pBi 
Bl  =  Bk  +  kl  =  Bk  +  kCot.KLlf  =  Bk+  kCot.qBx. 

2.  But 

Sin.  A  =  Sin.  —  qBazs  -  Sin. qBa 

Sin.  (A  +  B)=:Sin.i-qRa+aB0)  =  Sin. qB$ 

Sin.  Ia+  B  +  C)  =  Sin.i-qB»-\-aBp  +  0By)^ 

Sin, q  By  B  Sin. p  By 
Sin.  (A+B+C+D)  =  Sin.  {-qB«+aBfi+$Ry+yBi) 

^Sin.qkd*)='-Sin.pR$ 
Sin.(A+B  +  C+D  +  E)=  Sin.^'^^^^^lf^^^y] 

s:Sin.qJlt:=-Sin.qRe 
Sin.  {A+  B+  C  +  ...  +  ff)  =s  SinA+jRS+SRe  +  t 


*  SitL  q  Rti=  -^  Sin.  q  Rti 

•  The  asterisk  abo?e  5m.  9  A  »  denotes,  thtt  by  y  il  *  is  to  be  understood 
not  the  concaye,  but  the  conrex  angle. 
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Sin.  (A  +  B  +  C-\-  ..   +H)  :=  Sin.^+yRS+SRi  -h  ^RZy 

(    ^ZRfi'^'fiRe    3 

=  Sin. (360'^  '\-qRe)=zSin.qRe=^  Sin.p  R  0 

C-qRa+aRg-^-pRy' 

SinAA  +  B  +  C+  ...  +7)  =  *yin.^+7/28+S/?€  +  €«d 
=  Sin.  (360°  -h  9  /?  0  =  Sin.  p  R  i 

C—qRa  +  aRp-^pRy 

Sin.  {A+B  +  C+  ...  +K)  =  ^«M^J/i^J^/jJ  +  eij, 

=  Sin.  q  Rk*  =  —  iS/n.  9  li  it; 
and  in  like  manner 

Cos.  A  =  Cm.  —  jT  /?  a  =  Cm.  qRa 

Cos.  {A  +  B)=:Cos.qRp 

Cos.  IA+  B  +  €)-  Cos.  J  TZy  =  -  Co8.p  R  y 

Cm.  f^  +  B+  C+  2?)=  Cm. 9^8=  —Cos.pRS 

Cos.(A+B+C+D+E)^Cos.qRe=Cos.qRs 
Cos.lA  +  B'i-B+...  +  F):=^Cos.{S60'''hqRZ)  =  Coa.qRZ 

Cos.  (^A  -i-  B  +  C  -{-...  +  G)  =  Cos.q  Rn—  Cos.q  R  71 
Cm.  (^  +  5+C+..+£r)=CM.(36o°+5f/iO)=-CM.pflO 
Cm.  (-4  +  B+C+...+/)=CM.(360°+5flZi)=-CM.pilc 

Cm.  (-4  +  jB  +  C+  ...  +  Jr)  =  Cos.qRK^  Cos.q  Rk. 

3.  Now,  if  we  substitute  the  values  of  Sin.  qRa,  Sin*  qRpy 
Sin.pRyi  Sin. pRi,  &c.  Cos. qRa,  Cos.q R p^  Cos.pRy^ 
Cos.  p  REj  &c.,  found  in  2,  in  the  expression  in  1,  finr  toe 
lines  Aa,  Bb,  Cc^  &c.,  Ra,  Rb,  Rcj  &&,  we  obtain 

Aa^  q 

Bb  ::zq  +  aSin.A 

Cc  ^  Bb  +  bSin.{A+B)z=q  +  aSin.A+bSin  (A^B) 
I)d=  Cc-^cSin.{Ar\'B'{-C)z=q+aSin.A+bSin.lA+B) 
-¥  cSin.{A  -^  B  +  C) 

Ee=z  Dd  +  dSin.iA  +  B  +  C  +  D)  =  q  -{■  a  Sin.  A 
+  6  Sin.  (^  +  JS)  4-  c  Sin.  (^  +  B  +  C) 
+  d  Sin.  (A  -{-  B  +  C  +  D) 

•  Firff  Note  in  preceding  page. 
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1 

I 

\ 
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Ff^  Et  +  €*Stn.(^  +  5  +  C  +  .-.+  ^sj  +  a-Sin.^ 
+  h  Sin.  (^  +   5)  +  c  Sin.  (^  +    5    +    C) 


Ll=:Kk  +  kSin.(A+B+C+  ...  -{•  K)z=:  q  +  aSin.  A 

'i'bSin.{A'^B)+cSin.{A+B-^C)+dSin.(A+B+C^D) 

+  t  Sin.  (^  +  fi  +  ...  +  ^  -{-fSin.  {A  +5+  ...  +^) 

Likewise, 

Ra  =p 

^ft  zs  p  •{-  a  Cos,  A 

Mc  =:p-^  a  Cos.  A  -^  b  Cos.  (A  +  B) 

Rd  =  p  +  aCos.A  •{•bCo8.{A  +  B)  +  cCos.{A-\-B  +  C) 


Rl  =  p  +  a Cos.  A  +  bCos.  (-4  +  J8)  +  c  Cos.  (A  +  fi  +  C) 
+ +*:C(w.(-i  +  jB+  C+  +  JT). 

Cob.  These  formulae  also  obtain^  when,  as  in  Jig.  91  ^  the 
crooked  line  is  intersected  by  the  line  of  abscissae,  or  when 
the  banning  of  the  abscissae  is  within  the  crooked  line. 
For  it  IS  only  necessary  to  suppose,  that  the  line  of  abscissae 
and  the  beginning  of  the  abscissae,  are  first  without  the 
crooked  line,  and  that  this  last  moves  more  to  the  right 
towards  Q,  but  the  former  parallel  with  itself  vertically :  then, 
because  the  angles  A^  B^  C,  D,  &c.  and  the  lines  of  divi- 
sion a,  &,  c,  d,  &c.  remain  the  same,  the  expressions  ob- 
tained undergo  no  further  change,  than  that  the  co-ordinates 
of  the  first  point  differ.     If  .  * .  these  are  properly  determined 
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according  to  the  alteration  in  the  position,  then  all  remains 
the  same. 

If  the  line  of  abscissa:  passes  through  ^,  and  we  also 
assume  this  point  as  the.  origin  of  the  abscissae;  then 
p  =  0,  ^  =  Oy  and  . '.,  when^  denotes  any  ordinate,  and  x 
any  abscissa, 

y  =  a  Sin.  A -k- b  Sin.  iA  +  B)  +  cSin.(A  -{•  B+C)+&c. 
x=^aCos.A  +  bCos.(A  +  J?)  4- c  Co«.(^  +  iB+C)  +  &c. 


Here 

Sin.  A  =  Sin.  -  47®.  45^  =  —  Sin.  4f .  45^ 
Cos.  A  =  Cos.  —  47\  45'  =  Cos.  47^  45^ 
Sin.  (J  +  B)  =  Sin.  46^  46^ 
Cos.  (^  +  5)  =  Cos.  46\  46' ; 
Sin.  (J  +  JB  4-  C)  =  Sin.  113".  5'  =  -S/n  ^^.  55\ 
Cos.  (^  +  5  +  C)  =  Co5.  113^  5'  =  -  Cos.  66®.  55' ; 
Sin.  (^  +  fi  +  C  +  D)  =  Aytn.  197".  2(/  =  -  *?/«.  ir*.  2(/, 
6W.  (^  +  i9  +  C  4- 1>)  =  Co«.  197".  20'  =  -  Cos.  ir.  20^; 
^tn.  {A  +  B  +  ...  +  E)  =Sin.  289^  54'  =  -  Sin.  70'.  6^, 
Co*.  (\<  +  5  + ...+  ^)  =  Cos.  289°-  54'  =  Co*.  70^  6'; 
.Vm.  (J  +  S  + ...  +  Z')  =  -ym.  416".  26'  =  Sin.  56".  26', 
Cos.(^A  +  B  +  ...  +  F)==  Co«.  41  ff».  26' =  Co«.  56^.26'; 
Sin.  (J  +  S  + ...  +  G)  =  #Stn.  301°.  14'  =  -  Sin.  58^  46', 
Cos.  (A  +  B  +  ...+  G)  =  Co*.  301°.  14'  =  Cos.  5S\  46'; 
Sin.  {A  +  B+...  +  H)  =  iStn.  470°.  3'  =  *ym.  69^  57', 
Cos.  {A  +  B+...-{-H)  =  Cos. 470°.  3'  =  -  Co*.  69".  57'; 
*y;».  (^  +  if  +  ...  +  /)  =  *ytn,  503".   S'  =  Sin.  36°.  52', 
Co*.  (i<  -f  S  +  ...+  /)  =  Cos.  503°.    8'  =  -  Co*.  36".  52'; 
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Sin.  {A-i-B  +  ...  +  K)  =  Sin.34»l\  18'  =  -  Sin.  18°.  42^ 
Cos.  iA  +  B  +  ...'\-K)  =  Cos.  341^  18'  =  Cos.  18^  42'. 

Therefore  we  have 
a  Sin.  A  =  -542  Sin.  47°.45'=  —401-1981 

i  aSw.  (A  +  B)  =  +  698  iSm.  46^46'=  +  508-5420 

c  ^i».  (-4  +  fi+  C)  =+511  Sin.  66^.55^=:  +  470-0870 
dSin.  {A  +  B+C+D)  =-^4^69 Sin.  17°.20'=- 139-7292 
c  Sin.  {A  +  B+...+E):=z^970Sin.70\  6'=-912-0794 
/^tn.  (^  +  fi+. ..+i^)=H- 902 /Sm. 56^26'= +751-5852 
g.,yin.(^  +  5+...  +  G)=+689Ayin.58U6'=-589-lS82 
A  Sin.  (J  +  S+...  +  jH)=  +660 *yiVi.69'.57^=  +619-9998 
t  Sin.  (J+JB+...+/)  =+299*5/11. 86^.52'= +  1793865 
ifc*yi«.  (^+S+...+Jr)= -783  ^m.  18^42'= -2510400 

a  Cos.  A  =  +  542  Cos.  47°.45'=  4  3644228 

b  Cos.  {A-hB)  =  +  698  Cm. 46^.46'=  +  478-1098 

c  Cos.  (J  +  JB  +  C)  =-511  Co5.66°.55'= -200-3475 

d  Cos.  (^  +  JB  +  C+2>)  =-469Co5. 17°.20'= -447-7015 

c  Cwr.  (^  +  S+...  +  ^  =  +970Co«.  70^  6'= +3301681 

/Cos.  (J  +  fi  +  ...  +  F)=+902Co*.  56°.26'=+498-7219 

g-Cos.  (J  + 5+...  +  G)  =  +689  Cos.  58^46'=  +357  2633 
ACos.(^  +  J»+...  +  ^=-660Cos.69^57^=-226-2744 

t  Cos.  {A  +  B+...  +  I)  =-299 Cos. 36°.52'= -239-2101 
JtCos.  (^  +  fi+...+^)=+788Cos.l8°.42'=+74l-6656 

Hence  it  follows  that 

Bb  =  711  -  40M981  =  309*8019 
Cc  =  Bb  +  508-5420  =  8183439 
Dd-  Cc  +  470-0870  =  1288-4309 
Ee  ^  Dd  -  139-7292  =  1148-7017 
Ff  ^  Ee  --  9120794  =  236-6223 
Gg  —  Ff  +  751-5852  =  988-2075 
Hh^  Gg  —  589-1382  =  399-0693 
li  =  Hh  -b  619-9998  =  10190691 
Kk  =  li  +  179  3865  =  1198-4556 
LI   ^  Kk  --   251  0400  =  947-4156 


148 


POLYGONOMETBICAL   PROBLEMS. 


and  in  like  manner,  Rb  =  1181*4228,  £c 
Rd  =  14591851,  Re  =  10114836,  Rf 
Rg  =  1840-3736,  Rh  =  2197-6369,  Ri 
Rk  =  1732- 1524,  Rl  =  2473-8180. 


1659' 5S26, 
1341-6517, 
1971-3625, 


Remark.  If  the  co-ordinates  of  the  crooked  line  are  found,  it  is  easy  to 
express  this  line.  The  formulae  here  foand  form,  besides,  the  bana  of  all 
polf gonometry,  as  we  shall  now  show. 


SECTION  LXXXVI. 

Prob.  In  a  quadrilateral,  three  sides,  and  the  two  angles 
between  these  sides,  are  given :  Jind  tlie  fourth  side, 
and  the  remaining  angles. 

SoLUT.    Let  ABCD  (Jig.  99)  be  the  quadrilateial ; 
ABj  BCj  CD,  the  given  sides,  and  ^^^ 

ABC,  BCD,  the  given  angles.    Let       .,     J^^ 

AB  :=a,BC=:  b,  CDt=ic.  ^ 

1.  Consider  ABCD  as  a  crooked  ^ 
line,  which  both  begins  and  ends  in 
A^  and  through  this  point  draw  any 
line  PQ,  which  may  be  its  line  of  jp 
abscissae.  Let  A  be  the  beginning 
of  the  abscissa,  and  about  this 
point  describe  a  circle  ;  let  Aa,  Ap,  Ay,  be  the  corresponding 
radii  of  the  sides  AB,  BC,  CD.  By  com^Mxing  Jigs.  97, 
98,  we  get  A=+QAa,  B=  -^aAff  =  -  aBC,  C=  -fiAy 
=  -  bCD. 


2.  Draw  Dd  perpendicular  to  PQ ;  then  by  §  LXXX V 
when,  for  shortness  sake,  we  put  A  ^  a,  A  +  B  =  p, 
-^  +  -B  +  C  =  y,  we  obtain, 

Dd  =  a  Sin,  a  +  6  Sin.  0  -h  c  Sin.  y  ; 
Ad  =  a  Cos.  a  +  i  Cos,  j8  +  c  Cos,  y  ; 
consequently 
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Dfi^a^  Sin.^  a  +  6«  ^Siii.*  $+<?  Sin.*  y + 2  oi  Sin.  a  Sin.  0 

+  2  ae  Sin.  a  Sin.  7  +  2  ic  Sin.  ff  Sin.  y 
AU^^d?  Cos.*  a+V  Co8.^  e-hC^  Co«.«  7  +  2  oi  Cos.  a  Cos.  0 

+  2  oc  Cos.  a  Cos.  Y  +  2  be  Cos.  ff  Cos.  y. 
Hence,  because  JD  =  V  {Dd^  +  Ad^)^  we  obtain 
AD  =  s/[    ^'^  +  **  +  <^^  +  2  ai  Cos.  (g  -  a)     t 
L+  2  ac  Cos.  (7  —  a)  +  2  ic  Cos.  (7  — /3)J 
(Jig.  1  and!  10  J 
or,  since  g  --  a^  B^  7  —  a  =  5+C,  7  —  ^=0, 
^2^  _     .r       a^  +  6«  +  c«  -f  2  ai  Cos.  5       n 
"      L+  2  ac  Co«.  (jB  +  C)  +  2  6c  Cos.  c\ ' 

an  expression,  which,  as  must  be  the  case,  does  not  depend  on 
the  angle  A. 

S.  We  must  further  determine  the  two  angles  BAD, 
ADC  J  or  even  one  of  them  only,  because  we  then  know  three 
angles,  and  consequently  the  fourth.  With  this  view,  sup- 
pose the  line  PQ  turns  round  the  point  A,  and  moves  towards 
AD :  then  we  have 

Dd=iaSin.  A+bSin.  {A  +  B)+cStn.  (A  +  B+C)  =  0, 

where  A  =  DAB. 

4.  By  solving  this  equation,  we  obtain  (y^.  9) 

r  a  Sin.  A  +  b  [Sin.  A  Cos.  B  +  Cos.  A  Sin.  B]  T 

L+ c[*S'iw.  A  Cos.  (S  +  C)  +  Cos.  A  Sin.  (B  +  C)]J =^» 

and  by  dividing  by  Sin.  A, 

r    a  +  b  [Cos.  B  +  Cot.  A  Sin.  B]  1  g-  n  • 

L+  c[Cos.  (fl  +  C)  +  Cot.  A  Sin.  {B  +  C)]J  ' 

hence  further, 

r,    J       n   rkjn  a-^bCos.B±cCos^CB±C) 

Cot.  A  =  Cot.  DAB  =  -  -kSin.B  +  cSin.^B+Cy 


5.  If  the  line  PQ  be  so  turned  that  it  falls  on  AB :  then  we 
have  A  =  QAa  =  ISO*'.  On  this  supposition  the  line  Dd  is 
converted  into  Ddf,  and  the  line  Ad  into  —  Ad^.  The 
two  equations 

Dd=ia  Sin.  A^-b  Sin.  (.rf  +  J?)+c  Sin.  {A-\-BJtC) 

Ad=:a  Cot.  A-\-b  Cos,  lA-hB)  +  c  Cos.  (ii  +  jB+C) 
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are  traDsformed  into  the  following  ones : 

-^i^=aCo».180«  +  iCo*.(180«+5)  +  cCo».(180'»  +  B+C) 

or 

Dd!  ^  '-hSin.B  -^  c  Sin.  (J?  +  C) 
Ad!  =  a+ J  CfiB.  B  +  cCos.Ib  -h  C). 

Hence  we  obtain,  as  in  4, 

njn^  — (i-^bCo8.B  +  c Cos. (B  4-  C) 

LoL  JJAJS  -  2)d^  -  J  gi^  jg  ^^  ^j.„  C^  +  O     ■ 

6.  If  the  side  AD  be  calculated ;    then  also  the  following 
formula  may  be  used  to  determine  the  angle  DAB  : 

Ddf  b  Sin.  B  +  c  Sin  (5  +  C) 


Sin.  DAB  = 


AD^  AD 


Exam.  Let  JS=a=452,  BC=:b=6lO,  C2>=rc=:41l, 
ABC  =  92**.  5^   fiCZ)  =  68\  53^.     Here  5  =  -  oBC  =z 

-  87°.  55^  C=  -'bCD=  —  111".  7^  and.',  fi  +  C  = 

—  199°.  2^;  we  then  have,  Cos.  B  Cos.  —  87".  55^  = 
Cos.  87".  55',  Cos.  C^Cos.^lll\  7^  =  Co«.  lll^  7'=  — 
Co*.  68^  53^  Cos.  (fl  +  C)=Cos.-199°.  2'=Co».  199^  2' 
=  - Co«.  19^  2^  iStn,  B=Sin.S7\  55^=  -Sin.  ST.  55\ 
Sin,  (fi  +  C)  =  Sin.  -  199'.  2'  =  -  ,Sm.  199^  2'  = 
5'in.  19'.  2'; 

a^  -{-  b^  +  c^         =        745325 
2  a6  Co9.  B  =        20046  5 

2  oc  Co*.  (-B+C)  =  —  351231-3 
2  4c  Co5.  C  =  —  180645-6; 

consequently  by  the  formula  in  2, 

AD=  V  (745325  +  20046  5  -  351231  3  -  180645-6) 

=  483-2127. 
Further  we  have, 

bCos.B  =       22  1753, 6 An.  iS  =—609*5966 

c  Cos.  (5+C)  =  -388  5302,  c  Sin.  (fi  +  C)  =  1 340346 ; 
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consequently 

a  -\-  b  Cos.  B  +  c  Cos.  (B  +  C)  —         85  64^51 
b  Sin.  B  ^  c  Sin.  (fi  +  C)  =  —  475-5620; 

.  * .  by  the  formula  in  4,  5, 

Cot.  DAB  =  7^7^  =  0-1800924 

475-5o20 

and  DAB  =  79^  47^  26^^ 

By  the  form  in  6,  we  have 

Sin.  DAB  =  tJf'fff^-  =  0-9841670 

483*2127 

and  DAB  =  79'.  47^  26^^ 

as  before. 

When  the  angle  DAB  is  found,  wc  have  also  ADC :  thus  it 


IS 


ADC=:360''-'ABC-BCD-BAD=U9^.  14^  34^^ 


SECTION  LXXXVII. 


Pit  OB.  Four  sides  of  a  peiitagon,  and  the  three  angles 
included  by  theniy  are  given  :  find  its  fifth  side  and  the 
ttvo  remaining  angles. 

SoLUT.  Let  ABCDE  (fig.  lOOj  be  the  pentagon,  AB, 
BCy  CDj  DE,  the  given  sides 
and   ABC,    BCD,    CDE,    the  ^/ 

given    angles.       Let    AB  =  a> 
BC  =^by  CD^  c,  DE  =  d.  w^'^^' 

1.  Through  A,  one  of  the  ex- 
tremities of  tne  required  line  AE, 
let  anv  line  PQ  be  drawn,  and 
from  the  other  extremity  E  the 
perpendicular  Ee,  Further,  let 
a  circle  be  described  about  A,  and 
let  Aa,  APy  Ay,  JS,  according  to 
their  order  be  the  corresponding  radii  of  AB^  BCy  CD,  DE' 
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From  the  opposite  situation  of  these  radii  we  obtain  fin*  the 
present  figure,  ^  =  +  Qifo,  jB  =  —  aJB  =  —  aBC^ 
C  =  +  M7  =  +  hCDy    D--'>iAl^—  cDE. 

ft.  By  §  LXXXIV,  in  the  crooked  line    ABCDEA^ 
when,  for  shortness  sake,  we  put  AszayA-^B^P^A  -^  B 

+  C  =  7,  -4  +  i?+C+D  =  8,  weget 
Ee  zsi  a  Sin.  a  +  b  Sin,  0  +  c  Sin,  7  +  d  Sin.  S 
At  ^  a  Cos,  a  +  6  Cos,  /5  +  c  Cos,  7  +  d  Cos.  8, 
and  .'•        ^ 

E^  =  a«  *ytii.«  a  +  6«  5'tn.«  /5  +  c»  ^'/n-*  7  +  d«  *ym.«  8 
+  Zab  Sin,  a  Sin.  p + ^ac  Sin.  a  Sin,  y  +  ^adSin.  a  Sin.  S 
+  2&C  Sin. p Sin.y  +  2bdSin,  0 Sin.S+2cdSin.y  Sin.S 

Ae^  =  a'  Cos,^  a  +  &«  Co5.«  g  +  c«  Coj.«  7  +  d«  Co«.«  8 
+  2a6  Co9. a  Co9.  fi  +  Zac Cos. a  Cos.y-^^ad  Cos.aCos,S 
+  2&C  Co9.  0  Co9.  7  +  2M  Co9. 0  Cos.  8  +  2cdCos,y  Cos,  8. 

S.  Now  since  -rf-E=:  y/  (JEc«  +  ^e«) :  .-.  (^.  1  and  10), 

^£=5  ^/^2acCo«.(7-a)^-2adCo«.  (8-a)+2icCo«.(7— ^) 
(       +  26dCo«.  (8-/9)  +  2cd  Cos.  (8  —  7) 

or,  since 0  — as  B^y  --  a=^B  +  C,  8  —  a  =  B  +  C-f  D, 
7-/S  =  C,  8-|3=C  +  AS-7=D, 

fa«  +  i^  +c*  +  2aiCo«.S  +  2  oc  Cos.  C^B  +  C/ 
i<£  =  ^/^4-  2adCos.{B  +  C  -^  D)  -h  2  ic  Co*.  C  + ' 
t        2MC0S.  (C  +  jD)  + 2cdCo».  Z) 

4.  Let  the  line  PQ  so  move  towards  P,  that  it  coincides 
with  AB:  then  ^  =r  180",  and  £f  is  converted  into  £e^. 
We  consequently  have 

£e^  =  aiyin.  180« +6'SV».(180  +  5)+ciS'iii.(180^  +  fl  +  C) 

+  dSin.  (180^  +  J?  +  C  +  D), 
or 

JBc^  =-  h  Sin,  B  ^cSin.  (S  +  C)  -  d^'tn.  {B+C+D). 

E^ 
Now  since  Sin.  BAE  =  /Sm.  jBJc^  =  -jg :  therefore 


Sin.  BAE  + 
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bSin.B-^-cSin.  (fi+C)+  d.S'm.(if+C+D) 


AE 


If  .  * .  the  side  AE  is  calcolated  by  means  of  the  formula  in 
S,  we  then  obtain  from  this  formula  the  triangle  BAE. 

6.  But  if  the  line  PQ  move  towards  Q,  in  the  direction 
AE  :  then  A  =  BAE^  and  Ee  =  0,  and  we  have  the  equa- 
tion, 

U  Sin.  A -^-h  Sin.  {A  +  B)  +  cSin.{A -¥  B^-C)}  _  ^ 
l^  dSin. (^  +  B  +  C  +  D)  J  "    ' 

or 

'a  Sin.  A  -¥  b  [Sin.  A  Cos.  B  +  Cos.  A  Sin.  B]  + 
\c[Sin.ACo8.(B+  C)  +  C08.A  Sin.(B  +  C)1  + 
[d[Sin.ACo8,  (B  +  C  +  JD)  +  Cos.ASin.{  B+C  +  D)] 

Divide  this  equation  by   Sin,   A^    substitute  Cot.   A  for 

5?!l4,  and  subtract  Col.  A  =  Col.  B.*E :  this  gives 
Sin.  A 

Cot.  BAE^ 

a^hCo8.B+cCos.{B'VC)-\'dCo8.{B'\-C'\-D) 

bSin.B  +  cSin.{B+C)  +  dSin.{B  +  C-\'D) 

or  also 

Tan.  BAE^ 

bSin.B+cSin.jB'^C)  -^  dSin.{B'{'C'\-D) 

~  a'\'bCos.B+cCo8.{B'{-C)-^dCos.{A'^C-\'D) 

We  have  .  * .  two  different  formulie  for  the  angle  BAE,  which 
mutually  serve  to  prove  the  calculation. 

Exam.  Let  a  =  540,  i  =  519,  c  =  438,  d  =  586, 
^BC=46^  38^  BCD  =  136°.  5^  CDJB=38^  5l^•  con- 
sequently  B=-1S3*.  22^,  C  =  43".  55^,  D=-141^  9^. 
Here  Sin.  B  =:  Sm.  -  1SS\  22^  =  -  Sin.  1SS\  %9/  =  - 
Sin.  46°.  38^  Cos.  B=  Cos.- 133^.  22^=  Cos.  133°.  22^=  — 
Co9.  46°.  38^  Co%.  C=  Co*.  43^  bS\  Cos.  D^Cos.-- 141°.  9^ 
=  Cos.  141°.  9^  =  -  Cos.  38°.  51,  aSi/i.  {B  ->(■  C)  ^ 
Sin.  -  89°.  27'  =  -  Sin.  89^  27^  Sin.  {B  ^- C  ^  B)  ^ 
Cos.  -  89^  27'  =  -  Cos.  89*.  27',  Sin.  (^B  ^  C -^^  D)  :=: 

X 
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Sin.  -  23(f.  3&  =  —  Sin.  ZSO\  S6^  =  Sin.  50\  36\ 
Co8.(B+C'¥D)=Co8.--Si30'^.  3&=  Cos.  2S0^  36^  =  — 
Cos.  50\  36^  Cos.  (C+D)=CM.-9r.  14^= Cm  97**.  iV 
=  —Cos.  82°.  46^ ;  consequently 

flS  +  y+c'  +  iP  =s     1040101 

^abCos.  B  =—  384889-4 

2  ac  Co«.  (  B  +  C)  =  4540  8 

2adC(M.(B  +  C+D)  =  —  367432-8 

2  be  Cos.  C  =  327502-5 

2  M  Co*.  (C+  D)  =  —  70052  5 

2  cd  Cos.  D  =  =  365670-3  ; 

and  .•.        AB^  >J  184099*3  =  4290679. 

Further 

h  Sin.  B  =  -  877-2996 

b  Cos.  B  =  —  356-3720 

c  Sin.  (B+C)       =  —  437-9797 
c  Co*.  (B  +  C)         =  4-2044 

dSin.  {B+C-^D)  =       414-1852 
dCo«.  (B4-C+Z))  =  —  340  2155, 

.* .  by  the  fonnula  in  4, 

iSt/i.  Bi4E  =  ^J?^^  =  0  9348033 

4290679 

and  by  the  fiirmula  in  5, 

From  both  we  obtain 

BAE^  110^48^  13'^. 

The  ncH^tive  co-tangent  which  is  obtained  from  the  second 
formula,  shows  that  the  angle  is  obtuse,  which  leaves  the  fiist 
indeterminate,  because  two  angles  belong  to  each  sine. 

When  BAE  is  found,  we  have  also  tne  angle  A  ED. 


POLYOONOMBTRICAL    PROBLEMS.  155 


SECTION  LXXXVIII. 

Prob.  All  the  sides  of  a  polygon  except  one  are  given, 
also  all  the  angles  included  by  these  sides :  find  the 
unknown  sides  and  the  two  remaining  angles, 

SoLUT.  The  treatment  of  the  quadrilateral  and  pentagon 
in  §§  LXXXVI,  LXXXVII,  clearly  shows  the  method 
to  be  adopted  for  every  other  polygon.  The  law  by  which 
the  formulae  are  governed  is  simple,  and  easily  discovered : 
it  may  be  expressed  by  words  in  the  following  way : 

1.  In  order  to  find  the  unknown  sides  of  the  polygon,  take 
the  squares  of  all  the  given  sides ;  take,  further,  twice  the 
products  of  every  two  of  these  sides  combined  in  every  possible 
way,  and  multiply  each  of  them  by  the  cosine  of  the  alge- 
braical sum  of  the  exterior  angles  between  the  respective  sides ; 
then  add  all  together,  and  extract  the  square  root  from  the 
product. 

2.  In  order  to  find  one  of  the  two  required  angles  of  the 
polygon,  assume  the  given  line  which  is  adjacent  to  the 
required  angle  for  the  first,  and  multiply  each  of  the  remain- 
ing given  sides  both  by  the  sine  and  tne  cosine  of  the  alge- 
braical  sum  of  all  the  exterior  angles  between  it  and  the  above 
first  side  ;  then  add  all  the  products  arising  from  the  cosines 
to  the  first  side,  and  divide  the  sum  by  tne  sum  of  all  the 
products  arising  from  the  sines ;  the  quotient,  with  a  different 
sign,  gives  the  co-tangent  of  the  required  angle.  Or,  divide 
the  sum  of  the  products  arising  from  the  sines,  by  the  side 
found  by  the  first  rule  :  then  the  quotient,  with  a  different 
sign,  gives  the  sine  of  the  required  angle. 

.  Thus,  if  a,  4,  c,  d,  •«,  in  the  order  in  which  they  are 
here  placed,  be  the  five  given  sides  of  a  hexagon,  and  i),  C, 
D,  E  the  four  given  exterior  angles  formed  by  these  sides : 
then  the  unknown  side  = 

Ca^-^-b^ ■}-<?-{-  cP  +  €«+2a6Co».B  +  2acCo«.(£  +  C) 
.1+2  ad  Cos.(B  +  C+  D)  +  2ae  Cos.  (J3+  C+  D+  E) 

'^J+26cCM.C  +  2MCo*.(C+D)  +  2JeCos.(C+D+£) 
C     +2cciCo*.D  +  2ccCo5.(D+£)  +  2cfcCM.JE 


I 
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and  the  ooliangent  of  the  required  angle  adjacent  to  the  sxile 


a  = 


ra+6Co».B+cCo..(B+  C)  +  dCo..(B+C+D)+T 
L e  C(M.  (B  +  C  +  i)  +  £) J 

~[b  Sin.  B  +  c  Sin.  (B  +  f)  +  dSin.  (  B  +  C  +  />)  +■! 
L  eSin.{B +  C  + D-\- E)  J 

or  the  sine  of  this  angle  ss 

b  Sin.  B  +  c  Sin.  (B  +  C)  +  dSin.  (B  +  C  +  D)+-| 


[' 


e*Sin.(J5+  C-f  D  +  JE) 


where  x  denotes  the  required  side. 

That  these  fermuke  are  also  applicable  to  the  triangle,  and 
that  hence  the  known  trigonometrical  rules  may  be  derived, 
are  necessary  consequences  :  this  subject  is  treated  in  IHsel^s 
Elements  of  Goniometry ;  Munich,  1800. 


J^sr-^'- 


SECTION  LXXXIX. 

Paob.    In  a  polygon,  all  the  sides  escqft  two  are  given, 
likewise  all  the  angles :  Jind  the  two  unknown  sides. 

SoLUT.  Thus,  let  ABCDEF  (Jig.  101 J  be  a  hexagon, 
in  which  all  the  angles,  and 
all  the  sides,  except  the  two 
AF,  CD,  are  known. 

1.  Through  ^  draw  any  line 
of  abscissae  PQ,  and  Ff  per- 
pendicular to  it :  then,  when 
ABCDEF  is  considered  as  a 
crooked  line,  by  §  LXXXV, 


^=  AB.  Sin.  A + BC.Sin.{A  -f  B)  +  CD.Sin.{A  -^B^C) 

Af^AB.Co$.A^BC.Cos.{A-\-B)'^'CD.Cos.{A  +  B'\'C) 
in  which  A  =  QAB. 
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£•  Let  the  line  PQ  move  towards  Q,  so  that  it  may  hH  on 
JF;  then  Ff=0,  and  Af=z  AF^  and  instead  of  the  two 
foregoing  equations,  we  have  the  following  one  : 

0=zAB.  Sin.  A^BC.  Sin.  {A+B)+  CD.  Sin.  {A  +  B+C) 

-i-DE.Sin.{A+B-\'C+D)'^EF.Sin.iA  +  B'\-C+D-\'E) 

AB=AB.Cos.A  +  BC.Co8.{A+B)^CD.Cos.(A^B+C) 
in  which  A  =  FAB. 

3.  From  the  first  of  these  two  equations,  we  obtain 

jrAB.Sin.A  +BC.Sin.(^  +  B)+DE,Sin.iA+B^  C+D)-i 
L  +EF.Sin.CA+B'\'C-^D+E')  J 

^^^  Sin.iA^B'k-C) 

Having  from  hence  determined  CD:   then  the  second  equa- 
tion gives  the  line  AF. 

Exam.  Let .^J9=  1040,  JBC:s624,Z>£=5dd,£F83481; 
ABC  =  Q3\  52^  BCD  =  69^  14^  CDE  =  S0\  24^ 
DEF  =  11 5\  3(y,  AFE  =  46®,  44^,  and  consequently 
BAF  =  83°.  44^  Let  Auy  Aff^  Ay^  AS,  At,  according  to 
their  order,  be  the  corresponding  radii  of  the  sides  AB^  BC^ 
CDy  DEyEF:  then  it  follows  from  the  situation  of  these  lines 
with  respect  to  each  other,  and  to  AF,  into  which  PQ  moves, 
that  A  =  FAa=:S3\  44^,  B=z  —  aJj5=  —  15ff*.  8',  C^xz^Ay 
=  1 10°.  46^  Z>=  -7^8=  -149".  S6\  E^SAe=^  64°.  3&. 
We  consequently  have  Sin.  {A  +  B)=Sin.~'7^^'  24^  =  — 
Sin.  72°.  24^  Cos.  <JL  +fi)=C(M.-72'.  24^=  Co«.  72°.  24^, 
Sin.  ( J  +  fi  -f  C)  =  Sin,  58°.  22^  Co«.  (^4  -f  i?  +  C)  = 
Co*.  88°,  22^  aS/w.  (^  -f  £  4-C+2>)  =  5i«.  -  111°.  14^= 
-  Sin,  68°.  46',  Co*.  (-<<  +  JJ  +  C  +  2>)=  Cos.  - 1 1 1®.  14' 
=  -  Cos.  68°.  46',  Sin.  (^  +  fi  +  ...  +  i^  == 
iSiw.  -  46°.  44'=-aS«».  46°.  44',  Cos.  (^  +  5+...  + J5)  = 
Co*.  —  46°.  44'  =  Cos.  46°.  44' ;  consequently, 
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AB.  Sin.  A                                       =  103S-7855 

AB.  Cos.  A                                              =  113  5222 

BC.  Sin.  iA  +  B)                            =  —  594  7909 

BC.  Cos.  {A  -{-  B)                              =  188  6788 

DE.  Sin.  {A  +  B+  C  +  D)          =-  496-8163 

DE.  Cos.  {A  +  B  +  C  +  D)          =-^  193  0349 

EF.  Sin.  Ia  +  B  -{-€  +  D  +  E)—   -  350  2507 

JEF.  Cos.  (J  +  J8  +  C  +  2>  +  £)  =  329  6749 

Hence  we  find, 

—  (1033-7853  -  594-7909  -  496  8163  —  S50-2507) 


/ 


Sin.  38°.  22 
4080726 

CD.  Cos.  {A  +  B  +  C)  =  515  4753, 
^F=  113-5222  + 188-6788  +  515-4753- 198'0349 
+  329*6749  =  954-3163. 

In  the  values  found  for  C/>,  AF^  the  error  which  occurs 
on  account  of  the  incompleteness  of  the  logarithmic  tables, 
cannot  amount  to  0  001. 

Remark.  Although  in  the  solntioD,  the  calculation,  for  the  sake  of  per- 
spicuity, has  only  been  performed  for  one  figure ;  yet  it  b  snfi&ciently 
evident  from  hence,  how  we  are  to  proceed  in  the  case  of  every  other 
figure. 

Cor.  If  CD  be  parallel  to  AF:  then  FAy  =  FAa  - 
oAff  +  pAy  =  A-{-B+C=:0;  consequently  Sin.  {A  + 
j9  +  C)  =  0 ;  the  expressipn  for  CD^  and  consequently  also 
that  for  AFy  is  determined.  Of  the  accuracy  of  this  result 
we  can  easily  convince  ourselves  merely  by  inspecting  the 
figure.  For  let  the  points  A^  B,  C,  retain  their  places,  but 
move  the  angle  DEF  between  the  two  parallel  lines  AF^ 
CD,  forwards  or  backwards,  in  such  a  way,  that  the  lines 
DE>t  EFf  continue  to  be  parallel  to  themselves,  consequently 
by  these  means  neither  the  lines  2)£,  EF,  nor  the  an^es 
CDEf  DEF,  AFEy  undergo  any  change  with  respect  to 
their  magnitude  or  position ;  whence  follows  the  indetenni* 
nateness  of  the  lines  C/>,  AF. 
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SECTION  XC. 

Fbob.  In  a  polygon  all  the  sides  but  one^  and  all  the 
angles  but  two,  are  given,  likewise  the  two  unknown 
angles  are  at  one  of  the  given  sides :  find  these  angles 
and  the  unknown  side. 

SoLUT.  For  the  sake  of  perspicuity,  take  the  pentagon 
ABCDE  (Jig.  lOOj;  let  CD  be  the  unknown  side,  and 
BAEj  DBA  the  unknown  angles.  Let  AB  =  a,  BC^  by 
CD  =  x,DE^  d,  EA  =  e. 

1.  By  §§  LXXXVII,  LXXXVIII,  we  have 
AE^  (=  e«)   =  a»  +   i»   +   a*   +   ft«  +   2  a6  Cot.   5 

+  2ax  Cos.  {B'\-C)+2adCos(B  +  C'\-D)  +  2bx  Cos.  C 

+  2M  Cos.  Ic+D)-^' 2dx  Cos.  D. 
This  equation,  when  solved,  gives 

j:  =  -  a  Cos.  (5  +  C)  —  i  Cos.  C—  d  Cos.  D  ± 
re«  —  a«  -i«  — d^  -  2abCos.  B-^Zad  Cos.CB-^C+D)-] 
'^L-26dCo«.(C+ 2?)  +  [aCos.(S+  C) +6Co«.C+dCoff.Z>]«J 

Having  from  this  determined  the  line  CD  ;  then  the  angles 
BAEj  DEAf  may  be  found  by  the  formulae  given  above. 

Exam.  Let  a  =  54.0,  b  =  519,  d  =  5S6,  e  =  4290679, 
p  =  —  133°.  22^,  C=  4S^  55^,  2>  =  —  141^  9^;  which 
values  are  taken  from  the  example  in  §  LXXXVII,  where 
AE  =  e  was  sought,  whereas  here,  on  the  contrary,  e  is 
assumed  to  be  known,  while  in  the  above  example  c  was 
assumed  to  be  unknown.  Here  c*  —  a*  —  6*  —  cP=  — 
66415773718959  ;  further,  we  have 

a  Cos.  (B  +  C)  =  —  540  Cos.  89^  27'  =  5'1SS5 

bCos.C  =        519  Cos.  4S^  55^  =        373  8614 

dCos.  D  =  —  536  Cos.  8S\  51'  =  -  417"4St7. 

The  other  members,  of  which  the  expression  found  for  x  is 
composed,  are  already  calculated  above.  We  consequently 
have 
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r  =  —  5-1835  -  373-8614  +  417'4S17  ± 
r  —  664157-73718959  +  384889*4  +  367432-8      T 
'^L  +  70052-5  +  [5-1835  +  373-8614— 41 7-4317]*J 

or        X  =s  38-3868  ±  399*6129 ...  =  4379997  ... 

The  negative  value  cannot  be  used  here.  In  §  LXXXVII, 
we  assumed  c  =  438  ;  the  difference  does  not  quite  amount 
to  0*0003. 


SECTION  xcr. 

PfiOB.  In  a  polygon  all  the  sides  but  one  are  given,  also 
all  the  angles  except  two,  but  these  last  are  not,  as  in 
the  foregoing  problem^  assumed  to  be  at  one  side:  Jind 
the  untSiown  side,  and  the  two  unknown  angles. 

SoLiTT.  In  the  polygon  ABCDEFGTIIK  (Jig.  102 J 
all  the  angles,  except  KJB,  HGF, 
and  aU  the  sides  except  CD^  are  J^S^^o^- 

given. 

Draw  the  diagonal  AG,  and  by 
these  means  divide  ihe  polygon  into 
twoothers.  In thepolygon'^A/^ffG^,  -^(^ 
all  the  sides,  except  AG,  and  the  ^ 
angles  JT,  /,  ff,  induded  by  the  / 
given  sides,  are  given;  conse- 
quently by  ^  LXXXVIII,  the 
two  unknown  angles  KAG,  AGH,  and  the  side  AG 
may  be  found.  If  AG  be  found,  then  in  the  nolvgrai 
ABCDEFG,  we  have  all  the  sides  except  CD,  and  all  the 
angles  except  BAG^  AGF;  these  may  .'.be  found  by 
§  XC.  Having  by  these  means  determmed  the  ^BoAeM 
KA&y  AGH,  BAG,  ^©i?';  we  consequently  have  KAB^ 
KAG  +  BAG,  HGF  =»  360^  -  AGM  -  AGF. 
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SECTION  XCII. 

Pbob.  In  a  polygeny  all  the  sides,  and  all  the  angles 
except  three,  are  given  :  Jind  the  unknown  angles. 

SoLUT.  Let  ABC ...  K  (Jig.  102  J  be  a  polygon,  aU  of 
whose  sides,  and  all  its  angles  except  the  three  A,  D,  O,  are 
given. 

Draw  the  diagonals  AD^  AG,  DG.  Then  in  the  polyeon 
ABCD  all  the  sides  except  AD,  and  the  angles  included 
by  these  sides,  are  known  ;  consequently  (^  LXXXVIII) 
the  angles  BAD,  CD  A,  together  with  the  side  AD,  may  be 
found.  In  like  manner,  in  the  polygon  DEFG,  we  find  the 
side  DG,  and  the  angles  EDG,  FGD,  and  in  the  polygon 
AKIHG  the  side  AG,  and  the  angles  KAG,  EGA. 
Since  .  - .  the  three  sides  of  the  triangle  ADG  are  known ; 
consequently  we  also  have  its  angles,  from  which,,  and  the 
above-named,  the  angles  A,  D,  G,  may  be  determined. 
Thus  we  have  KAB  =  KAG  ^  GAD  +  DAB,  CDE  = 
CD  A  +  ADG  +  GDE,  HGF^  360«  -  (^HGA  +  AGO 
+  DGF^. 


SECTION  XCIII. 

Pbob.  In  a  quadrilateral,  three  sides,  and  the  angles 
included  by  them,  are  given:  Jind  its  area. 

SoLUT.  Let  ABCD  (Jig.  103^  be  the  quadrilateral 
whose  area  is  sought ;  AB  =  a, 
BC=iby  CD  =s  c,  the  given  sides, 
and  ABC,  BCD,  the  given  angles. 
Let  PQ  be  any  line  of  abscissa, 
Dd  perpendicular  to  it,  and  Aa, 
Ap,  Ay,  AS,  the  corresponding 
radii  of  the  sides  AB,  BC,  CD, 
DA. 

1.  By  ^  XXVI,   A  BCD  = 
^bcSin.  BCD:  or  since  BCD  =  180^ -  bCD  =  180"  - 
Mr=  180^-  C, 

ABCD  =  ibcSin.  C 
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2.  By  §  LXXXV  we  have 

Dd-aSin.  J  +  b  Sin.iA  +  5)  +  cSin.(A  +  B  +  O)^ 
where  A  ^  Q^k. 

3.  Let  the  line  PQ  so  move,  that  it  coincides  with  AB  : 
then  A  zs  0,  and  Dd  is  transformed  into  Ddf ;  we  oonae- 
quently  have 

Ddf=:b  Sin.  B  +  c  iSm.  (5  +  C), 

and  .'. 

ABAD^i  AB X Ddfz=z\abSin.  jB  +  i  oc  .yiii.  (B  +  Q- 

4.  Now  irom  1  and  8  it  fellows,  that  ABCD  =  A  BAD 
^ABCD:=zi  [abSin.B + acSin.{B  +  C)+ bcSm.  CTj.  This 
is  the  same  expression,  which,  by  a  suitable  ahen&tion  of  the 
exterior  angles  into  interior,  was  found  in  §  XXXVII,  bj 
anodier  method. 

Cor.  The  expression  found  is  still  correct,  when  the  qua- 
drilateral has  an  angle  tending  inwards.  For  let  the  point 
C  be  in  C^ :  we  roust  then  take  the  triangle  BCD  away 
from  the  triangle  BAD,  instead  of  adding  it  as  before. 

But  for  this  case  also,  the  angle  C  is  nmitive,  wbich 
follows  from  the  change  which  takes  place  in  tne  position  of 
the  corresponding  radii,  and  we  obtain  for  the  triangle 
BCD  =  ^  6c  Sin.  C  a  negative  value. 

Exam.  Let  A  =  682,  ft  ««  6l6,  e  =  407,  B  =  113®.  46^, 
C:=^63\  49'.  Here  oft  Sin.  B= 384484-1 ;  ac  Sin.  (B+  C) 
=  11704*3  ;  be  Sin.  C  =  224985*6;  consequently  the  fua> 
drilateral  ABCD  =  310587- 


SECTION  XCIV. 


Pbob.  In  a  pentagon,  four  sides,  and  the  angles  included 
by  them,  are  given :  find  i(s  area. 

SoLUT.    Let    ABCDE    (Jig.   104;  be  the  pentagon; 


POLYOONOMBTRICAL   PROBLEMS. 


les 


Jig'  204. 


JB-a,BCz=zh,  CD=zc, 
DE  =  dj  the  given  sides, 
and  JS,  Cj  D^  the  given 
angles. 

1.  Divide  the  pentagon  by 
the  diagonal  BE^  into  the 
quadrilateral  BCDE^  and 
the  triangle  BAE  ;  through 
A  draw  any  line  of  abscissae 
PQy  and  the  perpendicular 
Ee. 


2.  Then  by  §  LXXXV, 

Et^aSin.  A  +  b  Sin.  (^  +  J5)  +  c  Sin.  {A  +  B  +  C) 
-{-  dSin.{A+  B  -{-6  +  D), 

in  which  A  =  QAa.  Now  let  the  line  PQ  move  towards 
Q,  so  that  it  coincides  with  AB :  then  ^  =  0,  and  Ee  is 
transformed  into  Ee^ ;  we  consequently  have 

Eef  z:zh  Sin.  B  +  cSin.  (fl  +  C)  +  dSin.  {B  +  C  +  D) 

and  .-.  A  BEA  z=^AB  x  Eef  - 

i [aft ^in.  jB  +  flCiSm.  (fi  +  C)  +  od ^fn. (5  +  C  +  2?)]. 

3.  But  by  the  foregoing  section, 

quadrikteral  BCDE  =  H^  '^'I't.  C+MSin.  (C+27)  +  cd 
Sin.  27]  ;  consequently  pentagon  ABODE  = 

r    ab  Sin.  B  -j-ae  Sin.  (B+Q-^-ad  Sin.  (5  +  C+  D)-} 
^l+bcSin.  C+  bdStn.  (C -{^  D")  +  cdSin.  D  J 

Exam.  Let  a  =  SSZ^  h  =  248,  c  =  128,  d  =  152, 
5  =  1S2^  14',  C  =  -  38^  29',  2>  =  140^  47^  Here 
Sin.  B  =  •Sm.  47^  46',  Sin.  (5  +  C)  =  iStn.  9S\  45'  = 
-Sm.  86°.  15',  Sin.  (B  +  C  +  i5)  =  -Sm.  234°.  32'  =  - 
iStn.  54°.  32',  Sin.  C=  -  -Sin.  38°.  29',  -Stn.  (C  +  D)  = 
*Sin.  102°.  18'  =  -Sin.  77°.  42^  Sin.  D  =  -Sin.  39'.  13^ 
we  consequently  have 

ab  Sin.  B  s=        6096269 

ac  Sin.  (B  +  C)  =        42405- 01 
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ad  Sin.  (B  +  C  +  D)  =^  -  41100-56 
be  Sin.  C  =  -  19753-88 

bd  Sin.  {C  ^  D)  =        36830-71 

cdSin.D  =        1230115; 

and  .• .  pentagon  ABCDE  =  45822-56. 


SECTION  XCV. 

Peob.  In  a  hexagon^  five  sides,  and  the  four  angles  in- 
eluded  by  them,  are  given  :  find  its  area, 

SoLUT.  Let   ABCDEF  (Jig.    105J  be  the  hexagon; 

Z?JB  =  rf,  iBF=  e,  the  given    ^^^—  * 

sides,  and  B,  C,  D,  E,  the 
given  angles. 

1.  Draw  the  diagonal  BF, 
and  by  it  divide  the  hexagon 
into  the  pentagon  BCDEF, 
and  the  triangle  BAF ;  fur- 
ther, let  PQ  be  the  arbitrary 
line  of  abscisse,  and  Ff, 
perpendicular    to  it :     then 

(§  Lxxxv), 

FJ^  a  Sin.  A  +  bSin.  {A  +  B)  +  c  Sin.  {A  +  B  +  C) 

-hdSin.  {A+B-hC  +  D)'i'eSin.  {A+B-^C+D-^E), 

in  which  A  =  QAa.  Let  the  line  PQ  move  into  AB : 
then  A^O,  and  Ff\s  transformed  into  FJ'  ;  we  consequently 
have 

Ff  ^b  Sin.B  -\'  c  Sin.{B  +  C)  +  d^/ii.(5+  C+2?) 

+  t  Sin.  (5  +  C^  D  -^  E), 

and.-.        ABAF^iAB  x  Ff  = 

Aab  Sin.  5+cc  Sin.  (B  ||  Q+aJ  Sin.  (B  +  C+2>)) 
H  +aeSin.(B+C^D  +  E)  ] 

S.  By  the  preceding  section,  pentagon  BCDEFrsz 

,  fie  Sin.  C+bdSin.  (C-f  2>)+4e  ^in.  (C+D+E)! 
^[        +cdStn.  D'\-ceSin.{D+E)  +  deSin.E      i 
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we  .  • .  have  hexagon  ABCDEF  = 


Exam.     Let  a  s  324,    b  =  288,    c  s=  1102,    d  =  5Mf 
t  =  504,  5  =  -  a/Z/S  rr  -  60^  52^  C=  My=129^  20^, 
I)  =  y^8=  139°.  43^  £  =  S^£  s  ^  bb\  $&.    Here 
abSin.B  =  -     81507*02 

ociSYn.  (5  +  C)  =        SS2127'56 

ad  Sin.  {B  +  C  +  D)  =  -     8079633 

ae  Sin.  (5+C+Z?  +  jB)=  85780*64 

Jc  Sin.  C  •       =        245481-35 

bdSin.  {C+  D)  =  —  152043  07 

fee  Sin.  (C  -¥  D  +  E)  =  —     79515-22 

cdSin.D  =:        376209  31 

cc  Ay/n.  (Z?  +  j;)  =        552245-95 

dtSin.  E  =  -  229182*98; 

and  .- .  hexagon  ABCDEF  =        483900  09. 


SECTION  XCVI. 

Prob.  All  the  sides  of  a  polygon  hut  one,  and  all  the 
angles  included  by  these  sides,  are  given :  find  its 
area. 

SoLUT.  From  §§  XCIII,  XCIV,  XCV,  the  law  may 
be  easily  perceived,  by  which  the  area  of  everv  polygon  may 
be  calculated  from  the  parts  given ;  this  may  be  expressed  in 
words  as  follow : 

To  calculate  the  area  of  a  polygon  from  the  parts  given, 
assume  half  the  sum  of  the  product  of  every  two  of  the  given 
sides,  combined  in  every  possible  way,  each  multiplied  by  the 
sine  of  the  algebraical  sum  of  the  exterior  angles  lying  be- 
tween them. 
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Cob.  If  a  polygon  has  a  great  number  of  sides^  as 
ABCDEFGHI  (fig.  106J^  and  if  all  its  sides  and  angles 
are   known:    then    the   best  Jig-. 206. 

plan  would  be,   to  divide  it  en 

by  a  dii^nal  AE  into  twp  ^^ — ^ 

other   po^gons    ABCDEF^  /  >v 

FGHlAy  so  that  one  may     j^/  >"-£* 

have  the  same  number  of  sides       /  y^ 

as  the   other,  or  one  more,   A<r ..^ 

and  then  to    calculate   each       \  >. 

separately^  while  we  consider  \  H      ^v 

AF  as  the  side  of  both  poly- 
eons  which  is  not  given.     By 


J  ^^^G 


fliese  means  we  obtain  ttus  aavantage,  that  it  is  not  necessary 
to  calculate  so  manv  terms  as  we  otherwise  should  have: 
likewise  the  sums  of  the  angles  are  also  less,  by  which  the 
calculation  is  essentially  shortened. 


SECTION  XCVII. 

Fbob.  All  the  angles  and  sides  of  a  polygon  are  given : 
find  any  arbitrary  diagonal  of  this  figure. 

SoLUT.  Let  ABCDEFGHI  (fig.  106;  be  any  polygon, 
and  AF  the  diagonal  sought. 

In  the  polygon  ABCDEF,  which  is  divided  by  the  dia- 
gonal AF,  the  sides  AB,  BC,  CD,  DE,  EFj  and  the 
angles  included  by  them,  viz.  B,  C,  Z),  E,  are  given :  it  is 
required  .  • .  to  find  ^F  (§  LXXXVIIi;. 

Cob.  But  the  line  AF  may  also  be  found  firom  the  other 
polygon  FGHIAy  which  is  cut  off  by  this  diagonal.  We 
consequently  have  two  different  expressions  for  these  lines ; 
and  smce  tnis  likewise  obtains  for  every  other  diagonal ;  hence 
*  •  there  are  a  great  number  of  equations,  which  express 
the  relations  between  the  sides  and  angles  of  a  polyrai. 
Thus,  for  the  diagonal  AF,  when  the  sides  AB,  BCy  CD, 
DE,  EF,  FG,  GH,  HI,  I  A,  zxe  respectively  doiotcd  by 
a,  h,  c,  dy  tyf,  g,  hy  f,  we  obtain  the  following  equation : 
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ae^.i2  +  c*  +  (P  +  e*  +  2aJ  Cos.  J5  +  2  oc  Cos.  {B  -f  C) 
+  2adCM.(5+  C+/>)  +  2a€C(Mr.CB+C  +  D  +  E) 
+  2AcC<M.C  +  26dCM.(C+i))  +  26cCM.(C+D  +  £) 
+  2  cd  Cm.  D  +  2  cc  Co«.  (Z)  +  £)  +  2  dc  Cm.  JS 
=/*+«*  +  A«  + 1*  +  2/«-  Cm.  G  +  2/A  Cm.  (G  +  H) 
+/tCo».(G  +  if+i)  +  2^ACM.H+2gtCos.(iI+/) 

+  2  At  Cos.  L 


SECTION  XCVIII. 

Prob.    To  determine  the  distance  between  two  places, 

when  it  is  rather  considerable. 

SoLUT.  Let  A,  F,  (Jig.  107j  be  the  two  places,  whose 
distance  is  required. 

Connect  A,  F,  with  proper  B        J^-^^^ 

distances  AB,  BC,  CD,  DE, 
EF :  measure  these  lines  in 
a  direct  or  indirect  way,  also 
the  angles  included  by  them, 
viz.  ABC,  BCD,  CDE, 
DEF:  hence  -rfjFmay  be  de- 

termined  by  §  LXXXyill.  An    nr   rn   T^V 

Thus,  if  we  denote,  as  before,  the  sides  AB,  BL,  LJJ,  U£^, 
EF,  by  a,  b,  c,  d,  e,  respectively,  and  the  extenor  angles  by 
B,  C,  D,  E :  then 

^2  4.j2  +  c*+<P  +  c*  +  2«*  Cm.  JS  + 
2acCM.(B+C)+^fldCM.(B  +  C+15)  + 
2aeCos.{B  +  C^D-\-E)  +  2bcCos.C^. 
\2bdCos.lC+D)  +  2beCos.{C+D+E)  +  ^ 
l2cdCM-b+2ceCM.(D+E)  +  2*Cw.£j 

whereB=  -- aAfi  =:  -  (180«  -  ^BC),   C  =  -  My  = 

-  (180^  -  BCD),  D  =  7^8  =  180^  -  CDE,  E  =  iAe 
=  180*^  -  DEF. 

Remark.  The  crtemion  which  has  been  hci«  gircn  to  the  problem  in 
§  LXXXVIII,  IB  correct,  if  in  the  proof,  on  which  its  soluUon  is  toundcd, 
nothing  is  assumed  which  is  not  appBcable  to  cfery  divided  Ime  mcludea 
by  it 


AF=^^/ 
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SECTION  XCIX. 

•PaoB.  To  find  the  area  of  a  polygon  from  one  of  its 
sides,  the  two  angles  adjacent  to  it,  and  the  angles, 
which  the  diagonals  drawn  from  the  angular  points  of 
this  side  make  with  it. 


SoLOT.   Let  ABCDEFG  (figs.  108,  1  Oft)  be  a  polygon. 


Jig.  JOS. 


Jig.  joa 


in  which  the  side  AG,  together  with  the  angles  BJG,  CAG^ 
DAG,  EAG,  FAG,  BGA,  CGA,  DGA,  EGA,  FGA^ 
are  given ;  firom  them  find  its  area.  The  polyg(m,  j^.  108, 
has  all  its  aneles  outwards,  the  figure  109  lu»  some  of  its 
angles  inwards. 

1.  From  the  given  angles  we  may  find  the  angles  BAC, 
CAD,  DAE,  EAF,  FAG,  likewise  ABG,  ACG,  ADG, 
AEG,  AFG,  merely  by  subtraction.  If  these  are  found ; 
then  firom  the  triangles  BAG,  CAG,  DAG,  EAG,  FAG, 
we  obtain  the  foUowmg  expressions  : 

jjg ^ ^GSifUSGA  ^^^AG Sin,  CGA 


AD^ 


Sin.  ABG 
AG  Sin.  DGA 


AE^ 


Sin.  ACG   ' 
AG  Sin.  EGA 


Sin.  ADG   '  ' Sin.  AEG    ' 

AG  Sin.  FGA 
Sin.  AFG   * 


AFzz 


«.   Hence,  and  firom  §  XXVI,  we  obtain 
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ifiS 


A  BAC  =iJB  .  AC  Sin.  BAC  » 
i  AC  Sin.  BGA  Sin.  CGA  Sin.  BAC 

Sin.  ABG  Sin.  ACG 

A  CAD  =t  iAC  .  AD  Sin.  CAD  = 
i  AG*  Sin.  CGA  Sin.  DGA  Sin.  CAD 

Sm.  ACG  Sin.  ADG 


A  DAE  =  iAD  .  AE  Sin.  DAE  = 
i  AG*  Sin.  DGA  Sin.  EGA  Sin.  DAE 

Sin.  ADG  Sin.  AEG 

A  EAF  =^AE  .  AF  Sin.  EAF  = 
i  AG*  Sin.  EGA  Sin.  FGA  Sin.  EAF 

Sin.  AEG  Sin.  AFG 

A  FAG  =  JiAF  .  AG  Sin.  FAG  = 
i  AG*  Sin.  FGA  Sin.  FAG 

Sin.  AFG 

S.  Now  sboe  the  heptagon  ABCDEFG  =  A  BAC  ± 
A  CAD  +  A  DAE  +  A  EAF  +  A  FAGy  (the  upper 
of  the  two  signs  +  obtains  £ot  Jig.  108) ;  then  it  is  s 

Sin.  BGA  Sin.  CGA  Sin.  BAC^ 

Sin.  ABG  Sin.  AC& 
Sin.  CGA  Sin.  DGA  Sin.  CAD 
-  Sin.  ACG  Sin.  ADG 


^AG*l 


Sin.  DGA  Sin.  EG  A  Sin.  DAE 

Sin.  AD&  Sin.  AEG 
Sin.  EGA  Sin.  FGA  Sin.  EAF 
Sin.  AEG  Sin.  AFG 
Sin.  FGA  Sin.  FAG 

+ mr:im 


4.  If  we  take  G,  instead  of  J^  for  the  common  vertes  of 
the  triangles,  we  then  obtain  besides,  because  ABCDEFG^ 
±  A  FGE  +  A  EeD±  A  DOC  +  AC&B^A  BGA, 
the  foUowiiig  expression  ftr  die  area : 
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i^ff*      ± 


/    Sin.  FAG  Sin.  EAG  Sin.  FGE  ^ 
i  Sin.  AFG  Sin.  AEG 

Sin.  EAG  Sin.  DAG  Sin.  EOD 
+  Sin.  AEG  Sin.  ADG 

Sin.  DAG  Sin.  CAG  Sin.  DGC 
\  -  Sin.  ADG  Sin.  ACG 

Sin.  CAG  Sin.  BAG  Sin.  CGB 


+ 


k 


-f 


Sin.  ACG  Sin.  ABG 
Sin.  BGA  Sin.  BAG 


Sin.  ABG 


Cob.  Although  the  calculation  has  been  effected  heie  fiir  a 
heptagon,  we  can  readily  perceive  from  hence,  how  to  proceed 
in  the  case  of  every  other  polygon.  The  law,  which  the 
terms  of  the  expressions  in  S  and  4  observe,  may  be  more 
easily  understood  by  inspection  than  by  words.  Moreover, 
these  expressions  mutually  serve  to  prove  the  calculation. 

Exam.  Let  (fig.  lOS)  BAG  =  120°,  CAG  =  101".  57^ 
DAG  =  81^  20^  EAG  =  48\  49^  FAG  =  25^.  48'  ; 
FGA  =  88^  14/,  EGA  =  70",  DGA  =  51".  ^7^  CGA 
=  84P.  7\  BGA  =  22".  10^  Here  ABG  =  sT.  SC/, 
ACG  =  44".  16^  ADG  =  47".  IS^  AEG  -  6l".  41',  AFG 
=  67°.  58^  BAC  =  18^  2S^  CAD  =  20".  17',  DAE 
=r  33\  1',  EAF  =  24".  81';  FGE  ==  18".  14',  EGD  = 
18".  38',  DGCz=ir.  20',  CGB  =  11".  57'.  We  conse- 
quently have 

Sin.  BGA  Sin.  CGA  Sin.  BAC 


Sin.  ABG  Sin.  ACG 
Sin.  CGA  Sin.  DGA  Sin.  CAD 


=  0-1558865 


-Sin.  ACG  Sin.  ADG 
Sin.  DGA  Sin.  EGA  Sin.  DAE 

Sin.  ADG  Sin.  AEG 
Sin.  EGA  Sin.  FGA  Sin.  EAF 


=0-2968828 


=0-6197669 


Sin.  AEG  Sm.  AFG 
Sin.  FGA  Sin.  FAG 


=  0-4776058 


Sin.  AFG 


=0-4351331 ; 
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and  .  • .,  by  3,  heptagon  JBCDEFG  =  0-9926125  .  AG^. 
Further,  we  have 

Sin.  FAG  Sin,  EAG  Sin.  FGE 


St7i.  AFG  Sin.  AEG 


=  01155552 


Sin.  EAG  Sin.  DAG  Sin.  EGD    ^  ^^  ^ 
g.^  ^^g  g,^  ^^g =  03635294 

Sin.  DAG  Sin.  CAG  Sin.  DGC    ^  ^^„,  ^  ^ 
Sin.  ADG  Sm.  ACG =^'5631592 

Sin.  CAG  Sin.  BAG  Sin.  CGB 


Sin.  ACG  Sin.  ABG 
Sin.  BGA  Sin.  BAG 


=  0*4102605 


Sin.  ABG 


=  0-5327207; 


and  .-.  by  4,  heptagon  ABCDEFG  =^  0'99^6l25  .  A(?f 
as  before. 

Now,  in  order  to  determine  fully  the  area  of  the  heptagon, 
it  is  only  requisite  to  know  the  length  of  AG.  Thus,  let 
AG  =  450:  then  heptagon  ABCDEFG  =  20100403 
nearly. 

Cob.  This  method  of  calculating  the  area  of  a  figure,  may 
be  very  advantageously  made  use  of  in  its  division.  Thus, 
if  we  wish  to  cut  off  fths  firom  the  heptagon  just  calculated, 
by  a  line  drawn  from  the  point  A,  we  nave 

f  ABCDEFG  =  0  6203828  .  Aff. 

Now,  by  the  above  calcuktions  A  BACsz  0*1558865  •  AC^, 

A  CAD  =  0-2968328  .  JG«,  A  2>^-B=  0*6197669 .  AG^; 

whence  it  appears,  that  the  line  of  section  Aa  falls  between 

AD  and  JE,  and  that   A  DAa  =  0-1676635  .  JG^. 

Consequently  we  have  A  DAE  :   A  DAa  =  6197669 

:  l676635=jDi;;2)a,orappro3dmatelyD£;  DA=920 :257, 

which  is  found  by  means  of  Continued  Fractions.  Accord- 
ing to  this  proportion  . ' .  the  line  DE  must  be  divided  in  a, 
and  then,  when  Aa  is  drawn,  we  have  ABCDa  = 
% ABCDEFG 
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SECTION  C. 

PaoB.  From  the  same  parts  a^  are  given  in  the  forgoing' 
problemy  to  find  any  side  whatever  of  the  polygon. 

SoLUT.  Let  ABCDEFG  (fig.  108  J  be  the  polygon,  in 
which  the  same  parts  are  given,  as  in  the  foregoing  problem : 
find  the  sides  AB,  EC,  CD,  DE,  EF,  FG. 

In  the  triangles  JBG^  AFG^  all  the  angles  and  the  aide 
AG  are  given ;  consequently  also  the  sides  AB^  FG  noay 
be  found.  The  remaining  sides  can  be  found  by  die  seventh 
solution  in  §  XLVIII.  Thus,  if  it  is  wished  to  determine 
the  line  DE^  then  the  comparison  with  the  above  solution 
gives  a  =  JG,  a  =  DAG,  jS  =  EAG,  y=:EGA,  8  =  DGA, 
and  we  •*.  have 

2  Stn.  DGA  Stn.  EGA  Cos.  (DAG  -  EAG)i 

Sin.  A  Sin.  B  J 

in  which  A  =  180*-  DAG  -  EAG,  5=  180»  -  EGA 
-EAG. 

Rbuark.  The  following  anthon  treat  of  Polygononaetry :  Lexdl  (I>« 
Resolatione  Poljrgonomm  RectUineornm;  Commentam  Nori.  Fetoop.  T.  19, 
20);  L'Hoilier  (Polygonometrie,  ou  De  la  Mesare  de«  Flicorea  Rediligiiea, 
&c.  Geneye  et  Paris,  1789] ;  Neumann  (New  Contribntiona  to  Praclkal 
Geometry.  Munich,  1800] ;  Dazel  in  the  above-mentioned  work ;  ICaache- 
roni  (Problem!  di  Geometriea.  Milano,  Anno  X  (1802),  p.  105,  et  aeq.)  ; 
and  also  in  a  particular  work  (Metodo  £  misurari  i  Poligoni  PSani),  wbi^ 
appeared  at  Pana  in  1787,  and  which  contains  all  the  problems  to  be  fboiid 
in  L'Huilier*8  Folygonometry,  which  appeared  in  1789  ;  I  liaTe  not  been 
able,  howeyer,  to  get  a  sight  of  it  On  Tetragonometry,  in  paxticiilar, 
Lambert  has  treated  in  his  Contributions,  part  II.  p.  175,  et  seq.;  J.T. 
Mayer  (Tetragonometriae  Specimen  1.  Gtft  1773);  Biomsen  (Introdacbo  in 
Tetragonometriam  ad  mentem  v.  c.  Lambert  Analytice  Conscripta  Ha^ni*, 
1780).  There  is  also  mudi  matter  respecting  this  subject  amongst  others 
to  be  found  m  Camof  s  Geometric  de  Position,  Paris,  1803,  p.  304,  &c 
which  part  was  printed  before  th<  author  became  acquainted  with  tbe  abore- 
mentioned  work  of  L'Huilier. 


IX.  A  FEW  IMPORTANT  PROBLEMS  ik 

PRACTICAL  GEOMETRY,  CHIEFLY  RELAT- 
ING TO  THE  MODE  OF  TREATING  NEGATIVE 
ANGLES. 

SECTION  CL 


PRELIMINARIES. 


1.  Let  Jj  Bf  C,  D,  £9  (fig.  IIQ)  be  a  system  of  points; 
O  a  point,  for  which,  in  the      ^  ^ .  ^^ 

relative  position  of  these  points  

in  the  assumed  figure,  and 
for  any  calcuktion  founded 
upon  it,  we  assume,  AOB  =z 
a,    BOC  =  ft    COD  =  y, 
DOE  ^  8.      Suppose,    that  (^ 
after  having    completed  the 
calculation,  we  wisn  to  apply 
any     algebraical    expression 
taken  from  it  to  a  particular 
case ;  but  that  the  point  Ohas 
not  the  position  supposed  in 
the  calculation  with  respect  to  the  system,  but  is  situated  in 
0^ :  then  it  is  evident,  that  with  regard  to  the  absolute  mag- 
nitude of  the  angles,  we  must  put,  a  ^  AO^By  p  =  BO^Vj 
y  =  CO^Dy  S  =  DO^E.    Now,  in  order  to  determine,  like- 
wise, which  angle,  according  to  the  change  of  posidon,  is  to 
be  considered  as  positive,  and  which  as  native,  may  be  dis- 
covered by  the  method  in  §  LXXXIV,  with  this  difiPerence, 
that  here  the  corresponding  radii  coincide  with  the  positions 
of  the  lines  containing  the  angles,  instead  of  their  being  as  in 
the  above  section,  drawn  according  to  the  direction  in  which 
they  are  produced.    This  change  takes  place  merely  for  this 
reason,  because  in  the  present  case  we  nave  to  do  with  the 
angles  themselves,  while  in  §  LXXXIV  their  adjacent  angles 
were  considered. 
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2.  Let  .'.a  circle  be  described  about  O,  which  cuts  the 
lines  OAy  OB,  OC^  OD^  OE^  or  these  produced  in  the  points 
a,  byCyd^c :  then  Oa^  Oh^  Oc,  Ody  Ocy  are  the  corresponding 
radii  of  these  lines.     Let  now  the  point  O  move  into  (y,  and 
let  the  lines  Oaf,  OV^  Ocf^  O&y  Or,  be  drawn  paraUel  to  the 
lines  &A,  OBy  OCy  OfD,  OE,  respectively  :  then  the  first 
are  the  corresponding  radii  of  the  latter,  with  reference  to  (X, 
and  we  have  dOV  =  ACVB,  VOd  =  BOC,  dOH  =  CCyD, 
ilOfl^D&E.   Again,  as  in  §  LXXXIV,  suppose  a  moving 
radius,  which  turns  round  the  point  O ;    this,  in  order  to 
move  from  Oaly  into  OV^  must  have  an  opposite  motion  from 
that  which  it  has  when  it  moves  from  Oa  mto  Oh.     The  two 
angles  aOh^  alOVy  and  .  * .  also  AOBj  ACVB  are  consequently 
opposite  to  one  another  in  position,  and  we  .  * .  have  a  =  — 
AiyB.    The  same  obtains  of  the  angles  bOc^  VOcfy  and  . *. 
also  otBOC,  B(yC;    consequently  ^  =  —  B(yC.    On  the 
other  hand,    the  moving    radius  has  the  same    direction, 
whedier  it  move  from  Oc  into  Od,  or  from  (V  into  Odf ; 
consequently  y  is  positive,  and  we  have  y  rx  COD.     Far  a 
similar  reason  S  is  positive,  and  we  .* .  have  8  =  D&E. 

S.  Hitherto  it  has  been  assumed,  that  the  point  O  alone 
moves,  while,  on  the  other  hand,  the  points  A^  J3,  C,  D,  Ey 
retain  their  places.  But  even  for  the  case  where  the  points 
of  the  system  itself  change  their  positions  with  respect  to  each 
other,  me  above  rule  admits  of  no  exception.  Suppose  the 
points  Ay  By  C,  2>,  £,  O,  have  the  position  A\  B'y  Cy  D^y 
^^  ^>  (M*  m^>  so  that  A  moves  mto  A'y  B  into  Bfy  and 
so  on,  ana  that  we  wish  to 

find  the  values  of  a,  ft  y,  8,  ^ — p-...^^^  ^ni. 

accordingly:    then  draw  the         5>^     C/  '-       ^\ 
radii  Oa^,  Oy,  0(/,  0(f,  Oc^      /\  \[  \ 

corresponding    to    the    lines    ^  -.^    \  \  -^ 

OAfy        (TB^y        (yOy  O^ !> ,  I  '"--iJ        \  \ 

(yE\  and  compare^.  110     1 •;:.v^■••0       \      ) 

with^.  111.     Then  we  get   ^V-"'*  n'     \/ 

a  =  -  afOV  =  -  A(yB'y     K  "*■-/. 

0  =  V0&  =  B'cyCy  7  =       V  y^^^^' 

-  dodf  =:  -  a<yiyy  %  =         ^ -t:^--::: -^ 

-  d!oe  =  -  ly&Ef.  E- .....••••'*' 

It  will  not  be  necessary,  in  »"' 

order  to  distinguish  between 
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the  positive  and  negative  position  of  the  angles,  actually  to 
draw  the  corresponding  radii.  After  a  little  practice^  the 
turning  the  compasses  only  will  be  sufficient,  as  every  person 
may  easily  perceive  without  any  difiuse  explanation. 


SECTION  CII. 

Prob.  Two  inaccessible  points  are  given  in  position  and 
distance :  determine  the  positions  and  distances  of  two 
other  points  with  reference  to  the  former,  without 
measuring  any  line. 

First  Solution. 

"Let  Af  B,  C,  (fg.  112^  be  the  three  points;    the  db- 
tances  ABy  BC^  ana  the  angle  ABC 
are  given :    find  the  positions  of  two 
other  points  Jlf,  JV  merely  by  measur- 
ing angles. 

I  shall  assume,  that  all  the  three 
points  A^  By  Cf  can  be  seen  both  firom 
M  and  iV,  and  that  at  these  last  points 
(if  we  suppose  MCy  NA  drawn),  the 
angles  AMB,  BMC,  ANB,  BNCy 
can  be  measured.     For  this  case,  the 

Eoints  My  Ny  may  be  determined  singly 
y  §  LIV,  and  the  distances  MAy  MBy  MCy  NAy  NBy 
NCy  calculated.  But  the  distance  Jlf JV  may  also  be  easily 
computed  :  for  in  the  triangle  MBNy  we  then  have  the  angle 
MBN  =  ABC  -  ABM  -  CBNy  and  the  sides  MB,  NB. 

Second  Solution. 

1.  I  shall  now  assume,  that  firom  M  the  points  Ay  B,  N 
can  be  seen,  but  not  the  point  C,  and  that  firom  N  the  points 
By  C,  M,  but  not  the  point  A.  Then  the  angles  AMB, 
BMNy  BNCy  CNMy  can  be  measured.  Let  AB  =  ay 
BC  =  by  ABC  =  B,  AMB  =  «,  BMN=  ft  BNC  =  7, 
CNM  =  S«  If,  besides,  the  angle  MAB  is  known,  then  all 
the  rest  are  known.  Put  .*.  MABsz^y  and  draw  i7i,  ic 
parallel  to  the  lines  CNy  BC. 
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S.  From  these  assumptioiis  we  obtam  BbM  =  CN3£  =s  2, 
ABM  =  180*^  -  (ar  +  ^),  Jffl*  =s  180*  -  (/?  +  S),  and 
tenoe  hBC  =  ^i?C  -  ^IjBJf  -  MBh  =  5  +  a  +  ff +5+^ 
— seo^ssCci;  consequendy  JVJc=Cc6— CWif=JB+£«+^ 
+^— s60%jBCiV=l80°— Ji?C=540°— (i?+«+ff  +  S+^), 

CjBA"=  i8o'-jBCi\r-.5i\rc=ir+a+^+y+s+^— 860*. 

If  .*.  for  shortness^  sake^  we  put  JS  +  a  +  /3  —  360®  =  c, 
-B  +  «+|3-7  +  8  —  360*  =  X :   then  Nhc  =  le  +  f 

S.  The  triangle  ABM  gives 

""     Sin.  AMB     ""   ,yi»,a  ' 
and  the  triangle  MBb^ 

Bh  -  ^^i^inJSMN  _  a  Sin.  ^  Sin.  0 
.  Sin.  BbM      ""  Sin.aSin.S  ' 
further^  the  triangle  Nbc, 

^  __  be  Sm.  Nbe  __  b  Sin.  (ic+») 
Sin.  CNM  ""       SiST?      ' 

and  the  triangle  jBi^C, 

■"     Sin.  BNC     "       ^iTJ^      • 

4.   Now  CW=  Cc  +  JVc  =  5i  +  JVc:  we  .•.  have  the 
equation 

b  Sin.  (X  +  0)  _  g  Sin.  pSin.t^      b  Sin,  (ic  -f  ») 

*yiii.y         ""   Sin.dSin.B   "*"         5S^"5 

or,  when  we  expand  Sin.  (X  +  ^),  -Sm.  (k  +  f ),  divide  by 

«S«K.  0,  and  substitute  Coe.  ^  for  ^.  '  r^  we  get 

43  tit*    O 

&  {Sin.  X  Coe.  »  +  Coi.X)  __     aSin.P 

Sin.  Y  "  Sin.  aSm.  S 

b  (An.  K  (io<:  ^  4-  Cos.  k) 
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vhenee  we  obtain 

Cot.  ^  rr 

a  Sin,  g  Sin.  y+bSin.  a  (Sin,  y  Cos.  K-Sin.  8  Cos.  X) 
b  Sm.  a  (Sin.  S  Sin.  X-Sin.  y  Sin.  k) 

ExAH.  1.  Let  a  =  851,  6  =  402,  B  =  167*.  4^ 
a  =  33\  3',  0  =  90\  51^  y  =  27".  19^>  «  =  76^.  20';  .-. 
ic  =  —  69®.  2',  X  =  —  20^  1',  and  consequently  iSfti.  k  = 
--Sin.  €9"^.  Z\  Cos.  k=Cos69''.  2^  Sin.  X=— iSVn.  20^  l', 
Cos.  X  ss  C<w.  20^  1^.     We  . '.  have 

a  Sin.  B  Sin.  y  =     l6i'0590 

b  Sin.  a  Sin.  y  Cos.  k  =  360009 
b  Sin.  a  Sin.  SCos.X=:  200*1651 
b  Sin.  a  Sin.  8  Sin  X  =  -  71-9193 
6  Sin.  a  Sin  y  Sin.  ic  =  —   93*9490 


and 


Cat.  ^  = 


consequently 


l6l'0590  +  360009  —  200*1631 
—  72*9193  +  939490 

^  —01475627; 
^  s  9S\  23'.  39^'. 


ExAH.  S.  I  shall  assume,  that  the  points  A,  Bj  C,  JIf, 
Ny  have  the  nositions  A',  »,  C,  M',  N',  (fig.  113> 
Here  we  must  fiist  of  all  aaeertam  ^/ 
which  of  the  given  angles,  agree- 
ably to  this  change  in  thepositions, 
we  are  to  consider  as  positive,  and 
which  as  negative.  In  the  first 
pbee,  suppose  two  circles  described 
about  jif,  M* ;  then  we  diall  im- 
mediately perceive,  that  the  cenres- 
ponding  radii  of  MAy  MB  have 
an  opposite  position  from  that  which 
the  cotrespon£ng  radii  of  tPA'^ 
M!W  have,  and  that  this  is  likewise  the  case  with  the  eor- 
TCspondkig  radii  o(MBy  MNy  oonpared  with  those  c(JU^B\ 
M^N' ;  consequently  both  a  and  0  vtt  nq^ative.     In  the 

2  A 
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same  maoner  it  may  be  shown,  if  two  circles  are  deseribed 
about  Bi  B\  that  B  is  likewise  negative.  If,  on  the  other 
hand,  two  circles  are  described  about  N^  N\  then  it  is  evident, 
that  the  angles  BNC,  WtfC,  also  CNM,  CN'M^  have 
the  same  position,  and  . ' .  that  y  and  S  remain  positive. 

Now,  let  5  =  -  A^B'C  =  -  56^.  1^  «  =  -  A'MV 
=  —  10S^  6^,^=  ^B^MN'-  -  41^  8^  y  =  ffN^Cy  = 
144^  27^  8  =  CN'M'  =  50^  43^  a  =  A'B^  =  980,  6  = 
5^(7  =  1000.  Here  k  =  -B  +  a  +  e-860°=— 560\  15', 
X  =  B  +  a  +  g-7  +  8-S60^=:-65S^  59' ;  consequently 
iyt».  K=^Stn.—56Q\  15'=  -iSm.  560^  15'=  Sm.  200\  15' 
— <ytn.  20".  15',  Cos.  K  =  Co».  —  560^  15'=  Co«.  56ff.  15' 
=  Co«.  200\  15'= -Co*.  20^  15',  Sin.  X= Sin. --653^.  5^ 
=  -  Sin.  658°.  59'  =  -  ^ym.  293^  59'  =  -?£«•  66».  1', 
Co».  X  =  Co*.  —  653^  59'  =  Cos.  ^g".  5^^Cos.  29**.  59' 
=  Cos,  6&.  l';  hence 

a  Sin.  /5  iSin.  y  =  —  374-8122 

b  Sin.  a  Sin.  y  Cos.  k  =  5SV2B12 
b  Sin.  a  Sin.  S  Cos.  X  =  —  S06'4S07 
b  Sin.  a  Sin.  S  Sin.  X  =  -  688*7940 
b  Sin.  a  Sin.  y  Sin.  k  =—  1960OOO. 

We  have  .•. 

(^gf  <t  -  ^  874-8122  +  531-2812  +  306*4307 
*       —  688-7940  +  196-0000 

+  462-8997 
=  -  498-7940  =  -  ^'9S98371. 

and  consequently  either  <p  =  133^  12'.  S(/^j  or  ^  =  —  46". 
47'.  30".  The  first  of  these  two  values  for  ^  cannot  be  made 
use  of  here,  because  B'A^M' '\-A^M'Bf  cannot  be  greater 
than  1 80°.    We  .  - .  merely  have 

^  =  —  46°.  47'.  30". 

Since  ^  is  here  negative,  consequently  A'M,  as  the  fignie 
shows,  must  fall  beyond  the  line  J'fi'. 

When  B'A'M'  is  found,  then  all  the  remaining  psU  of 
the  figure  may  likewise  be  csdcolated. 
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Cob.    The  two  required  points  may  also  be  foand  by  the 
fellowing  very  simple  notation. 

Let  if,  B,  C  (fig»  1 14^,  be  the  three  given  points.  Upon 
AB  as  a  chord,  describe  a  circle 
BDMAy  which  includes  the  angle 
a«  and  upon  BC  another  circle 
CNEBj  which  includes  the  angle 
y ;  then  take  the  arc  BD  =  2  j?, 
and  the  arc  CBE  =  2  S,  and 
through  the  points  thus  deter- 
mined, viz.,  Z/,  Ej  draw  the  line 
DEf  which  produced  meets  the 
two  circles  in  itf,  N ;  then  M^  N  are  the  two  points  sought. 
For  since  BD  =  2ft  and  CBE  =  28:  then  BMD  ^  ft 
CNE  =  S ;  also  immediately  from  the  construction  itself, 
AMB^a^  BNC^y. 


SECTION  cm. 

Prob.  Four  inaccessible  paints  are  given  in  position  and 
distance:  determine  the  position  of  three  other  points 
in  reference  to  these,  without  measuring  any  line. 

SoLUT.    Let  A  J  By  C,  D  (fg.  115^  be  the  four  given 

points,  and  Jf,  iV,  P  the  three  jj q 

whose  position  it  is  required  to  be 
determined.  If  now  from  each  of 
the  points  sought,  three  of  the  given 
ones  are  seen ;  then  these  may  be 
determined  singly  by  §  54.  Since 
this  case  involves  no  difficulty,  I 
shall  •'.  assume,  that  from  ilf  the 
three  points  Ay  B^  iVonly  are  seen,  and  from  P  the  three 
points  2>,  C,  N  only ;  but  from  N  only  one  of  the  given 
points,  say  C,  and  the  two  required  ones  Jf,  P.  On  this 
supposition  we  can  .'.  measure  the  angles  AMB,  BMN, 
CNM,  CNP,  CPN,  CPD.  Further,  since  the  four  points 
Af  By  C,  Dy  are  given  in  position  and  distance,  we  therefore 
have  likewise  the  Tines  AB^  BC,  CD,  and  the  angles  ABC^ 
BCD.  Let  .-.  AB  =  a,  BC  =^b,  CD  =z  c,  ABC  =  B, 
BCDszC,  AMB^a,  BMN=zp,  CNM^y,  CiVrp=8, 
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CPN=  (>  CPD^H,'  H  baeides  ve  had  fimnd  die  angle 
MABi  then  all  the  rest  of  the  figure*  would  be  known. 
Put  .'.  MAB  =  it,  and  draw  Bb  parallel  to  CN,  and  6e 
paralld  to  BC. 

1.  Then  ABM  =  180»  -  («  +  *),  SiJf  =  CNM  =  7, 
and  .-.  MBb  =  ISO"  -  BMb  -  BbM  =  180»-  (^  +  7); 
consequently  CA  =  bBC  =  u<fiC  -  ^fiJf-  MBb=B+a 
+  ^  +  g  +  y  -  860%  JVJc  =  Ccfc  -  CJVlf  =  1?  +  «  +  ♦ 
+  ~  _  360*.  Further,  since  in  the  heptagon  ABCDPNM 
the  sum  of  all  the  angles=10«=900»;  therefiwre  CDP= 
900''-iAMN+MNP+ NPD+BCD  +  ABC  +  MAB)  = 

goo'  -(«  +  $+7  +  8  +  e  +  S  +  C  +  i?+^).  If  we 
abbreviate  by  putting  B +  «+ |S -  a60«  =  K,  900»— (a  +  p 
+^+8+e+ J+B+C)=X;  then  JVJc=ic+^,  CDP=\-^. 

S.  In  the  triangle  ABM, 

„,,     ABSM.MAB  ^aSi*.^, 
^^-     Sin.AMB  -Sw. «  • 

in  the  triangle  MBb, 

_  BM Sin.  BMb _  aSi».^SiH,$ 
^* ~     Sin.  BbM  Sin,aSi».y'' 

in  the  triangle  Nbc, 

jy.       be  Sin.  Nbc  _b  Sin,  (k  +  »).  * 

^  ~    Sin.  bNc  Sin.  y        ' 

in  the  triangle  CDP, 

„j,_  CD  Sin.  CDP     eSin.(K-f) 
^^  -     Sin.  tPt>     -       Sin.  Z       * 

and  in  the  triangle  CPN, 

nuT  _  CP  Sin.  CPN     c  Sin.  (X-»)  Siiu  t 
^^  ~    Sm.  CNP  Sin.  Z  Sin.  » 

8.  Now  since  CN=i  Cc+Nc=Bb  +  NC :  therefiwe  we  hate 
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the  equation 

c  Sin.  (X— ^)  Sin,  c  _  fl  Sin.  ^  Sin,  g      b  Sin.  (ic+^) 
Sin.  Z  Sin.  S     "  ""  Sin.  a  Sin.  y  Sin.  y 

Expand  Sin.  (X—^),  Sin.  (ic  +  ^)>  divide  the  equation  by 

Sin.  ^f  and  put  Cot,  ^  for  ^.  *^ ;  this  gives 

o%n»  ^ 

c  jSib.  c  {Sin.  X  Col.  ^  -^  Com.  X)  _      a  &'».  g 

b(Sin.  kCu.i^+  Cos.k) 
■*"  Stn.  y 

and  hence  we  obtain, 

Cot.  0  = 
fa  iS^tn.  g  iSm.  S  iS'tn.  ^  +  ft  i^m.  a  Sin.  S  £Vn.  ?  Co9.  k1 

L +  c  Sin,  a  Sin,  y  Sin,  c  Cos.  X J 

—6  £m.  a  5tn.  S  Sin.  Z  Sin,  k+c  iKn.  a  Sin.  y  Sin.  tSin.  X 

whence  the  angle  0,  and  consequently  all  the  others,  may  be 
found. 

Exam,  -rf^  fi',  C,  IX,  (/^.  ll6J  are  four  points,  whose 
position  is  known  ;  M\  N^, 
P'  three  others,  whose  po- 
sition is  sought.  From  hV 
only  A'y  Wy  N\  are  visi- 
ble, from  N'  only  C\  M\ 
P^  and  from  P^  only  C, 
Uy  N\  Let  the  anj^les 
measured  from  these  pomts 
be  as  foUow  :   A^MHB'  = 

aN'k^ist4f.  16',  bN'F:=z9^\  44/,ap^N^  =  29^  is'» 

OFiy=:5\\  l^.    For  the  points  ^',  J5',  C^,  iX,  we  hav« 
^'5'=:815,  iJ'C'=670,  C'Zy  =  660,  -4'5'Cy  =  49'.  54/, 

s'C'zy  =  73°.  57'. 

The  comparison  otjigs.  115  and  116  shows  immediately 
their  relation,  and  then,  when  what  has  been  said  in  §  101, 
is  applied  to  every  two  eorra^ondipg  angular  points,  we  have 
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t=i^2^.  13',  2=:-51°.  19^,  J8=49^  54^  C= -73".  57^5 
likewise  as  815,  6  =  670,  cs660.  From  these  data  we 
obtain  k  =  —  S65°.  19^,  X  =  1282**.  48';  .-.  jStH.  k  = 
iKn.  —  S65\  19'=  —Sin.  S65^  19'= -Sm.  5^  19^,  Coa.  c 
=  Cos.  —  se**.  19^  =  Cos.  365^.  19^  =  Cot.  5®.  19^,  Sin.  X 
«  SifU  1282^  48'  =  iStn.  202^  48'  =  -  Sin.  22*.  48', 
Co*.  X  =  Cos.  1282^  48'  =  Co».  202^  48'=  -Coi.  22^  48^ 
Further,  Sin.  a  =  —  Sin.  80*.  8',  Sin.  ff  =  iSin.  24».  55^ 
Sin.  7  =  -  Stn.  124^  I6'  =  -  Stii.  55\  44',  Sin.  8  =  — 
Sin.  98'*.  44'  =r  -  Sin.  Bl\  I6',  Sin.  e  =  -  Sin.  29".  IS', 
Sin.  5=— Sin.  51^  19^.    We  consequently  have 

a  Sin.  e  Sin.  i  Sin.  Z             =  264*9228 

b  Sin.  a  Sin.  8  Sin.  Z  Cos.  k  -  -  507-1091 

c  Sin.  a  Sin.  y  Sin.  e  Cos.  X  =  241*8042 

b  Sin.  a  Sin.  S  Sin.  Z  Sin.  k  =  471 919 

c  Sin.  a  Sin.  y  Sin.  c  Sin.  X  =        101*6451 ; 
and  .*. 

^    _  264-9228  —  507-1091  4-  241-8042  _  —  0-3821 
'  *  "      —  471919  +  101-6451     ""   64-4532 

=  —  000701 70. 

We  consequently  have,  either,  ^  =  90°.  24'.  7''>  or  =  — 
89^.  35'.  53'\  In  the  figure,  for  which  this  calculation  has 
been  made,  ^  has  the  second  value,  and  .-.  BfA'M'-s^ 
89^  35'.  53". 

In  order  to  prove,  the  calcuktion,  it  is  merely  requisite 
to  substitute  the  value  here  obtained  for  ^  in  the  equation 

c  Sin.  (X  —  ^)  Sin.  t__  a  Sin.  ^  Sin,  g     b  Sin,  (k  +  ^) 

Sin.  Z  Sin.  8        ""    Sin.  a  Sin.  y  Sin.  y 

which  was  found  in  Solution  3.     Since  this  proof  contains 
some  important  information,  I  shall  give  it  here. 

Since  X=1282^  48',  ic=  ^365^.  19^,^=  —89^  35^.  53": 
therefore  X— ^=1372'*.  23'.  53",  ie+^=— 454^  54'.  53''; 
.-.  Sin.  (X— 0)=Siin.  1372°.  23'.  53"  =  Sin.  292^  37'.  53" 
^^Sin.  6r.  36'.  7^  Sin.  (ic+^)=:Sin.-454^  54',  53"=^ 
-  Sin.  941".  54',  53'^  s  -  Sin.  35\  5'.  l".    We  •  • .  hav^ 
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Sin.  Z  Sin,  0 
a  Sin.  fSin.  g  ^  _  ^^^.^^^^ 

Sm.  a  Sin,  y 

b  Sm.(K  +  »)  ^       807-7«91. 

Sin.  y 

Thus  .-.  886  0S68  =  —  421-7018  +  807-7S91 ;  and  this 
is  correct  within  0*0005,  which  error  arises  firom  the  incor- 
rectness of  the  Tables. 

When  the  angle  ^  has  been  found,  it  is  easy  to  calculate 
all  the  lines  of  the  firare.  The  best  mode  of  proceeding  will 
be,  first  to  derive  the  general  expressions  ibr  the  reauired 
lines  from  Jig.  115,  and  these  last  from  ^.  116.  Thus  if 
we  wish  to  calculate  the  line  M'N^  (Jig*  116J,  first  of  all 
we  find  the  general  eicpression  for  MN  (Jig.  115).  Bj 
Solution  1,  Nbc  =  ic  +  ^, .'.  Neb  =  180®  —  bNc  —  A6c= 
180«  -  (y  4-  K  +  ^),  and  MBb  =  180*  —  (/g  +  y)  :  we 
consequently  have, 

i/A  «  JJf  Sin.  MBb       BM  Sin,  (/g  +  7) 
Sin.MbB      "^  Sin.y 

__  a  Sin.  0  Sin,  (fi  +  7) 

7 


and 


Sin.* 

_  he  Sin.  Neb  _  ft  Sin.  (7  +  <  +  ^) 
-^^■"    iSin.6JVc    "  iSftJi.7 


MNx:zMb+  JVfts 

g  Sin.  »  iStit.  (g  +  7)       ft  &n,  (7  +  k  +  ») 


Sin.  *7  Sin.  7 

If  we  now  apply  the  expression  to  Jig.  116,  we  get 
a  =  815,  ft  =  670,  Sin.  ^  =  —  Sin.  89^  25^  58^',  iSin.  7 
s:  -  Sin.  1^4P.  16^  =  —  lyin.  55\  M\  Sin.  (|8  +  7)  = 
iStn.  -  99°.  21'  =  -  Sin.  80^  89^,  Sfn.  (7  +  k  +  ^)  = 
Sin.  -  579M0/58^^s=  -  Stn.  219*.10.^5S^^= Sin.  Sgf.lO/SS^'. 
Hence  we  obtab, 

a  Sin.  »  5fn.  (g  +  7)  _  uy^.^jyi 


Sin.  -« 
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and  .'.  M'N^  (Jig.  116J  =  665-^225 

CoKST.  Upon  AB9  CD  J  (Jig.  117^  as  chords,  describe 

two  circles,  so  that  the  arc  .^^   Jk^^y^ 

BkA  contain  the  angle  a,  '^'^^  *^     ^ 

abd  the  arc  CID  the  angfe 

Z;    Aea    assmne   the    are 

BkH  =  2/?9  and    the    arc 

Cl/ss2€y  draw  HI,    and 

upon  this  line  as  a  chord 

describe  a  circle  such,  that 

the  arc  HNI  may  contain 

the  angle  Y  +  S :  then  make 

the  arc  HIT  =:  2y,  or  /JT 

=s  2S»  and  through  K,  C,  divw  the  line  JTC,  which  produced 

cuts  the  circle  in  N.    Now  draw  the  lines  HN,  IN,  which 

cut  the  other  two  circles  in  if,  P :   then  Jf,  N,  P,  aie  the 

three  parts  sought.     Thus  we  have  AMB  =  e^  BMNss  0y 

CNM^  y,  CNP  =  8,  CiW=  €,  CPD^Z. 

The  proof  of  this  construction  is  founded  on  the  rule,  that 
the  angle  at  the  circumference  is  equal  to  half  the  arc  upcm 
which  It  stands,  and  is  easily  found. 


SECTION  CIV. 

Prob.  Four  points  are  given  in  position  and  distance : 
required  tofind  the  positions  and  distances  of  two  other 
points,  Jirom  each  of  which,  besides  the  other  point 
sought y  only  two  of  those  given  are  seen. 

SoLUT.  Let  A,  By  C,  2>,  (fig.  11 8 J,  be  the  four  |^ven 

Sints,  My  Nf  the  two  sought :  from  >?        <? 

only  Ay  By  *iV,  and  fh)m  JV'only 
C,  Dy  My  are  seen.  At  My  Ny  mea- 
sure the  angles  AMBtsLOy  BMNtz^fiy 
CNM  =  y,  ClfD  =  8,  Further, 
there  are  riven  AB  =  0,  5C  =  6, 
CD  =  c,  ABC  «^  By  BCD  =s  C. 
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1.  If  the  angle  MAB  is  known;  then  we  know  all  the 
rest.  Put  .*.  MAB  z=  fjt^  and  draw  jBC  parallel  to  CN^ 
and  be  to  BC.  Now,  if  we  compare  ^g-.  118  with^^.  1 15, 
then  we  perceive  at  the  first  glance,  that  when  we  take 
the  triangle  CDN  from  the  former,  and  the  quadrilateral 
CDPN  from  the  lattpr,  all  the  remainders,  even  the  expres- 
sions for  the  angles  and  sides,  agree.  Consequently,  as  in 
the  foregoing  section,  when  for  shortness-sake  we  put 
B  +  a  +  0  -^  360°  =  ic,  we  obtaiii  here  also, 

^,        a  Sin.  <h  Sin.  0    ^r        ^  »Sin^  (k  +  A) 

Bb  =   — rr-: ^-rrt ,  Nc  =     ^^ ^S 

oin.  a  6in,y  otn,  y 

and  .*. 

Kr  —  ^  ^^^'  ^  ^^^'  P    ,    &  Sin,  (k  +  0) 
""    Sin*  a  Sin.  y  Sin.  y 

2.  In  the  hexagon  ABCDNM  (fig.  118^  all  the  angles 
taken  together  =  8  it  =  720^  We  .-.  have  CDN  ^ 
720°  —  (a  +  ;S  +  7  +  8  +  S  4-  C  +  0)  ;  or,  when  we  put 
720"  —  (a  +  ^  +  y4.84.5+0  =  X,  CDN  =  X  —  ^. 
The  triangle  CDN  consequently  gives 

^^  _  c  Sin.  (X  —  ^) 
^^  -  Sin.  8       • 

S.  If  we  put  the  two  expressions  found  for  CN  in  2,  3, 
equal  to  one  another,  we  obtam  the  equation, 

c  Sin.  (X  —  0)  ^  a  Sin.  ^  Sin,  g       b  Sin,  (k  -f  4) 
Sin.  S  ""     A'ln.  a  Sin.  y  Sin.  y 

and  this  equation,  when  we  treat  it  as  we  did  a  similar  one 
in  §  cm,  gives 

Cot.  0    = 

a  Sin.  0  Sin..&-{'b  Sin.  a  Sin,  8  Cos.  k  +  c  Sin.  a  Sin.  y  Co$.  X 

■  *    '■ ^ 

—4  Sin.  a  Sin.  8  Sin.  ic-Hc  Sin.  a  Sin.  y  Sin.  X 

Exam.  Let  A\  JB',  C\  ly,  Cfig-  UQjf  be  the  four  given 

2  B 
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points,  and  M\  N',  the  two  points 
whose  position  is  sought,  and  ot 
which  it  is  assumed,  that  from  M 
only  A\  B',  N',  and  from  N'  only 
a,  ly,  M',  are  visible.  The 
ancles  when  measured  are  as  fol- 
low: A'M'B'==»6\54/,  B'M'N 
=46",  51',  C'N'M'  =  138".  21', 
C'N'D'=^  87°.  25'.     The  following 

lines  are  given  viz.  ^'B'  =  760,  j/R/rv_«rt>   er/ 

B'C=800,  C'jy  =  nO,  and  the  angles -4' U'C  =30.  go-, 

B'cyiy  =  39'.  34'. 

The  comparison  of  ^.119  with /^.  "»'  j"™!?«*^J' 
shows  their  relation,  and  hence  we  get  a  =  760,  b  -  800, 
c  =  720,  B  =  30'.  20',  C  =  -  39"".  34',  «  =  -  86".  54 , 
e  =  46".  51',  7  =  -  138°.  21',  8  =  -  87°.  25'.  For  this 
example  .-.  ic  =  -  369°.  43',  X  =  995°.  3',  and  consequently 
Sin.  K  =  Sin.  -  369°.  43'  =  -  Sin.  369°.  43'  =  - 
Sin.  9°.  43',  Cos.  K=Cos.-  369°.  43'.  =  Cos.  S69'-  43'  = 
Cos.  9\  43',  Sin.  X  =  Sin.  995".  3'  =  Sin.  275°.  S'  =  — 
<S.n.  84°.  57',  Cos.  X  =  Cos.  995°.  3'  =  Cot.  275°.  S'  = 
Cos.  84°.  57'.  The  calculation,  when  continued,  gives 
a  Sin.  p  Sin.  8  =  -  553-9063 

b  Sin.  a  Sin.  8  Co».  ic  =        786-669S 
c  Sin.  a  Sin.  y  Cos.  X  =  420580 

b  Sin.  a  Sin.  8  ^-tn.  k  =  -  134-6863 
c  Sin.  a  Sin.  y  Sin.  X  =  —  475-9416. 

.  have 

—  558-9063  +  786-5693  4- 42-0580 
Cot.<p= 


We 


+274-7210 


—341-2553 


184-6863  —  475-9416 
s  —  0-8050307. 
Consequently  either  ^  =  128°.  50',  6",  or  ^=-51°.  9'.  54". 
The  first  of  these  two  values  cannot  obtain  here,  for  otherwise 
J'M'B'  +  M'A'B'  would  be  greater  than  180°.    We  con- 
sequently  have  ^  =  -  51°.  9^  54",    and    .-.    IfAS^ 

When  the  angle  MA'Bf  is  found,  it  is  easy  to  detenmne 
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« 

the  remaining  angles  of  the  figure  which  are  not  known« 
Thus  A'B'M'  =  180'^-  (A'M^B+B'A'M')  =41°.  5&.  &\ 
UB'M'  =  A'B'M'  +  A'B'O  =  72^  \&.  %".  Now,  since 
in  the  quadrilateral  B'CN^Mf  the  convex  angle  CN'M 
=  221^  89',  B'M'N=:  46\  51^  CB'M'  =  72^  16^  &'; 
then  B^aN'=19\  13'.  5A>'\  .-.  lyCN'^B'CN'+B'Ciy 
=  58\  47'.  54^  and  CiyN'=:  ISO'  -  (I^CW  +  CN'iy) 
=  33^  47^  6'\ 

Exam.  2.  Let  -4^  B',  (7,  jy,  (/^.  120J  be  four  points 
in  a  given  straight  line,  whose  dis- 
tance from  each  other  are  given,  J^g.  /so. 
so  that  AB  =  840,  BC  =110, 
CD  =  500.  M'  and  N'  are  two 
points,  whose  position  is  sought ; 
from  M'  only  A',  B\  N\  and 
from  N'^  only  C\  ly^  My  are  seen. 
According  to  this  hypothesis,  the  ,^:'l'..l-; 
angles,  which  the  visible  points  ^  ^ 
make  with  each  other,  are  measured  at  M'^  iV^,  and  we  have 
found,  that  A'M'B'=i05\  4l\  B'M'N'=^65\  31',  CN'M 
=  35\  54',  CN'iy  =  91".  S5'. 

By  comparing  ^^.  120  with  Jig.  118,  we  get  a  =  840, 
b  =  110,  c  =  500,  J?  =  0,  C  =  180^  a  =  —  105^  47^ 
8  =  65°.  31^  7  =  35\  34%  S  =  -  91^  35%  We  .-.  have 
jc  =  —  400\  16%  X  =  636\  17^  and  consequently  Sin  k  = 
-  Sin.  400°.  16'  =  —  5'in.  40^  l6%  Co«.  k-Cos.  400^  l6% 
=  Co5.  40°.  16%  Sin.  X  =  Sin.  276\  17^  s-Ajm.  83°.  43% 
Coi.  X  =  Co«.  276°.  17'  =  Cos.  83°.  43%    Further 

a  Sin.  0  Sin.  8  =  —  764- 1770 

b  Sin.  a  Sin.  8  Cos.  k  =  80'7S95 

c  Sin.  a  Sin.  y  Cos.  X  =  —  30-6293 
b  Sin.  a  Sin.  8  Sin.  ic  =  —  68-3913 
c  Sin.  a  Sin.  y  Sin.  X  =  -  2781 787 

We  .'.  have, 

^  .  _  —  764-1770  4-  80-7395  —  30*6293 
*  ""      68-3913  +  278-1787 
=  —  2-0603826, 
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consequently,  either  ^=154^  &.  S%^\  or  ^=  —  25^  85^.  fi^^. 
The  first  of  these  two  values  cannot  be  used  here,  because 
otherwise  B'A^AP  +  A^M'B'^  180^  Therefore  W A' M* 
=25°.  53^  22^^  whence  all  the  rest  of  the  figure  can  be 
determined. 

Cob.  We  can  always,  if  we  think  it  advisable,  fiom  the 
formula  already  calculated  for  any  figure,  derive  a  particular 
formula  for  every  similar  figure,  in  order  to  elucidate  this 
by  an  example,  I  shall  suppose,  that  we  wish,  from  Jig, 
120,  to  find  a  formula  for  the  angle  B'A^M\  which  obtains 
for  all  similar  figures.  Assume,  then,  A'M'B^  •=.  a/, 
B'MN[  =/,  ai^[M  =  /,  ON^U  =  S',  B'A'M'=  ^' ; 
comparing  it  with^^.  118  we  get  a'=^'^a\  j9  =  /J',  y  =  -y/, 
8=  -8^  ii  =  0,  C  =  180°.  We  .-.  have  ic  =  —  a'  +  ^ 
—  360°,  X  =  720°—  (—a^  +  0^  +  /— 8^+180°)  =  540^+  a' 
^/9^— '/  +  8'.  If  these  values  be  substituted  in  the  equation 
in  S,  we  then  obtain 

—  Co^  ^'  = 
— a  Sin .  ff^Sin.  y  -f  &  Sin,  of  Sin.  S^Cos.  ic— cSin^Stn.'/Cas.X 
-A  Sin.  a!  Sin.  S'  Sin,  «c-c  Sin.  of  Sin.  '/Sm.X  * 

or 

Cot.  ^'  = 
-fl^/it.  0Sin,  y  -f  hSin.  a' Sin.  S'Cos.  K-'cSin.afSin.YCosJi 
b  Sin.  a '  Sin.  ^  Sin.  k+c  Sin.  of  Sin.  ^  Sm.  X  * 

We  can  also  find  this  formula  immediately  finom  the  figure 
itself.  With  this  view  draw  B'V  parallel  to  CN^^  which 
meets  M^N^  produced  in  V^  and  from  V  draw  Vcf  parallel  to 
B'a,  which  meets  CN^  produced  in  e.  Then  MVB  = 
MN'a  =  y ;  consequently  MB'V  =  180'  -  (/g'  +  /). 
Further,  ArjS^^'=l8O°-(a'+0'),  and.-.  A'B'V^OeV 
=  UCW  =  MWV  -  MB' A'  =  a^  +  ^^  -/g'  -  /,  and 

iv^iv=i8o'»-o'c^i'-yivv=i8o°-a'+i9'+/-^^— y= 
i8o°-a'+^-.^/.  K\soaiyN'z:zi%o''^iyaN'-^cyN'iy 

=  18O°-a'~0/+/r+7'^8^  If  .•.weputl80«-«^  +  /J' 
^,/,  l80°-.«'+^H-y-8'  =  X^  then  JV^ft^c  =  It' -^^ 
CD'N'  =  X^  -  ^^ 
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Hence  in  the  triangle  VN'dy  we  obtain 

in  the  triangle  A'MB'^ 

_  ^^^^  Sin.  B'A'M'  _  a  Sin.  ^' 
^  "      Sin.  M'B'A'      ""    Sin.  o^  ' 

in  the  triangle  MB^V^ 

_  M'B'  Sin.  B'M'V  _  a  Sin,  j,' Sin,  gf 
Sin.  M'VB'      "■   Sin.  a!  Sin  y  ' 

in  the  triangle  ON^iy, 

CfN'  -  C^JySin.CyiyN'  _  c  Sin.  (X^~»0 
Stn.  CyiV^Z//      ""        Sin.  S^       * 

Now,  since  B^l/  =  C^ A^^  +  AV :    we  therefore  have  the 
equation, 

a  Sin.  0^  Sin,  g^  _  c  iSiw.  (X^-»0       6  j?in.  (i/  -  f) 
"Sin.  a!  Sin.  7'  ""         Sin.  V         "*"         Stit.  /.       ' 
whence,  by  the  usual  method,  we  obtain 

Cot.  ipf  = 
aSin.0Sin.l'-\-hSin.afSin.l'Co8.i^'{'cSin.afSin.'y^Co8.V 
b  Sin.  of  Sin.  I'  Sin.  ic^ + c  Sin.  of  Sin.  -^  Sin.  W  ' 

In  order  to  perceive  the  agreement  of  this  formula  with  the 
foregoing,  it  is  merely  necessary  to  express  k,  X  by  1/,  X^. 
Now,  since  k  =  1/—  540,  X  =  720®  —  X^;  then  Sin.  jc  = 
Sin.  (1/  -  540°)  =  -  Sin.  (540^-icO  =  —  Sin.  (I80°~i/) 
=  -  Sin.  1/,  Cos.  K  =  Cos.  (1/  -  540^^)  =  Cos.  (540°  -  1/) 
=  Cos.  (180°  -.  1/)  =  -  Cos.  k!j  Sin.\=z  Sin.  (720°-  XO 
=  Sin.  -  X'  =  -  Sin.X\  Cos.  (720°  -  XO  =  Cos.  -  XO 
=  Cos.  y.  If  we  substitute  these  values  of  Sin.  k,  Cos.  k. 
Sin.  X,  Cos.  X,  in  the  first  formula,  we  then  obtain  the 
second. 

SECTION  CV. 

PaoB.  Of  the  tkreeproblems  solved  in  §§  C//,  C///,  C//^ 
that  in  %  cm  is  the  most  general;  it  includes  both  the 
others  as  single  cases.    But  there  are  besides  some 
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other  remarkable  cases,  whose  solution  may  be  derived 
from  it  without  much  trouble.  We  shall  now  proceed 
to  show  how  this  is  done. 

First  Case. 

Let  the  point  P  (fig.  115)  move  into  the  line  CNj  as 
Jig.   121  shows.     For  this  case,  in  §  105^  £=0,  €=180% 
and  .-.  Sin.  8=0,   iS'm.  €=0.     If 
we  make  the  substitution  in  the  for- 
mula there  found  for   Cot.  0,  then 

Cot.  0  =  — ,  which  leaves  its  value 

undetermined.     But  we  must  neces-       ;^-*,.^^       P* 
sarily  obtun  an  expression  of  this  """"-^IV 

kind,  because  the  position  of  the  point  P  in  the  line  CN  is 
not  given. 

Divide  the  numerator  and  denominator  of  the  above  ex- 
pression by  Sin.  S ;  this  gives 

Cot.  ^  = 
aSin.SSin.l^+  bSin.aSin.  ZCos.k  +cSitt.aSin.yCos.\.'a^-^ 

'.  Sin  c  * 

— i  Sin.aSinX^in*K+cSin.  aSin.ySvuX.-rrr^ 

'  otn.  b 

Now  let  Cfig.  1 15;,  CN=f,  CP  =g.    Then  ^^  =  ^, 

and 

Cot.  ^  = 

cf 
aSin.0Sin. Z+bSin.aSin.  ZCos. k  +  —  Sin.aStn.yCos.\ 

^ : 8 L_; 

cf 
—  b  Sin.  a  Sin.  ZSin.  k  +  -^Sin.  a  Sin.  y  Sin.  X 

g  ^ 

in  which 

This  expression  is  always  correct,  wherever  the  point  P  may 
be  situated;  consequently  also  when,  as  in^^.  121,  it  is  in 
CN.    But  for  this  case  8  =  0,  £  =  180°,  consequently  X  = 
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Now  put  (jig.  121)  f^g:  then  P  is  situated  in  iV,  and 
the  figure  is  transformed  mtojig.  118.     We  then  have 

Cot.  iff  = 
a  Sin,  g  Sin.  Z-^b  Sin,  a  Sin.  K  Cos.  k  +  c  Sin,  a  Sin,  y  Cos.  X 
—b  Sin.  a  Sin.  Z  Sin.  k  +  c  Sin.  a  Sin.  y  Sin.  X  * 

which  completely  coincides  with  |  CIV,  merely  by  putting, 
suitably  to  the  notation  there  used,  S  for  ^. 

Second  Case, 

Again,  let  the  point  D  (Jig.  118^  move  into  B :  then  this 
figure  is  transformed  into^f*.  112,  and  Z  into  —  ^;  further, 
C=o,  and  c=&.  Then  the  expression  just  found  is  trans- 
formed into  the  following  one  : 

Cot.  ^'  = 
— a  Sin.  0  Sin.  Z'-^b  Sin,  a  Sin.  Z  Cos.  Kf-^-b  Sin.a  Sin.y  Cos.X 
b  Sin.  a  Sin.  Z  Sin.  i^  -{-  b  Sin.  a  Sin.  y  Sin.  X  ' 

where  ic^^jB  +  a  +  g— S60^  X^  =  720»-(a  +  j9+7  +  S+-B). 

If  this  expression  be  compared  with  that  found  in  §  C II 
for  the  case,  we  must,  in  the  first  place,  to  suit  the  notation 
there  used,  put  S  for  7,  and  y  for  ?.  Then  X'  =  720°  — 
(«  +  g+ 8—7  +  5).  In  the  section  above-mentioned,  k  = 
5  +  a+g— 860°,  X  =  5  +  a+g— 7  +  8-860%  we.-,  have 
*/  =  ic,  X^  =  860®  —  X ;  consequently  Sin.  k<  =  Sin.  k, 
Cos.Kf:=^Cos.Ky  Sin.  X^=— Sm.  X,  Cos.y-Cos.X.  The 
substitution  of  these  values  in  the  above  expression,  after 
making  the  proper  change  with  respect  to  7  and  ^,  gives 

Cot.  ^  = 
fl  Sin,  g  Sin.  7  + 1  Stn.  a  Sin.  7  Cog,  k—  b  Sin,  a  Sin.  8  Cos.  X 
—  b  Sin.  a  Sin.  7  Sin.  k + i  Sin.  a  Sin.  S  Sin.  k 

which  perfectly  agrees  with  §  CII. 

Third  Case. 

I  shall  now  assume,  that  the  points  ^,  B,  C,  27,  JIf,  N, 
P,  in^.  115,  have  the  positions  A^,  B\  C\  ly,  M'j  N\ 
^'i  (fiS*  ^^^)i  ancl  that  it  is  required  to  find  for  this  and  all 
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Other  similar  figures  a  particular 
formula  by  which  the  position   of    Jig./22, 
M\  N\  P'  may   be  determined. 
Let  the  measured  angles  be  A^M/B' 

:=Z/,  the  given  ones  A'B'Cy=B\ 
B'aD^  =  a.  Let  the  required 
angle  be  M'A'B'  =  ^^ 


The  comparison  of^s.   115    and  122,  in  reference  to 
cm,  gives  jB=i5^  C=Cy,  a=y,  ffrrg',  7=-/, 
J=S\  £=£^  Z=K'9  0=^^;  the  substitution  of  these  values 
in  the  formula  there  found  for  CoL  ^,  consequently  gives 

Cot  ^^  = 
ra  Sin.  ^  Sin.  8'  Sin.  X/  ^-h  Sin.  of  Sin.  S"  Sin.  V  Cos.  r^T 

L -  c  Sin,  c/ Sin.  Y Sin,  z'  Cos.X J 

—bSin.a/Sifi.iS'Sin.  Z^ Sin.  xf  -cSin.af  ^in.ysin.i^  Sin.  A/' 

in  which  •/=  5^ +  a'  +  /3^— S60^  X^  =  900° -  («^+/9'— y^ 


Fourth  Case. 

Let  A^,  B\  C^  Zy,  (f£r.  12$)  be  the  four  given  pointa, 
M\  N\  P\  the   three   whose 
position  is  sought.     We  have 
the  following  measured  angles: 
A^M'B'  =  a\    B'M'N'  =  ^, 

a  WW  =  y,  ON'P'  =  i\ 
a  FN'  =  «/,  cFiy  =  ^/. 

These  angles  arc  given,  viz. 
A'B'a^W,  B'aiy^C\mA. 
the  sides  A'B'  =  a,  B'C  =  ft, 


/   —    jr  ,    u  =   —  o,    g  ==    —  fc',    ^  =  —  ^',    ^  S=  ^',    L/  S=  C, 

^  =  —  0^     Substituting  these  values  in  the  formula  in 
§  cm,  we  get 
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—  Cot.  <^'  = 
ra  Sin.  &  Sin.  S  Sin.  V  -h  Sin.  ai  Sin.  8^  Sin.  V  Cos.  kH 

L 4-  c  Sin,  a!  Sin.  /  Sin.  ^  Cos.  W J^ 

b  Sin.  a!  Sin.  I'  Sin.  XJ  Sin.  ic^  +  c  Sin.  a!  Sin.  y'  Sin.  tf  Sin.  \f 

or 

Cot.  0^  = 
-a  Sin.  ef  Sin.  ^  Sin.  K^  +  b  Sin.  oJ  Sin.  V  Sin.  V  Cos.  ^ 

—  c  Sin,  of  Sin,  y  Sin,  ^  Cos.  X 

*  Sin.  iJ  Sin.  W  Sm.  XJ  S/nV  +  cStn.af  Sin.YSin.t'Sin.\/ 

in  which  iJ  ^  B'  -- a'  Jf  Sl  -  360°,   X^  =  900^-(-a/  +  l9^ 

+  /  _  J/  -.  ^  -  2;/  4.  £/  +  CO. 


[ 


1 


Fifth  Cast. 

Let  A'^  B\  O,  ly^  (Jig.  124;  be  the  four  given  points, 
and  M\   N\  P^  the  three  points  pj 

sought;    the  latter  are   here  in    a 
direct    line.       Let    A^B^a  =  JB^ 

B^aiy^a,  a'mb^^o!,  wmn^  j 
=  180°  -  y,  ap^N'  =  €^  CFiy 

=  Xf ;    the  required  angle  M'A'B* 
=  ^'.       The   comparison  with  jig.     ^ 
115  gives  a=fl/,j8=-e',y=  — /, 

8=-8^,.=  -,,/,?:=2:/,5=i^ 

C  =^  C\  ^  =  <^'.     Consequentl]^   the  substitution  of  these 
values  in  the  formula,  §  CIII,  gives 

Cot.  ^'  = 
ra  Sin.  0  Sin.  8  Sin.  XJ-  b  Sin.  a!  Sin.  8^  Sin.  V  Cos.  i/l 

L +  c  Sin,  a!  Sin,  y'  Sin,  t^  Cos.  ^ J, 

b  Sin.afSvirWSin.  K'Sin.  i/^Sin.  a!  Sin.  y" Sin.t^ Sin.X^ 

or,  since  Sin.  8^  =  Sin.  y. 

Cot.  ^'  = 
aSin.0Sin.XJ-bSin.oiSin.VCos.t^^cSin.a!Sin.^CQs.V 
bSin.  a/  Sin.  I'  Sin.  </  +  c  Sin.  of  Sin.  ^  8in.V     ^' 

in  wbiA 

2  c 
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+  B'-i-  C)  =  1080«  -  (a'  -  ^^^J^l'^B'  +  CO,  because 
'y^  +  S^  =  180^  The  angle  MA'B\  and  consequeDtly  the 
position  of  the  points  M'^  F'^  depends  .  * .  for  this  case  not  oa 
the  angles  y ,  W  ;  which,  indeed,  is  the  case. 

If  the  points  C^  2>^,  are  in  the  line  A^B\  then  the  fiir- 
mula  here  found  for  Ctjt,  ^^  remains  the  same;  but  the  letters 
i/y  X^,  have  different  values,  according  to  the  order  in  which 
the  points  A^^  B\  U^  ZX,  are  relatively  situated.  Thus,  if 
these  four  points  be  placed  in  the  following  order,  viz.  ^^ 
jy,  B'y  C\  then  B'  =  180%  C^  =  0 ;  consequently  tsf  = 
af^ef^  180°,  X  =  900"  -  (a^  -  ^^  -  t'  +  JO-  If  they 
succeed  one  another  in  the  order  Z>^,  A\  B\  O :  then 
JS^  =  1 80%  C  =  0,  and  i/,  X%  have  the  same  values.  But 
if  they  are  in  the  order  A\  B'j  C\  ly :  then  B^  =  180, 
O  =  180%   and   .-.    i/  =r  a'  —  ^  -  180%    X'  =  540»  — 


fi^i^s. 


Sixth  Case. 

A\  B,  Cj  ly,  (Jig.  125^,  is  a  given  quadiilateral 
M\  N',  are  two  points,  whose  posi- 
tion is  required  to  be  determmed. 
From  M\  only  the  side  A*B\  and 
the  point  N^  can  be  seen ;  from  N' 
only  the  side  C'ly^  and  the  point 
M'  are  seen.  The  measured  angles  ^^Z 
are    A'MB'=^af,   B^MN'^gT,      \ 

CN'M  =  y,  aN'iy  =  y.  We  2^ 

have  given,  A^B'  =  a,  B^C  =  V, 

aiy  =  c,  A'B'a  «  5^  fi-'c^/y 

=s  C^.     Let    the   required    an^le  // 

MfA^B'  =  0.  By  comparing  with  the  sdieme,  >^.  1 18,  we 
get,  in  reference  to  §  CIV,  B^W,  C^C\  «=—*', 
^  =r  /J',  y  =  y,  8  ss  — g/,  0=  —a/.  By  the  substitution  of 
these  values  in  the  formula  there  mund  for  CW.  ^  we  obtain, 

—  Cot  ^'  = 

-  aigm.  &Sln.y^lS%n,alSm.VCo9,^  --cSin.c/Sin.y'Cm.X' 

-^  i  Sm.  of  Sin.  8'  Sin.  ic^  -  c  Sin.  a!  Sm.  7/  Stm  X' 
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or, 

-  a  Sin.  fi'Sin. Sf  +  bSin.afSin.S^Co8.  v!  -  c  Sm.  a^5m.  /Co^A^ 

h  Sin.  J  Sin.  I'  Sin.  v!  +  «  S«n.  a!  Sin.  -/  Sin.  V 
in  which 

S'-«'  +  (9'-360»,X'=720''-(-a'+i9'  +  y-8'  +  5'  +  CO. 

Again  let  the  point  D*  move  into  A\  Then  a  =  0,  the 
quadrilateral  A'WC'iy  is  transformed  into  a  triangle,  and 
we  obtain, 

-,        ,  _h  Sin.  Z'  Cos.  k'  —  e  Sin.  •/  Cos.  \' 
^*   ~  b  Sin.  ^  ,Sm77^'rs;ii:V'6Vn.  X'" 
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We  can  likewise,  if  ■we  choose,  solve  the  formula  for  every 
similar  figure  immediately  from  this  figure  itself,  as  was  shown 
in  §  CIV  by  an  example.  As  this  is  a  very  useful  practice 
for  the  Toung  geometrician,  I  will  hoe  give  another  example, 
and  with  this  view  make  use  of  the  fourth  case  in  the  pre- 
ceding section. 

Draw,  (Jig.  123 J  B'l/  parallel  to  C'N',  which  meets 
M'N'  produced  in  V^  and  from  V  draw  Vd  parallel  to  B'C. 
We    then    have,  B'VM'  =  180»  -  C'N'M'  =  180"  -  /, 

M'B'V  =  B'M'N'  -  B'VM'  =  ^  +  •/  -  ISO',  A'B'i^ 

=  180"  -  {A' MB'  +  ^^^'50  =  180"  -  («'  +  *0.  ^^'V 
=  A'B'Cf  +  A'B'M  +  M'B'V  =  B'  -^  0  ■{■  ■/  -of  - 
^'  =  Ci/V^  N'Ve  =  OdV  -  CfN'M  =  5'  +  el-»'-^' ; 
further,  5'C'c=  180'-Cc'y=180'>— 5'-/S'— /+«'+0', 
lyaN'  =  B'Ce  -  B'C  in  =  180»  -  5'  -  C  -  ^  -  / 
+  a'  +  f ;    .-.in  the  quadrilateral  lyONTy  C'D'P' 

=s  860°  -  ryc'N'  -  CN'P'  -  N'F'iy=  s6(f-iyc'N' 
-  CN'P'  -  cp'N'  -  ap'iy  =  180"  +  js'  +  c'+zs' + 

•/  —  of  —  ^'  —  ^  —  /  —  Z'.  If .' .,  for  shortness-sake,  we 
put,    B'  +  ^  -  a'  =z  Kf',  180"  +  B'  +  C  +  ff'  +  y'  —  c/ 
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_  8'  _  j/  _  f  /  _  X'' ;    then   N'V</  =  ic"  -  ^',  aiyP^  = 
Consequently  in  the  triangle  A'B'M',  we  h«ve 

iSin.  A'M'B'       ~    Sin.  of  * 
in  the  triangle  B'VM', 

B'W  -  -g'^  Sin.  B'M'b  _  a  Sm.  ^'  Sin.  Bf 
Sm.  B'VM'      -    Sm.  </  Sin.  ■/  * 

in  the  triangle  N'Vd, 

j^,,  _  Vd  Sin.  U'Ve  _  bSin.  W  -  ^) 
Sin.  c'N'V     ~         Sin.y'        ' 

in  the  triangle  C'lyP't 

fvp,_(yiySm.aD'P'       c  Sin.  jX"  -  ^Q 
^  ~      Sm.  OP'D       "  S«r?        * 

in  the  triangle  CyFN', 

C'Nf  -  ^'^  ^'^-  ^^'^  -  c  Sin.  i\"  -  »0  Sin,  t' 
^^   -      nin,  c'N'P'     -  SmTFSmT'        ' 

Now  (yN'  =  Cy  +  iVV  =  B'V  +  N't! :   we  .-.  h««» 
the  equation 

c  Sin.  (\"-^^')  Sin.  £>     aSin.il,' Sin.  $'     bSin.i»!' —  fT) 
Sm.S'Sin.y       ~  Sm.  of  Sin. -/'*'         Stn.-/ 

whence  we  obtain. 

Cot.  ^'  = 
ra  Sin.  ef  Sin,  S"  Sin.  ^T-  b  Sin.  of  Sin.  ^  Sin.  Z'C^.  i/^ 
L  '+c  Sin,  c/  Sin.  /  Sin.  ^  Cos.  X''  J 

-bSin.afSin.:i'Sin.K'Sm.Kf^  +  cSin.afSin.YSin.t'Sin.y\ 

If  we  compare  this  formula  with  that  for  the  fourth  case  of 
the  preceding  section,  we  find  i/^  =  360**  +  tcft  X^'  =  1080* 
—  X^ ;  consequently  Sin.  iff^  =  Sin.  «/,  Co*,  i/'  =  Co8.  c'l 
Sin.  W^  s  —  Sin.  \\  Cos.  W^szCoa.  X',  whence  the  equality 
of  both  formulae  is  evideut. 


HKCr^TiVlft  AKaL&S. 


IdT 
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PuoB.  Five  inaccessible  points  are  given  in  position 
and  distance :  required  to  determine  the  position  of 
four  other  points, 

SoLUT.  Let  J,  jB,  C,  D,  E,  (Jig.  U6)^  be  the  five 
points,  My  Ny  P,  Q;  the 
four  required  ones.  From 
My  only  Ay  By  Ny  can  be 
seen,  from  A^,  only  C,  My  P»  ^^ 
from  P,  only  i?,  N,  P,  and 
from  Q,  only  Dy  £,  P. 
Let  the  given  lines  and 
angles  be  AB.=  a,  BC  =  6, 
Ci;=c,  DE=dy  ABG^By 
BCD^Cy  CDE^D;  the 
measured  angles  AMB  =  a,  BMN  =s  ft  CWif  =  7, 
CiVP  =  S,  2>PiV  =  t^DPQ.  =  ^  2?GP  s  „,  !?«£  =  e. 
Further,  let  the  required  angle  be  MAB  ^  ^. 

1.  Draw  Bb  paralldto  CNy  be  to  BC;.  cd  to  DP,  and  de 
to  C2>.  Then  BbM  =  CiVAf  =  7,.  CdN  =  2?PiV  =  €  ; 
consequently  JI/B6  =180°—  (BM6  -^  BbM)  =  IfiO' — 
(e  +  7)>  -^VCei  =  180°  --  (8  +  c).  Further,  in  the  qua- 
drilateral ABbM,  ABb  =  360°  -  (AMb  +  BbM  +  MAB) 
=  360°  —  (a+g  +  r  +  ♦)>  and  in  the  pentagon  ABCNM9 
BCN  =  540°  -  {ABC  +  ^iriV+  CiVM  +  iM^5)  = 
540°  —  (5  +  a  +  g  -f  7  +  ^)*  We  consequently  have 
bBC^ABC  -  ABb-B  +  a  +  g+7  +  ^-.  86o°=Cc6, 
dCi?  =n  ^CZ?  -  SCiV  -  NCd^  5+  C  +  a  +  P4-7 
+  8  +  €  +  ^  -  720°  a  Z7ed,  and  .•.  A^  =  Cc6  -  ftiVC 
-5  +  a4.p4.0_  360° ;  P&  =  Z?cd  —  dPZ>  =  5  + 
C  +  a  +  l&  +  7  +  8  +  f—  720°.  Further^  in  the  nona- 
gon  ABCDEQPNMy  the  angle  2>JBQ  =  1260°  ^{ABC-^ 
BCD  +  CDE  +  ^il/iV  +  MNP  +  iVPQ  +  J/^5)  = 
1260°  -(5+  C  +  2?  +  «+iS  +  7  +  84-€-f?:  +  »»  + 
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0  +  ^)*    Now,  if  for  the  sake  of  brevity,  we  put,  B -k- a  -h  0 
-  360^  =ic,5+C  +  a  +  ^  +  7  +  8-  720^  =*  X,  1260* 

then  Nbc  =  ic  +  ^,  Pdc  =  X  +  ^,  DEQ  =  /li  —  ^. 
S.  In  the  triangle  ABM, 

^^'  ""      Sin.  AMB      "    Sin.  a  ' 

in  the  triangle  MBb, 

_  BM  Sin.  BMh  _  a  Sin.  ^  Sm.  g 
^^  "■       Sin.  5ftJf     ""     Sin.  a  Sin.  y  ' 

in  the  triangle  Nbc, 

-mj   ^bc  Sin.  Nbc  _  b  Sin,  (le  +  ^)  ^ 
~"    Sin.  bNc     ""  Sin.  y        * 

consequently  Cn  =  Cc  4-  Nc  =  uBi  +  iVc  = 
a  Sin.  0  Sin.  g        b  Sin.  (k  4-  ^) 
Sin.  a  Sin.  y  Sin.  y 

Further,  in  the  triangle  NCd, 

^,  _  CN  Sin.  CNd  _  CN  Sin.  8 
^    ■"       Sin.  CdN      ""       Sin.  t    ' 

and  in  the  triangle  Pde, 

p    _  de  Sin.  Pde  _  c  Sin.  (X  +  ^) 

consequently  DP  s:^  De  +  Pe^  Cd  -{•  Pe  ^ 

CNSin.S       c  Sin,  f  X  +  »)  _ 
Sin.  €  Sin-  «  "" 

g  Sin.  ^  Stn.  g  Sw.  8     ft  Sm.  (>c-f»)  Sin,  g     c  Sw.  (X4-») 
Sm.  a  Sin.  ^  Sin.  c  Sin.  y  Sin.  c  Sin.  c 

8.  But  an  expression  may  he  found  ibr  DP.     Thus  in  the 
triangle  DEQ, 

DO  =  ^^  ^^^'  ^^^  -  d  Sf'n.  (/n  —  ») 
Sin.  DQE SmTd        ' 
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and  in  the  triangle  DPQf 

r^jy_DQ  Sin.  DQP  _  d  Sin,  (fi  -  »)  Sin.  i| 
^^  •"      Sin.  DPQ     ■"         Sin.  0  Sin.  Z 

4.  If  we  equate  the  expressions  found  for  DP  in  2  and  3, 
we  then  obtain  the  equation, 

a  Sin.  ^  Sin,  g  Sin.  8       b  Sin,  (k  +  »)  Sin.  8 
Sin.  a  Sin.  y  Sin.  c  Sin.  y  Sin.  e        * 

c  Sin.  (X  +  ^)  _  d  <ygn.  (/i  —  ^)  S'/n.  ly 
■^         Sin.e         "         Sin.  e  Sin.  Z 

or,  when  we  solve  Sin.  (k  +  ^)>  Sm.  (X  +  ^),  Sin.  (fi  —  ^) 
divide  by,  Sin.  0,  and  substitute  Cot.  ^  for  .,.  '  ^, 

a  Sin.  e  Sin.  8  4  Sm.  8  (Sin.  k  Cot  ^  +  Cos.  k)  . 

Sin.  a  Sin.  y  Sin.  s  Sin.  y  Sin.  e 

c  (Sin.  X  Cot.  ip  +  Cos.  X)  _  d  Sin,  i?  (*yin. /u  Cot.  ^ — Cos.  fi) 
SmTe  Sin.  0  Sin.  ? 

Hence  we  obtain, 

Cot.  0  = 


+  d  Sin.  a  Sin.  y  Sin.  c  Sin.  ij  Sin.  fi 


Remark.  In  a  similar  manner  we  can  generally  wive  the  problem  when 
It  points  arc  given,  to  determine  the  position  of  «  —  1  other  points.     • 
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Pbob.  In  a  guadrilateral,  two  of  its  opposite  sides, 
together  with  the  angles  which  they  make  with  one  of 
the  other  two  sides,  are  given.  This  auadrilateral  is 
seen  from  any  one  position,  and  from  hence  the  appa* 
rent  distances  of  the  angular  points  from  one  another 
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are  measured;  find  from  these  data  the  other  tteo  sitles^ 
and  the  distance  of  the  position  from  each  anguiar 
point. 

SoLUT.   Let  ABCD  (fig.  127^  be  the  quadrilateral,  M 
thQ     position,     the    given      sides 
AB  =  a,    CD  =  by    and    angles 
ABC  =  5,    BCD  ar  C.      The 

measured  angles  AhM^a^  BMC  A^ \ ^^ -^D 

=  ft  CMD  =  y. 

1.  If  the  angle  MAB  is  known, 
we  then  likewise  have  all  the  rest  M 
of  the  figure.  Assume  .  * .  MAB  =  ^,  Then  ABM  = 
180°  -  (a  +  ♦),  MBC  =  ^5C  -  ABM=  i?  +  a  +  ^ 
-  180%  5CJIf=l80«  -  {MBC  +  SAfC)  =  360^  -  (5  + 
<B  +  0  4-  7  +  0)*  Further,  in  the  pentagon  MABCD^ 
MDC  =  540^  -  (-B  +  C  +  a  +  e  +  7  +  ♦).  For  the 
sake  of  brevity,  put  5  +  a  —  180^  =  r,  360°  -  (jB  -f  a^g") 
=  X,  540°  —  (i^  +  C-f-a+/?  +  7)=/a;  this  gives,  i£SC 
«  ic  +  #,  BCM=:  A  -  0,  ^2?C  =  M  -  *i 

2,  In  the  triangle  ABM^ 

•j^  _  AB  Sin.  MAB       a  Sin,  f 
^  "      Sin,  AMB      ~     Sin.  a ' 
in  the  triangk  BMC^ 

^p  _  BM  Sin.  MBC  _  g  Sin.  ^  ^m,  (ic  +  ») 
^  ""      Sin.  iiCW      ""    Sin.  a  Sin.  (A  -  ^)  ' 

Further,  in  the  triangle  MCD, 

j^^  _  CD  Sin.  MDC  _  h  Sin.  (^  -  ») 
■"      Sin.  CMD      "        SiiT^        • 

S.  If  the  two  values  found  for  MC  are  equated,  we  then 
obtain, 

a  Sin.  6  Sin.  (k  +  ^)        h  Sin.  (a  —  *) 
Urn.  a  Sin.  {\ -- 1^)  Sin.  y        ' 

or, 

a  Sh.  7  Sin.  (k  +  f)^bSm.  a  Sin.  (X  -  ^)  Sin.  (ji  —  ^). 
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4.  Now  Sin.  <p  Sin,  (ic-h^)  =  i  [Cos.  k  —  Cos.  (ic+20)], 

we  consequently  have 

a  Sin.  a[Cos.  (X4-|£  — 2^)]  = 
h  Sin.  a[Cos.  (X-^)—  Co«.(X  +  /t4-2^)]. 
or, 

a  Sin.  y  Cos.  *c  —  6  Sin,  a  Cos,  (X  —  fi)  = 
a  Sm.  y  Cos.(^K  +  20)  —  b  Sin.  a  Cos.  (\  +  fi  —  20). 

Now  since  Cos.  (ic+  2  0)  =  Cos.  k  Cos.  2  0  -  Sin.  xSin.  2  0, 
Co*.  (X  +  /I*  -  20)  =  Corf'.  (X  +  /u)  CcM.  2  0  +  /Stn.(X  +  fi) 
iS/n.  2  0  :  therefore 

a  Sin.  y  Cos.  k  —  fc  Sin,  a  Cos.  (X  —  ju)  = 
[a  *ym.  y  C(w.  K  —  i  Sin.  a  Cos.  (X  4-  fi)]  Cos.  20 
—  [a  -Sin.  y  Sin.  k  +  6  ASin.  a  Sin.  (X  +  /i)]  Sin.  2  0. 

5.  Divide  this  equation  by  a  Sin.  y  Sin.  k  +  b  Sin.  a 
Sin.  (X  +  ;li),  and  put 

a  Sin.  y  Cos,  k  —  b  Sin.  a  Cos.  (X  +  ^) 
a  Sin.  y  Sin,  K  +  b  Sin.  a  Sin.  (X  +  fx)  "  *"• 

this  gives 

Tan.  (II  Cos,  2  0  —  Sin.  20  = 
a  Sin,  y  Cos.  k  —  ft  Sin,  a  Cos,  (X  —  fx) 
a  Sin.  y  Sin.  ic  +  i  Sin.  a  Sin.  (X  +  /i)' 
or,  since         Tan.  oi  Co*.  20  —  Sin.  20  = 

^yzn.  (o  Co*.  20  —  Cos,  ip  Sin.  2  0       iSw.  (cu  —  2 0) 

Co*.  (i>  ^  Co*.  01  * 

Sin.(^w  —  20)rs 
g  5m.  y  Cos.  k  Cos.  oi  —  ft  Sin,  a  Cos.  (X  ^  fi)  Cos,  w  ^ 
a  Sin.  y  Sin.  K  +  b  Sin.  a  Sin.  (X  -f  /i)  ' 

whence  0  may  be  determined. 

Exam.  Leta=s60,  ft=SOO,  B=  140°.  26^  C=1S6«.  22^, 
a=36°.  20^,  |S=29'.  41^  7=27°.  38^  Here  ic=— S°.  14^, 
X=15S°.  SS^  ,x=l69^S5/. 

2  n 


202  POLYGONOMETET. 

o  S/n.  y  Co..  .  =       166-7063 

J  Sm.  «  Co..  C\  +  rt  =       1421396 
o  Sin.  1  Sm.  ,  =  -      9  4176 

b  Sin.  <.  Sm.  (X  +  rt  =  -  106-7214 ; 
consequently, 

_  166  7063-1*21396  ^  _  o-ausag* 
yan.iu-  _g,4J76  _  io6-7214 

and  .  ■  ■ 

(,,  =  l68".  3'.  S3". 

We  consequently  have, 

a  ,S-m.  y  Co..  K  Cos.  <-  =  -  16S097* 

6  Sin.  a  Co5.  (X  -  ;i)  Cm.  o  =  -  l67-l602, 

and  .'. 

Sm.  (w-2*)-    _ 9-4176- 106-7214 
w  — 2^=  —a*.  0'.  10". 


=  85°. 


Pbob.  Four  objects  are  seen  from  four  stations,  and  at 
each  of  these  stations  the  apparent  distances  of  the 
olg'ects  from  one  another  are  measured:  from  hence 
determine  the  position  of  all  the  eight  points. 

SoLUT.  the  four  objects  A,  B,  C,  D  (fig.  128;  are  seen 
from  the  four  Btations  E,  F, 

G,  H,  and  there  the  angles  _ 

AEB  =  a,    BEC  =  ft  /   , 

CED  =  7,    jiFB  =  «',  // 

BFC  =  0,    CFD  =  y,  / 

JGB  =  ^',   BGC^e",  f 

CGD  =  y",  AHB  =  o!", 
BHC  =  ff".  CHD  =  -/", 
are  measured. 
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SOS 


./7^.  129, 
FHBK         C 


1.    Join  the  points  A^  B,  C,  Z>,  (Jig.  Iftg)  by  the  lines 

jiBj  BC9  CD  ;  find  first  an  equa^ 

tion   for  the  point  E.     With  this 

view,   produce  the  lines  BC,  EAy 

££>,  till  they  meet  in  F,  G,  and 

draw  the  perpendiculars  AH^  Dly 

£K,      Since  angles  only  are  here 

given  y  consequently  we  cannot  de- 
termine the  actual   magnitude  of 

the  lines  belonging  to  the  figure, 

but  merely  their  proportion  to  one 
another.     We  can  .  * .  assume  one 
of  these  lines,  say  J3C,  for  unity, 
and  put  iiC  =  1.     Now  if  besides  the  lines  AB,  CDy  and 
the  angles   ABC9    BCD^   or  the   adjacent  angles   ABFy 
DCGy  are  known  ;  then  the  position  of  the  four  points  A^ 
Sy   C,  I),  and  consequently  also  the  situation  of  the  points 
JS,    J?,    G,    //,    are  determined.      Assume  .*.    AD  =^  x, 
CD  =:^,  ABF=  0,  DCG  =  xp^  and  moreover,  for  short- 
ness^ sake,  BAE  =  Ay  CDE  =  £),  which  last  two  angles 
vanish  further  on  in  the  calculation.     We  then  have  AFB  = 
BAE-ABF=^A--iby  CGD=  CDE-- DCG  =  D--xP, 
CBE  =  AFB  +  A£B  =  .4  -  ^  +  «,  BCE  =  CGD  + 
C£D  =  D-'xp  +  y. 


2.  In  the  triangle  ABEy 

A  B  Sin.  BAE      x  Sin.  A 


Sin.  a  ' 


^^^      Sin.AEB 
and  in  the  triangle  CED, 

„         CD  Sin.  CDE  _  y  Sin.  D 
^^~      Sin.  CED     ~    Sm.y    ' 

consequently  in  the  right-angled  triangle  BEK, 

BK=BE  Cos.  CBE  ^.V  Sin.  A  Cos.  U  -  i>  +  a); 

oin,  y 

and  in  the  right-angled  triangle  CEKy 

CK  =  CE  Cos.  BCE=^^^'''-^'%}^-'^-^y^. 

Kiin,  y 
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Now  since  BK  +  C£=  BC  =  1 :  we  then  have  the  equBdao. 

xSiH.JCo8.{J'^i^  +  a)   ^  y  Sin.  D  Cos.  (/j-T^-hy)^^ 
Sin.  a  Sin.  y 

or, 

J  Sin.  7  Sin.  A  Cos.  (J  —  <^  +  a)  •}-  y  Sin.  a  Sin.  D  x 

Cos.  (D  —  t/>  +  7)  =  Sin,  a  Sin.  y. 

S.  But  Cos.  (^  —  0  +  a)  =  Cos.  [^  —  (^  —  a)]  = 
Cos.  A  Cos.  (^-a)  +  Sin.  A  Sin.  (0-a),  Cos.  {D-^jP  +  y) 
=  Cos.  [D  -  (\P-y)]  =  Cos.  D  Cos.  (i/^-y)  +  Sin.  D  x 
Sin.  i^—y)'  Substitute  these  values  in  the  obtained  equation, 
and  at  the  same  time  put  1  —  Cos.  ^A  for  Sin.  ^A,  1  —  Cos.  ^D 
for  Sin.  ^D ;  this  gives,  Sin.  a  Sin.  y  = 

X  Sin.  y  Cos.  A  [Sin.  A  Cos.  (^— a)  —  Cos.  A  Sin.  (^ — a)] 
+  X  Sin.  y  Sin.  (^  —  a)  +  y  Sin.  a  Cos.  D  [Sin.  D 
Cos.  (i/»— 7)  —  Cos.  D  Sin.  (^—7)]  +y  Sin.  a  Sin.  (\p — 7) 

= x  Sin.  7  Cos.  A  Sin.  {A^fp  +  a)  •\-  x  Sin.  7 Sin.  (f  —  a)  -f- 
y  Sin. a  Cos.  D  Sin.  (D— •^  +  7)  +y  Sin. a  Sin.  (jp  —  y) 

=x  Sin.  7  Cos.  A  Sin.  CBE  +  x  Sin.  7  Sin,  (^  —  «)  4- 
y  Sin.  a  Cos.  D  Sin.  BCE  +  y  Sin.  a  Sin.  (t/»  —  7). 

4.  In  the  triangle  BEC  we  have 

D^  _     __  BE  Sin,  g  __  X  Sin.  A  Sin.  j3 
^  "  Sin.  BCE  "  Sm.  a  Sin.  BCE' 

and  .  *% 

S,n.  BCE  =  ^^'"•.^^^'"•^. 

om.  a 

In  like  manner 

Stn.  CBE  ""  iS^iw.  7  iWn.  CBE' 
and  .*. 

Sin.  7 
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Substitute  these  values  of  Sin,  BCE^  Sin.  CBE  in  the 
equation  in  3 ;  this  gives  aS'iyi.  a  Sin,  y  s 

xy   Sin,  0  Sin,  D  Cos,  A  -{-  x  Sin,  y  Sin,  (^  —  «)  + 
jry  Sin.  0  Sin,  A  Cos,  D+y  Sin.  a  Sin.  (\jj  —  y) 

=  xy  Sin,  0  Sin.  {A  +  D)  -k-  x  Sin.  y  Sin.  (^  —  a)  + 
y  Sin,  a  Sin,  (xp  —  y) 

or,  since  ^  +  Z)  =  540"  -  {AED  +  ABC  +  BCD)  = 
180^  —  (£  —  ^  — )//),  when,  for  the  sake  of  brevity,  we  put 
AED  =  -B, 

Sin.  a  Sin.  y  =z  xy  Sin.  /S  Sin,  [E  —  (^  +  t/^)]   + 
X  Sin.  y  Sin.  (^  —  «)  +  ^  Sin,  a  Sin.  {\p  —  y), 

5.  In  order  to  separate  the  unknown  magnitudes  from  the 
known,  solve  this  equation ;  this  gives 

Sin,  a  Sin.  y=xy  Sin.  0  [Sin.  E  Cos.  (^  +  t/')  ^  Cos.  E  X 
Sin.  (^  +  1^)1  +  J^  Sin.  y  {Sin.  0  Cos.  a^Cos.  <^Sin,  a) 
+  y  Sin.  a  {Sin,  \jj  Cos,  y  —  Cos.  xp  Sin,  y) 

=  xy  Sin.  0  [Sin,  E  {Cos.  ^  Cos.  \p  —  Sin,  ^  Sin,  \p)  — 
Cos.  E  {Sin.  ^  Cos.  xp  +  Cos.  <p  Sin.  xp)]  + 

X  Sin.  y  {Sin.  0  Cos.  a  —  Cos.  ^  Sin.  a)  + 
y  Sin.  a  (Sin.  xp  Cos.  y  —  Cos.  xp  Sin.  y). 

6.  If  we  put  X  Sin,  ^  =  p,  a:  Cos.  i^^  q,  y  Sin,  xp  =^  Vy 
y  Cos.  xp=i  s  ;  then  this  equation  is  transformed  into  the 
following  one : 

{qs—pr)Sin.0Sin.E'-{pS'{-qr)Sin.ffCos.E+pSin.yCos.a 

+  r  Sin.  a  Cos.  7  —  (7  +  »  +  1)  Sin,  a  Sin,  7  =  0, 

or 

^Sin.  e  Sin.  £     .      .      .  Sin.  0  Cos,  E 
(1'  "P^'^Sin.  a  Sin,  y  "(P^  +  g^)  Sin.  a  Sin,  y 

+  p  Cot.  a  ■\'  r  Cot.  7  —  (g  +  a  +  1)  =  0, 
where  JB  =  a  +  g  +  7. 

Likewise  each  of  the  other  stations  F,  G,  //  gives  a 
similar  equation.     We  .  * .  have  four  equations  in  all,  whenpe^ 
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the  value  of  qs  —  pr,  p«  +  ^r,  p,  r,  ^  +  »  +  1 ,  and  heoce 
again  the  values  of  p,  9,  r,  «»  may  be  determined.  If  these 
last  are  found,  then  we  also  have  the  values  of  Xy  y,  ^,  \p. 
A  complete  solution  of  the  above  four  literal  equations  is 

fiven  by  Professor  Pileiderer  in  the  Archives  for  Pure  aod 
tactical  Mathematics,  10th  Number,  p.  190.  In  practice, 
however,  it  is  much  easier  to  calculate  with  the  given  numbers 
themselves ;  how  this  is  done  will  be  seen  by  the  following 
example. 


jj      yig^.  130. 


Exam.  I  shall  assume,  that  the  points  £,  Fj  G,  H  have 
the  position  in^.  ISO.    Let  a=zJEB=iS9\  3S\  e=:BEC 

af=AFB=6r.  23',  efr=:BFC 

=  44^  44^  y^=CFD=28\  54/, 

a!'^AGB=z'j5\W,0f'z=zBGC  ,    V       X       ^^ 

=  l05°.51^y'=CG2>=50°.23^  /     \         X       ^C 

al^'  =  -  AHB  =  -  25^    47^ 

ef'^^  -  BHC^  -  55^  2^  > 

=  C/rZ>=  1 5\  8(/.     Here  E=       I     y\\      //     ^z> 

a+e+7=93^  53^,  F=:af^ef 

+  7/  =  141^  1^   G-a'^-i-  0' 

+  /'  =  232^  2',  H^<J"  Jr  ^^' 

+  y^^  =  —  Gsf".  1 9^.  Therefore 


Sin,  g  Sin.  E 
Sin.  a  Sin.  y 

Sin.  /?  Cos.  E 


=     20266000 


Sin,  a  Sin.  y 

Cot.   a     = 
Cot.   y      = 

Sin.  e"  Sin.  F 


=  —01375675 


1-2073615 
2  3164076 


Sin.  a'  Sin.  y^ 

Sin.  ^  Cos.  F 
Sin.  a!  Sin.  y^ 

Cot.    a' 


=      09924784 


=r— 1-2263381 


Cot. 


y     = 


0-4166012 
1-8114969 
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Stn.  gf'  Sin.  G 
^^-^^^--,  =  -V0155S90 

Sin.  0'  Sin.  G 
Si^:^^i^'  =  -0-7924751 

Cot.  o^'      =     0'2530S89 
Cot.  t"      =     0-8277620 

Sin.  0"  Sin.  H         _  ,„„-„„ 

^sit^'rmr""=  ^'^^^oess 

Co*,   a/^^      =—2.0701859 
Cot.  y^       =      3-6058885. 

We  consequently  have  the  four  following  equations : 

20266000  {qa-pr)  +  0  1375675  (je>*  +  jr)  +  l'20786l5;i 
+  0-3164076  r  —  (^  +  s  +  1)  =  0 

0-9924784  (y«—/>r)  +  1-2263381  (|>*  +  ^)  +  0-4l66012p 
+  1-8114969  r  —  (^  +  «  +  1)  =  0 

—  1  01 55390  (5rs—/>r)  +  0*7924751  (|)«  +  yr)  +  0-25S0389p 

H-  0-8277620  r  —  (^  +  «  +  l)  =  0 

—  6-4057632(93— pr)  — 2-9440655  (/)*  +  jr)  — 2  0701859p 

+  S'GQb^^^B  r  —  (jr  +  s  +  1)  =s  0. 

If  the  second,  third,  and  fourth  be  subtracted  from  the  first, 
we  then  obtain 

1*0341216  (5.«-pr)  —  1  0887706  {ps-^-qr)   +  0-7907603 ;i 

+  0-5049107  r  =  0. 

30421390  {qa-pr)  —  0*6549076  (;i5  +  qr)  +  0  9543226  j? 

+  1-4886456  r=  0. 

8-4323632  iqa-pr)  +  3-0816330  {pa  +  qr)  +  32774974^ 

—  1-2894759  r=  0. 

Divide  the  coefficients  of  each  equation  by  the  coefficient  of 
the  first  term ;  this  gives 

{qs  —  pr)  —  10528458  (/)*  +  jr)  +  0'7646686|> 

+  0-4882508  r  s=  0 
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(qs  --pr)  ^  0-2152786  {ps  +  qr)  +  0*S137012p 

4-  0-4893417  r=  0 

(qs  —pr)  +  0-S6545S1  (ps  +  jr)  +  0'3886808p 

—  0-1529199  r  =  0 

and  when  the  two  first  equations  are  subtracted  irom  the  last, 

1-4182989  (l>»  +  ?r)  -  0-3759878  p  -  0-6411707r  =  0 
0-5807317  (ps  +  jr)  +  0-0749796|>  —  0-6422616  r  =  0. 

Divide  a^in  each  equation  by  the  coefficient  of  the  fint 
term ;  this  gives 

(ps  +  9t)  —  0-2650977  p  —  0-4520702  r  =  0 
(ps  +  qr)  +  0- 1291 123  p  —  1-1059524  r  =  0, 

and  when  these  equations  are  subtracted  fi*om  one  another^ 

0-S942100p  —  0-6538822  r  =  0 

By  means  of  this  equation  we  successively  get  the  four  follow- 
ing equations : 

r=      0  6028762 p 

ps  -i-  qr  =     0-5376401  p 

qs  --pr  =  —  0-492971 3  p 

9  +  «  +  1  =     l-6787747p 

From  the  first  and  second  equations  we  obtain 

s  4-  0-6028762  q  =  0-5376401. 
This  equation  combined  with  the  fourth,  gives 
q  =        4-2273334  p  —  3-8719414 
«  =  —  2*5485587  p  +  2-8719414. 

If  we  now  substitute  the  values  of  9,  r,  «,  in  the  third  equa- 
tion, we  then  obtain 

1 1 -3764885  ;i«  — 22-501 4950  p  -f  11-1199888  =  0 
or, 

p^  -  1-9778955  p  -h  0-977450  =  0 ; 
and  this  equation  gives 

p  =  0-9889477  ±  00237403, 
consequently  either  p  =  1-0126880,  or  p  =  0*9652074.  The 
two  last  figures  of  these  values  are  uncertain. 
If  we  take  the  first  value  of  p,  we  find 
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p  ^  1-0126880  =  X  Sin.  ^ 
q  =  0*4090284  ==  x  Cos,  ^ 
r  =  0-6105255  =  y  Sin.  \P 
s  =  0*2910466  =5  y  Cos.  ijt. 
^rom  the  first  and  second  equations,  we  obtain 

--  1-0126880 

^^^'  *  =  TrT;:^?:^^.  =  2-4758878, 

^        0-4090284 
and  from  the  third  and  fourth, 

-,        ,         0*6105255        ^  ^/v«co«o 

3^fl»-  ^  =  Tr^^T^T^rra  =  20976898 ; 
^       0-2910466 

consequently 

0  =  68^  O'.  21''^'7,  \p  =  64°.  SO'.  43^^-8, 
and 

X  =  ^F-  =  1-09217,  y  =  -oT^  =  0  67635. 
Sin.  (ft  -^       *ym.  1/^ 

If  we  take  the  second  value  of  |i,  we  have 

p  =  0*9652074  =  X  Sin.  ^ 

q  =  0*2083121  =  x  Cos.  ^ 

r  =  0-5819006  =  y  Sin.  \f, 

s  =  0-4120537  =  y  Cos.  xf, 

and  .*. 

^               0-9652074        ^  aooA^»» 
Tan.  6  =  —^ =  4-6334677 

'^        02083121 

_        ,        0-5819006        ,  ^,«,^z;^ 
^flw-  '/'  =  ^  .,^Lo^  =  1-4121960 
^        0-4120537 

0  =  77°.  49^.  16/'*1,  \P  =  54P.  41^  49^^-3 

^  =  5j£^  =  ^-98743,5,  =  5j^  =  0-71301. 

Consequently  in  each  of  these  prohlems,  two  different  posi- 
tions of  the  eight  points  are  possible.  Which  is  the  right 
one,  must  .- .  be  determined  firom  other  circumstances. 

When  the  situations  of  the  four  points  J,  J?,  C,  2),  are 
determined  by  means  of  the  angles  and  lines  6^  \p,  x,  y^  when 
calculated,  it  is  easy,  by  the  problem  in  §  Li  V^  to  determine 
the  position  of  the  points  Ej  ^,  Cr,  H. 

S  E 
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Remark.  "Hie  problem  here  solTed,  incontesUbly  the  inoeC  important 
in  practical  geometry,  was  indented  by  the  celebrated  Lambert;  it  may  be 
seen  in  bis  Contributions  II.  p.  186,  &c.  In  the  calculation  of  his  ezaoipley 
he  baa  only  made  use  of  four  decimal  places ;  .*.  the  ezpresrions  tbere 
found  for  P,  Q,  R,  <S,  or,  according  to  my  notation,  for;i,  q,  r,  #,  «ie  not  in 
one  case  correct  as  far  as  this  number  of  decimal  places.  Thus,  aooordinK  to 
Lambert,  p.  193,  P  «  0*5690,  Q  '^  -^  0*3443  (-  0*3543  is  an  error  of  the 
press),  /{  B  —  0*4998,  5  «  »  0*3028 ;  but  more  properly,  P  a.  0-5698, 
pa—  0*3447,  /{  »  —  0*5005,  «9  »  —  0*3024.  For  the  angles  f ,  4  (ac- 
cording to  the  notation  used  here),  we  should  only,  finom  these  data,  hare 
found  the  degrees  correctly,  which,  in  determining  the  other  parts  of  the 
figure,  would  cause  great  mistakes.  It  will  be  adyisable,  .* .,  to  perform  the 
calculation  throughout  ?nth  six  decimal  places. 

To  this  section  also  belongs  the  first  treatise  of  the  excellent  work  of  BAr. 
Hanptmann,  by  Hiigenin  (Mathematical  Contributions  for  the  Formation 
of  the  young  Geometrician,  Ktfnigsberg,  1803),  which  the  reader  willcer* 
tainly  penue  with  adyaatage  and  pleasure. 


X.  ON  MAXIMA  AND  MINIMA,   as  far  as 

THIS    SUBJECT    BELONGS   TO    ELEMENTARY 
GEOMETRY. 

SECTION  ex. 

DEFINITION. 

A  magnitude  is  said  to  be  a  maximum,  when  it  is  the 
greatest  of  all  those  which  are  similar  to  it ;  a  minimum, 
when  it  is  the  least. 

The  diameter  of  a  circle  is  the  greatest  of  all  the  lines 
which  can  be  drawn  from  one  point  m  the  circumference  of  a 
cif de  to  another,  and  consequently,  in  reference  to  these  lines 
it  is  a  maximum.  Further,  of  all  the  lines  which  can  be 
drawn  from  a  given  point  to  a  given  line,  the  perpendicular 
is  the  least,  and  consequently,  in  reference  to  these  lines,  it  is 


a  mimmum. 


SECTION  CXI. 

Faob.  To  divide  a  given  line^  so  that  the  rectangle  con- 
tained by  the  two  parts  may  be  a  maximum. 

SoLUT.  Let  the  given  line  AB  (Jig.  131^  be  divided  in 
jif  ,  so  that  AM  X  MB  is  greater  than  j^  jjj 

any  other  rectangle  which  can  be  con-   ^         ^c  M     B 
tained  by  any  otner  two  parts  of  this     '  '  ' 

line. 

Bisect  the  line  AB  in  C,  and  assume  AC  s  CB  =  \  AB 
=  a,  CM  =  X.  Then  AM^  a  +  x,  BM—  a  —  x,  and 
AM  X  MB  =  a«  —  X*.  But  the  expression  a«  —  x*  is 
evidently  the  greatest,  when  x  =  0 ;  consequently  the  point 
ilf  fells  in  C,  and  .  * .  ^C  X  C£  is  the  greatest  rectangle. 


gl2  MAXIMA  AND   MINIMA. 

Con.  When  -  • .  two  lines,  viz.  P,  Q,  have  a  riven  sum  ; 
then  the  rectangle  contained  by  these  two  lines  is  the  greatest 
when  P  =  Q.  Consequently  of  all  the  rectangles  of  a  ^veo 
circumference,  the  square  contains  the  greatest  area. 


SECTION  CXII. 

Peob.  Amongst  all  the  angles  which  are  upon  the  same 
base  J  and  have  the  same  circumference^  to  Jifid  that 
which  contains  the  greatest  area. 

SoLUT.  Let  the  triangle  ABC  (Jig.  182;  be  a  maximum; 
the  given  base  AC^  a,  and  with  respect  jg 

to  the,  given  circumference  AB  +  BC  A 


tne  given  oase  uiu = a,  ana  wicn  xi»YeK,\ 
to  the,  given  circumference  AB  +  BC 


Bjig.J3Z^ 


1.  Draw    the  perpendicular    BD:  "^       B  E 

then,  since  the  base  AC  is  determined,  this  is  a  maximmn. 
Bisect  AC  in  £,  and  put  ED  =z  x,  BD^y,  AB  ^  z. 
Then  AD  =  Ja  —  x,  CD  =  ia  +  a:  ;  consequently,  siooQ 
AB'^AD^  +  BD\  BC^^CD^  +  BD", 

(6-z)2  =  (ia  +  xf  4.j^«. 

2.  If  the  first  equation  be  subtracted  from  the  second, 
then  we  obtain 

6*  —  2  fe  =  2  oj 

3.  Substitute  this  value  of  ;s  in  the  first  equation  in  1 ; 
this  gives 

4.  Hence  it  follows,  that  y  =  BD  is  the  greatest,  when 
X  =^  0,  and  consequently  when  the  perpendicular  BD  bnects 
the  line  AC.  But  in  tnis  case,  AB  =:  BC  i  consequently, 
of  all  the  triangles  of  the  same  circumference  and  on  the 
same  base,  the  isosceles  triangle  Contains  the  greatest  area. 
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Coft.  This  result  may  likewise  be  proved  gtometricalljr  in 
the  following  way. 

Let  ABC  (Jig.  133^  be  an  isosceles  triangle,  AMC  any 
other  triangle  on  the  same  base  ACy  and 
jlM-h  MC  ^sJB-^  BC:  prove  that 
AABC>AJMC. 

WithV£  as  a  centre,  and  radius 
AB  =  BCy  suppose  a  circle  described, 
which  meets  AB  produced  in  Z>.  Draw 
DC  ;  then  the  angle  ACD,  being  in  a 
semicircle,  =  R.  Produce  the  perpen- 
dicular DC;  make  JlfJ\F=  JIfC,  and 
draw  AN.  From  the  points  Bj  Jlf, 
draw  BGy  MP  perpendicular  to  DN.  ^^ 

Since  BC  =  BD,  and  MN  =  MC ;  then  AB '\-  BC  ^ 
AD,  and  AM  +  MC  =  AM  +  MN ;  consequently  AD  = 
AM  +  MN,  and  .-.  AD  >  JA^-  and  since  CD^  =  ^D*- 
ACS  CN^  =  ^A^  -  AC^,  consequently  CD  >  CiST.  Now 
since  CG^\  CD,  CP  ^  \  CN:  then  likewise  CG  >  CP. 
But  CCr  is  the  altitude  of  the  A  ABC,  and  CP  the  altitude 
of  the  A  AMC;  consequently  the  triangle  ABC  has  a 
greater  altitude,  and  . ' .  also  a  greater  area,  tnan  the  triangle 
AMC. 


SECTION   CXI II. 

From  the  foregoing  section,  the  following  general  and  im- 
portant rule  is  deduced : 

Of  all  polygons  of  equal  circumference,  and  of  the  same 
number  of  sides,  that  one  which  is  equilateral  has  the 
greatest  area. 

For  let  ABCDEF  (Jig,  184^  be  the  greatest  polygon. 
If  AB  be  not  equal  to  BC  ;  then  upon 
AC  siS  a  base  describe  an  isosceles  triangle 
AMC,  whose  circumference  is  equal  to 
that  of  ABC,  in  which  consequently 
AM  +  MC=::  AB  +  BC.  Then  by 
the  foregoing  section,  A  AMC  ^ABC, 
and  consequently  also  the  polygon 
AMCDEF,  which  has  the  same  number 
ef  sides,  and  the  same  dircumfercnce  as 
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the  polygon  ABCDEF^  is  greater  than  this  last.  Thcieibre 
the  poljffon  ABCDEF  is  not  the  greatest  of  all  the  pcdygans 
having  the  same  drcumference  and  the  same  number  of  sides. 
Consequently  AB  =  BC.  But,  likewise  for  the  same  reaaon, 
BC  =  CDf  CD  =  DEf  &C. ;  consequently  the  polygon 
which  is  a  maximum,  is  equilateral. 


SECTION  CXIV. 

Pbob.  Two  sides  of  a  triangle  are  given :  find  the  angle 
contained  by  these  sides,  when  the  triangle  is  a 
maxifnum, 

SoLUT.  Let  (ABC  fig.  132)  be  the  greatest  of  all  the 
triangles,  which  have  the  same  sides  AB^  BC, 

Since  A  ABC  ^i^AB  .BC  Sin.  ABC,  and  the  lines 
AB,  BC,  are  given ;  then  that  triangle  is  the  greatest,  finr 
which  Sin.  ABC  is  the  greatest.  But  Sin.  ABC  is  the 
greatest,  when  ABC  is  a  right  angle;  consequently  the 
greatest  triangle  is  that,  the  two  given  sides  of  which  contain 
a  right  angle. 


SECTION  CXV. 

Pbob.  All  the  sides  but  one  of  a  polygon  are  given : 
find  the  conditions    under   which  the  polygon  is  a 
maximum. 

SoLUT.  Let  ABCDEF  (fig.  135),  be  the  greatest  of  all 
the  polygons,  which  are  com-  Jigtiss, 

posed  of  the  sides  AB,  BC, 
CD,pE,  EF,  and  an  unde- 
termined side  AF.  Draw  the 
di^nals  AD,  DF :  then 
ADF  is  a  right  angle.  For  if 
ADF  be  not  a  right  an^le, 
then,  by  the  foregoing  section,  Ai 
retaining  the  parts  ABCD,  DEF,  the  triangle  ADF,  and 
consequently  also  the  polygon  ABCDEF  may  be  enkrged ; 
which  is  contrary  to  tne  supposition,  that  this  polygon  is  a 
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maximum.  In  like  maimer  it  may  be  proved,  that  ABF^ 
ACFy  AEFy  are  right  angles.  Conseouentlv  the  points 
Ay  By  Cy  Dy  JEy  Fy  must  be  in  a  semicircle,  wnose  diameter 
isAF. 

Cob.  That  there  can  be  only  one  polygon,  which,  under 
this  condition,  can  be  constructed  from  the  given  sides,  the 
following  observations  will  demonstrate. 

In  the  first  place  it  is  evident,  that  when  two  arcs  AEBy 
AeB  (Jig*  lS6)y  have  the  same  chord  ^fi,  the  chord  to  which 
the  ffiven  radius  belongs  has  a  smaller 
angle  at  the  centre,  and  consequently, 
when  C,  Dy  are  the  centres  of  these 
two  arcs,  ADB  >  ACB. 

Hence  it  immediately  follows,  that 
when  once  a  semicircle  (fig.  135)  is 
found,  in  which  the  given  sides  ABy 
BCy  CDy  DE,  EFy  are  exactly  con- 
tained,  it  is  not  possible  to  find 
another  which  satisfies  these  condi- 
tions. For  if  the  radius  of  the  other  semicircle  be  greater  or 
less  than  the  radius  of  the  first ;  then,  in  the  first  case,  the 
angles  at  the  centre,  which  belong  to  the  arcs  ABy  BCy  &c., 
would  be  less  than  before,  and  in  the  second  case  greater.  In 
both  cases  these  angles  cannot  together  be  greater  than  two 
right  angles,  which  is  the  condition. 

It  matters  not  in  what  order  the  sides  ABy  BCy  &a  follow 
each  other  in  the  semicircle,  since  in  each  series  of  these  sides, 
the  sum  of  the  arcs,  which  are  by  them  cut  off,  is  always 
equal  to  half  the  circumference ;  likewise  the  area  of  the  Poly* 
gon  remains  the  same,  and  this  last,  because  the  sum  of  the 
s^ments  ABy  BCy  &c.  remains  the  same. 

SECTION  CXVI. 

From  the  finr^ing  section  the  following  rule  is  deduced : 

Pbob.  Amongst  ail  the  polygons  which  consist  of  a  cer- 
tain number  of  given  sides,  that  one  about  which  a 
circle  can  be  described  is  the  greatest. 

For  let  ABCDEFG  (fig.  1S7>  be  a  polygon  described  in 
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a  cirde,  and  abcdefg  another,  about  which  no  ciicle  can  be 
described,  and  whose  sides  are  equal  to  those  of  the  first,  90 
that  ab  =  AB^  be  =  BC^  cd  =  CD,  and  so  on.  Draw  the 
diameter  EM,  and  the  lines  AMy  BM ;  upon  ab  =  ABj 
describe  the  triangle  abm^  similar  and  equal  to  ABif,  and 
draw  em.  Then  by  the  foregoing  section,  the  pciygon 
EFGAM  is  greater  than  the  poljrgon  tfgamy  mdess  indeed 
this  last  polygon  can  be  descrioed  in  a  circle,  whose  diamflrffr 
is  em,  in  which  case,  as  was  shown  in  the  above  section,  its 
area  is  equal  to  diat  of  the  former.  For  the  same  reason, 
and  under  the  same  condition,  the  polygon  EDCBM,  is  also 
greater  than  tdcbm.  The  polygon  MSBCDEFG  is  like- 
wise necessarily  greater  than  ambcdefg;  for  it  cannot  be 
equal  to  it,  for  otnerwise  about  the  whole  polygon  ambcdefg 
a  circle  might  be  described;  which  is  contrary  to  the  hypo- 
thesis. If^  now,  we  take  from  the  above  two  polygons  the 
3[ual  triangles  ABM,  abm:  then  it  follows,  that  the  polygon 
BCDEFG  is  greater  than  the  polygon  abcdefg. 


SBCnON  CXVII. 

From  §§  CXIII,  CXVI,  the  following  rule  is  deduced : 

Of  all  the  polygons  of  the  same  circumference  and  of 
the  same  number  of  sides,  the  regular  polygon  is  the 
greatest. 

For  by  §  CXIII,  the  polygon  which  is  a  maximum,  is 
equilateral,  and  by  the  preoedmg  secticm^  it  can  be  descrOied 
in  a  drde  ;  .  - .  it  is  r^ular. 
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SECTION  CXVIII. 

From  the  foregoing  section  the  following  rule  is  also 
deduced: 

The  circle  is  greater  than  every  rectilineal Jigure,  which 

has  the  same  circumference. 

For  it  was  there  proved,  that  the  regular  polygon  is  greater 
than  eve^  other  of  the  same  circumference  and  the  same 
number  of  sides.  If,  now,  it  can  be  proved,  that  the  circle 
is  always  greater  than  a  regular  polygon  of  the  same  circum- 
ference, the  truth  of  the  rule  follows  at  once. 

Let  .*.  r  be  the  r^idius  of  a  circle,  p  its  circumference,  q 
its  area.  Assume  any  regular  polygon  of  the  same  circum- 
ference with  the  circle ;  let  the  perpendicular  drawn  from  its 
centre  to  any  of  its  sides  :sz  h;  the  area  =  f^.  Further, 
suppose  a  polygon  similar  to  it  described  at  the  circle ;  let 
its  circumference  =  p\  and  the  area  =  q^^.  Then,  as  may 
be  easily  seen. 

Because  of  the  similarity  of  the  above  two  polygons,  we  also 
have 

If  in  the  proportion  for  9^^  9/,  their  values  are  substituted, 
we  then  obtain 

or  p^ :    p    z^  r   :  h 

and  .'.  y  =  4-; 

consequently         j'^  =  i  rp^  =  ^7- 

We  .  • .  have  ^  :  q  =:  q  :  ^'. 

Now  since  the  circle  is  always  less  than  the  polygon  described 
about  it,  consequently  tjl'  ^  9,  and  •* .  also  q^^*    <l«  £•  !>• 

2  F 
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SECTION   CXIX. 

Prob.  In  a  line  given  in  position^  to  find  a  pointy  suchy 
that  when  two  straight  lines  are  drawn  to  this  point 
from  two  given  points  with  this  line^  their  sum  is  a 
minimunu 

SoLUT.  Let  MN  (Jig.  138^  be  the  line  g^ven  in  position^ 
C  a  point  in  it,  A^  B^  the 
two  given  points  ;  so  that 
when  the  lines  AR^  BCy  are 
drawn,  AC  +  EC  is  a  mini- 
mum. 

1.  From  one  of  the  given      "       "  ^      '^^ 
points,  say  By  draw  BD  per- 
pendicular to  MN^  proauce 
It,   and  make  DE  =  BD ;  ^ 

draw  CEy  AE^  and  from  P,  in  which  AE^  MN^  intersect 
each  other,  draw  the  line  BP. 

%  Since  BD  =  DE,  CD  =  CDy  CDB  =  CDE  =  /f  / 

then  A  CDB  is  similar  and  equd  to  A  CDE,  and  .-. 
CB  =  CE  ;  consequently  AC  +  CB  =  AC  +  CE.  The 
sum  of  the  lines  AC,  CE,  and  consequently  also  the  sum  of 
the  lines  AC,  CB,  will  be  the  least,  when  the  point  C  taOs 
in  P;  .  - .  AP  +  PB  is  a  minimum,  and  consequently  P  is 
the  point  sought. 

Cob.  Since  BD  =  DE,  PD  =  PD,  BDP  =  EDP; 
therefore  A  BDP  is  similar  and  equal  to  A  EDP,  and  .*. 
Z-  BPD  =  ^  DPE.  But  DPE  =  APM;  consequently 
APM  =  BPD  =  BPN.  The  required  point  is  where  the 
lines  AP,  BP,  make  equal  angles  with  the  line  MN'. 

SECTION  CXX. 

PaoB.  Two  points  without  a  given  circle  are  given; 
find  a  point  in  its  circumference  such,  that  when 
straight  lines  are  drawn  from  it  to  the  given  points, 
the  sum  of  these  two  lines  is  a  minimum. 
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SoLUT.  Let  (Jig.  139)  C  be  the  centre  of  a  circle,  ilf  a 
point  on  the  convex  side  of  its  circum- 
ferenccy  such,  that  the  angle  AMC= 
BMCi  and  P  any  other  point  in  the 
circumference.     To  M  draw  the  tan-     ^    ,..       >, 
gent  DE;    further,   draw   the  lines    ^8'^^^'  ^ 
AP,  BPy  and  from  the  point  Q,  in 

which  AP,  DEy  intersect  each  other,   C 

draw  BQ, 

Since  AMC  =  BMC,  CMD  = 
CME  =  R :  then  AMD  =  BME. 
But  BQE  <  BME,  AQD  >  AMD  ;  consequently  AQJ) 
>  BQEy  and  .'.by  the  foregoing  section,  AQ  +  jBQ>  AM 
+  ^Jf.  Now  AP  +  BP^A(i+  BQ  (Euc.  I.  2lJ: 
much  more  .  • .  is  AP  +  BP  >  -4 Jf  +  fiilf .  Since  this  is 
true,  wherever  the  point  P  is  assumed ;  consequently  M  is 
the  point,  for  which  the  sum  of  the  lines  AM,  BM,  is  a 
minimum. 

Remark.  Although  the  property  hy  which  the  point  M  is  determined, 
for  which  the  sum  of  the  lines  AMy  BAfiB  a  minimum,  is  extremely  simple; 
yet  this  point  cannot  be  determined  in  any  way  by  Elementary  Geometry. 
A  very  elegant  solution  of  this  problem  is  giren  by  Robert  Simson,  which, 
on  account  of  conic  sections  being  made  use  of  in  it,  does  not  belong  to  this 
subject. 


SECTION  CXXI. 

Fbob.  In  a  given  triangle  to  determine  a  point j  which  is 
such,  that  when  lines  are  drawn  from  it  to  the  angular 
points  of  the  triangle,  the  sum  of  these  lines  is  a  mini- 
mum. 

SoLUT.    Let  ABC  (fig.  14^0)  be  the  given  triangle;  P 
the  point  for  which  PA  +  PB  -h 
PC  is  a  minimum.      From   the  y^  fi^.J^O. 

point  C,  with  the  radius  CP,  sup- 
pose a  circle  described ;  then  PA 
+  PB  must  necessarily  be    less 

than  the  sum  of  the  lines,  which    ^^ 

can  be  drawn  from  the  points  A,   ^'^  [      T^^ 

B,  to  any  other  point  of  the  circumference  of  this  circle ; 
because  if  this  be  not  the  case,  the  sum  of  the  three  lines 
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PAf  PB,  PCf  could  not  be  a  mimmuin*  Thereforei  by  the 
foregoing  section,  the  angle  A  PC  =  SPC.  In  like  manner 
it  Diajbe  shown,  that  APB  ^  APC ;  ••.  APB^APC 
=  BPCf  and  consequently  each  angle  s:  120°. 

If  one  of  the  angles  of  the  triangle  be  greater  than  120^; 
then  the  problem  is  impossible. 

Remark.  Many  more  probleniB  relating  to  Maxima  and  Rfinimamay  be 
solved  by  means  of  Elementary  Geometry ;  thexe  are  a  great  many  cases  of 
this  kind  to  be  found  in  a  work  on  this  subject,  by  Lw  Hnifier,  entitled : 
''  De  Relatione  mutna  Capcitate  et  Terminorum  Flgorarum,  geometrice 
considerata:  seu  de  Mazimis  et  Minimis:  VarsarviSy  1782/'  Also  in  lis 
work  on  Polygonometry,  already  quoted,  p.  174.  But  howerer  ii^fenioas 
•och  elementaiy  solutions  for  single  cases  may  be,  yet  they  are  by  no 
means  suited  to  the  establishment  of  general  rules  for  the  treatment  of 
this  subject  How  &r  the  Diffierential  Calculus,  and  espeoally  the  CakuhB 
of  Vaifations,  invented  by  the  cetebrated  Lagrange  (vHiich  alone  is  suflkieBt 
to  immortalise  its  inventor)  is  applicable  to  this  subject,  is  reaerred  to  the 
following  Collecdons. 
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SECTION  CXXII. 

Definition, 

When  several  points  have  any  one  property  in  common, 
and  all  are  in  a  straight  or  crooked  line,  then  this  line  is 
called  the  Locus  of  these  points,  or  of  each  of  them ;  and  a 
Plane  Locus,  when  the  line  in  which  the  points  lie,  is  a  straight 
line.  The  following  examples  will  serve  to  elucidate  what  has 
been  said. 

Let  the  base  of  a  triangle,  together  with  its  area,  be  jgiven ; 
find  its  vertex.  The  properties  which  are  here  required  of 
the  triangles  sought,  apply  to  an  endless  number  of  triangles, 
whose  vertices  are  all  in  a  straight  line,  which  is  parallel  to 
the  given  base.  This  line  is  consequently  the  Locus  of  the 
required  vertex. 

Let  the  base  and  the  vertical  angle  of  a  triangle  be  given ; 
required  to  find  its  vertex.  Here  the  given  properties  are 
evidently  not  sufiBcient  for  the  determination  of  the  triangle 
and  its  vertex ;  for  there  is  an  endless  number  of  points,  which 
satisfy  the  conditions  of  the  problem  ;  and  all  these  points 
are  in  a  circular  arc,  which  has  the  given  base  of  the  required 
triangle  for  a  chord.  Consequently  this  circular  arc  is  the 
Locus  of  the  required  vertex. 


SECTION  CXXIII. 

Prob.    From  a  given  point  there  is  a  line  draton,  whose 
extremity  touches  another  straight  line  given  in  posi- 
tion :  find  the  Locus  of  the  point  which  divides  the 
first  line  in  a  given  proportion. 

SoLUT.    From  a  given  point  C  (fig.  141^,  let  any  line 
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CH  be  drawn  to  a  line  AB  given 
in  positioDi  and  let  this  line  be 
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divided  according  to  a  certain  pro- 
portion in  / :  represent  the  Locus 
of  the  point  /. 

Draw  any  line  C2>,  cut  it  in 
the  given  proportion  in  E^  and 
through  this  point  draw  the  line 
FG  parallel  to  AB :  then  this  line  is  the  Locus  sou^t. 
For  if  any  line  CH  be  drawn,  which  cuts  FG  in  /,  and 
touches  AB  in  H;  then  CH :  CI  =  CD  :  CE  =  the  given 
proportion. 


SECTION  CXXIV. 

Prob.  From  a  given  point  a  straight  line  is  drawn, 
whose  extremity  touches  the  circumference  of  a  given 
circle :  find  the  JLocus  of  the  point  which  divides  this 
straight  line  in  a  given  proportion. 

SoLUT.    Let  A  (figs,   142,    143^  be  the  given  point, 
BGM  the  given  circle,  E  its  ^ 

centre,  AB  any  straight  line  *^^ 

drawn  from  the  pomt  Ay  and 
this  divided  in  C,  so  that 
AB  :  AC=m  :  n  ;  find  the 
Locus  of  the  point  C. 

Draw  the  line  AE^  which  rA 
meets  the  circumference  of 
the  given  circle  in  G;  deter- 
mine the  point  Z>,  so  that 
AE  :  AD=^m :  n  ;  and  when 
this  has  been  found,  deter- 
mine the  point  jP,  so  that 
EG  :  DF  ^  m.n.  Then 
from  Z>,  with  the  radius  DF^ 
describe  a  circle :  this  circle  is 
the  required  Locus. 

From  the  point  A  draw  any 
line  ABj  which  meets  the  cir- 
cumferences of  the  two  circles 
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in  Bf  C,  and  draw  CD,  BE  to  their  centres.  Now  since 
AE  :  AD=  m  :  «,  EG  :  DF  =  m:  n;  then  AE  :.  AD 
=  EG  :  DF  -  BE  :  CD,  consequently  BE  is  parallel  to 
CD,  and  .'.,  AB  :  AC  =  AE  :  AD  =^  m  :  n,  as  required. 


SECTION  CXXV. 

Frob.  From  a  line  given  from  a  certain  point,  let  two 
parts  be  cut  off  by  this  point  iw  opposite  directions, 
so  that  these  parts  may  have  a  given  proportion,  and 
that  the  extremity  of  one  part  may  meet^  a  line  given 
in  position :  Jind  the  Locus  of  the  extremity  of  the 
other  part. 

SoLUT.    Let  C  (Jig.   144J  be  the  given  point,  j^A  the 
straight  line  given  in   position,  >^   ^^. 

HI  any  line  passing  through  C  '^' 

which  is  not  given  in  position, 
and  CH  :  CI  =  m  :  n  ;  the  ex- 
tremity H  of  the  line  CH  touches 
the  line  AB :  find  the  Locus  of 
the  point  /• 

From  C  to  AB  draw  any  line 
CD,  make  CD  :  CE=:m :  n,  and  ^  5^ 
through  the  point  E  draw  the  parallel  FG :  this  is  the  Locus 
sought.  Through  C  draw  any  line  HI,  which  meets  the 
lines  AB,  FG,  m  H,  I;  then  CH ;  C/=  CD :  CE^m :  n, 
which  was  sought. 


SECTION  CXXVI. 

PkoB.  In  a  straight  line  passing  through  a  given  point, 
two  parts  are  cut  off  from  this  point  in  opposite  direc- 
tions, which  have  a  given  proportion ;  the  extremity 
of  one  part  touches  a  given  circle :  find  the  Locus  of 
the  extremity  of  the  other  part, 

SoLUT.    Let  CGM  (Jig.  145>  be  the  given  circle,  E  its 
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centre,  BC  Any  line 
passing  through  a  given 
point  j^j  which  meets 
this  circle  in  C ;  let 
j4Bf  AC  be  two  parts, 
whose  proportion  to  one 
another  is  constantly 
z=z  m  :  n;  find  the 
Locus  of  the  point  B. 

In  AE  determine  a  point  Dy  so  that  AD  :  AE  =  m  .*  it  / 
then  a  point  Fj  so  that  DF :  EG  zizm  :  n;  then  from  D^ 
with  a  radius  DF,  describe  a  circle:  this  is  the  required 
Locus.  For  if  any  line  BCh  drawn  through  A^  and  fnnn  £y 
C,  in  which  it  meets  the  two  circles,  the  Junes  BD^  CE  be 
drawn ;  then,  since  AD  :  AE  =s  m  :  n,  and  DF :  EG 
=m  :  n,  likewise  AD  :  AE^DF:  EG:=BD  :  CE  ;  con- 
sequently £J9bparaUd  to  CE,  and .  -.  AB:  AC=AD:  AE 
=m  :  n,  as  required. 


SECTION  CXXVII. 


Paob.  Two  straight  lines  drawn  frwn  a  given  point,  and 
having  a  given  proportion  to  one  another,  contain  a 
given  angle;  the  extremity  of  one  line  touches  a 
straight  line  given  in  position :  find  the  Locus  of  ike 
extremity  of  the  other  line. 

SoLUT.    Let  A  (fig.  146)  be  the  fixed  point,  from  which 
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the  lines  ABy  AC  are  drawn,  which 
contain  a  given  an^le  BAC,  and 
have  a  civen  proportion  to  one  ano- 
ther; t-ne  point  B  meets  the  line 
BH ;  find  the  Locus  of  the  point 
C. 

^  From  A  towards  BHj  draw  any 
line  AD^  make  the  angle  DAE 
equal  to  the  given  one,  and  take 
AEy  so  that  AD  has  the  given  proportion  to  AE ;  through 
the  point  E  draw  the  line  FG,  forming  the  angle  AEG  = 
ADB :   this  line  is   the  required  Locus.     Draw  any  two 
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lines  AB^  AC^  fonning  the  given  angle  BAC  ss  DAE ; 
then  in  the  triangles  ABD^  ACE,  the  angle  BAD^^CAE 
and  ADB^AEu;  consequently  triangle  ABD  is  similar  to 
the  triangle  ACE,  and  AB :  AC  =  AD  :  AE  =  the  given 
proportion,  as  required. 


SECTION  CXXVIII. 

Pbob.    7\i;o  straight  lines  which  are  drawn  from  a  given 
pointy  and  have  a  given  proportion^  contain  a  given 
angle  ;  the  extremity  of  one  line  touches  a  given  circle : 
find  the  Locus  of  the  extremity  of  the  other  line. 

SoLUT.  Let  A  (Jig.  147^  he  a  given  point,  D  the  centre  of 
a  circle  BMb,  and  from  A 
let  any  line  AB  be  drawn  to 
the  circumference  of  this  cir- 
cle ;  to  AB  apply  an  angle 
BAC  of  a  given  magnitude, 
and  upon  AC  determine  the 
point  C,  so  that  AB  :  AC 
may  be  equal  to  a  given  pro- 
portion m  :  n. 

Draw  the  line  AD,  which 
cuts  the  circumference  of  the  given  circle  in  JP,  make  the 
angle  DAE  equal  to  the  given  one,  and  in  AE  determine  the 
pomt  Ej  so  that  AD  :  AE^m  :  n,  and  then  the  point  6, 
so  that  likewise  DF :  EG^m  :  n.  If  now  from  the  point 
jE,  with  it  radius  EG,  a  circle  is  described ;  then  this  circle 
will  be  the  required  Locus. 

For  let  ABy  AC  he  any  two  lines  drawn  to  the  cbcum- 
ferences  of  bodi  circles,  containing  the  angle  BAC  equal  to 
the  given  one ;  and  draw  DB,  EC:  then  BAC  =  DAE, 
and  consequently  also,  DAB  =  EAC.  Further,  since 
AD  .^AE=zfn  :  n,  and  DF  :  EGszm  :  n;  then  AD  :  AE 
= DF :  EG^DB  :  EC.  The  angles  DAB,  EAC,9xe.*. 
similar  (Euc.  VL  1),  if  it  can  be  shown,  that  ABD,  ACE, 
are  always  at  the  same  time  obtuse,  right,  or  acute,  angles. 
Assume  this  to  be  the  ease :  then  AV  :  AE  as  AB  :  AC. 
But  AD  :  AE=zm  :  n;  consequently  also  AB  :  AC^m  :  fi, 
and '.  * .  the  circle,  whose  eentre  is  JEJ,  is  the  required  position. 

2  Q 
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But  that  the  two  angles  ABDy  ACE  have  the  above  pro- 
perty, can  be  proved  in  the  following  way.  From  A  draw 
AMf  AN  J  Am,  An  tangents  to  the  two  cirdes ;  and  to  the 
points  where  they  toucn  the  cirdes,  the  radii  D3f^  DN^ 
Em^  En.  It  may  be  easily  proved,  that  the  triangles  DAM, 
EAm,  and  consequently  also  the  triangles  DAN,  EAn^  which 
are  equal  to  them,  are  similar  to  one  another ;  for  AI)  :  AE 
=  DM :  Em  (=»i :  n),  and  AMD  =  AmE  =  R.  There- 
fore the  angle  DAM  =  DAN  =  EAm  =:  EAn^  and  eon- 
sequently  also  DAE  ^  MAm=  NAn.  If  .-.  the  point 
B  is  situated  m  M  ox  iV,  then  the  point  C  is  in  m  or  it. 
First  suppose  that  the  point  B  falls  in  Fy  and  consequently 
the  point  C  in  G^ ;  then  ABD  =  ACE  =2  5.  Now  if  the 
point  B  remove  from  F  to  M,  the  point  C  at  the  same  time 
removes  from  G  to  m,  the  angles  ABD,  ACE  constantly 
become  less,  but  continue  to  be  obtuse,  till  B  moves  into  3/, 
and  C  into  m,  in  which  case  both  are  right  angles.  Beyond 
My  m,  these  angles  become  acute,  as  AbDy  AcE,  when  i,  c 
are  two  corresponding  points,  and  remain  so,  till  By  C  remove 
into  iV,  ff,  where  they  are  right  angles,  and  then  again 
become  obtuse*  Consequently  tne  condition  assumed  in  the 
proof,  is  fulfilled. 


SECTION  CXXIX. 


Prob.  From  a  line  which  is  drawn  from  a  given  point, 
two  parts  are  cut  off,  so  that  their  rectangle  contained 
by  them  has  a  given  magnitude^  The  extremity  of  one 
part  meets  a  straight  line  given  in  position :  deter- 
mine the  Locus  of  the  extremity  of  the  other  part. 

SoLUT.  From  the  line  AC  (Jig.  148^,  which  is  drawn 
from  the  given  point  A,  two  parts  AB, 
BC  are  cut  off  such,  that  the  rectangle 
AB  X  AC  has  a  given  area  =  q.  Tne 
point  B  meets  the  line  DE :  determine 
the  Locus  of  the  point  C 

From  A^  draw  AF  perpendicular  to 
DE  ;  in  this  line,  or  this  same  one  pro- 
duced, determine  the  point  O^  so  that 
AFx  AGzzq;  upon  AG,  as  a  diameter. 
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describe  a  circle  :  this  circle  is  the  position  sought.  From  A 
draw  any  line  AC^  and  then  CO,  Then  ACG^  as  an  angle 
in  a  semicircle,  is  a  right  ancle,  and  .*.  AFB  =  ACG  ; 
consequently,  because  the  angle  CAG  is  common  to  both, 
A  ACG  is  similar  to  A  AFB.  We  .-.  have  AG  :  AB 
=  AC :  AF,  and  consequently  AB  x  AC=  AGx  AF=:  q^ 
as  required. 


SECTION  CXXX. 

Prob.  From  a  line  drawn  from  a  given  point j  two  parts 
are  cut  off^  such,  that  the  rectangle  contained  by  the 
two  parts  have  a  given  magnitude.  The  extremity  of 
one  part  meets  the  circumference  of  a  given  circle : 
determine  the  Locus  of  the  extremity  of  the  other, 

SoLUT.  From  the  given  point  A  (Jig,  149^,  a  line  AC  is 


drawn,  and  from  it  two  parts  AB^  AC  are  cut  off,  so  that 
AB  xAC  has  an  area  =  q.  The  point  B  meets  a  given 
circle  BDEG :  determine  the  Locus  of  the  point  C. 

From  A,  through  the  centre  O  of  the  given  circle,  draw 
the  line  AOy  which  cuts  its  circumference  in  Dy  E^  and  in 
this  line  determine  a  point  F  such,  that  AF  x  AD  =  q- 
Then  find  by  §  CXX.VI,  the  Locus  of  a  point  H^  such^ 
that  when  A  a  is  drawn,  and  AH :  A I  is  malde  equal  to  the 
^ven  proportion  ^F :  AE,  the  point  /  meets  the  given 
circle.  Let  the  circle  CFH  be  this  Locus ;  then,  I  assert, 
this  circle  is  also  the  Locus  of  the  point  C,  for  which 
ACxAB=q. 

If  from  A  any  line  AC  is  drawn,  which  touches  the  cir- 
cumferences of  both  circles  in  C  and  G :  then,  by  the  con- 
struction, AC  :  AG  =  AF :  AEy  and  .-.  likewise  AC  x 
AB  :  AG  X  ABz^AFx  AD  :  AE  x  AD.    Now  (Euc. 
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///.  S6)  JG  X  AB  ^  AE  >c  AD;    oonaequcnUj    abo 
AC  xAB^rzAF  X  ADzr:q,  9A  tequii^. 

Cor.  Hence  It  also  follows,  that  when  the  point  B  mc^ 
the  convex  or  the  concave  side  of  the  circle  opposite  to^,  the 
point  C,  in  the  first  case,  is  situated  on  the  concave  side,  and 
m  the  second,  on  the  convex  side,  of  the  circle  sought. 


SECTION  CXXXI. 

Pbob.  From  a  given  point,  two  straight  lines  containing 
a  given  angle  are  dratim,  and  from  these  two  parts 
are  cut  of,  such,  that  the  rectangle  contained  by  them 
has  a  given  area.  The  extretnity  of  one  part  meets 
a  straight  line  given  in  position ;  ^nd  the  Locus  of 
the  extremity  of  the  other  part. 

SoLUT.  From  the  given  pomt  A  (fg.  I5q),  draw  two 
lines  AB,  AC,  so  that  the 
angle  BAC  has  a  given  mag- 
nitude, and  the  rectangle  AB 
X  AC  has  a  given  area  =  q  ; 
the  point  B  lies  in  the  straight 

line    DE ;   find  the   Locus  "7f\  y}t 

of  the  point  C. 

Draw  AF  perpendicular  to         , ^ 

DE,  make  the  angle  FAG  DBF  £- 

equal  to  the  given  one,  and  FA  x  AG  =^q :  npon  AG 
as  a  diameter,  describe  a  circle:  then  this  circle  is  the 
Locus  sought.  From  A  draw  any  two  lines  AB,  ACj  eon- 
taining  the  given  angle,  the  first  to  DE,  the  other  to  the 
circumference  of  the  circle,  and  moreover*draw  the  line  CG. 
Then  from  the  construction,  BAC  =  FAG,  and  .  • .  likewise 
BAF  =  CAG.  Now  since  also  ACG  as  an  angle  in  a  semi- 
circle, is  a  right  angle ;  consequently  ACG  =  AFB,  and 
.  • .  A  ^CG  is  similar  to  A  ABF.  We  consequently  have 
AB  :  AG  v:z  JF :  AC,  mi  .'.  AB  x  AC^  AGxAF^q, 
as  required. 
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SECTION  CXXXII. 

PaoB.  From  a  given  paint  two  straight  lines  containing 
a  given  angle^  are  drawn,  such,  that  the  recta7igle  con^- 
tained  by  them  has  a  given  area.  The  extremity  of 
one  line  is  situated  in  the  circumference  of  a  given 
circle :  find  the  Locus  of  the  extremity  of  the  other 
line. 

SoLUT.  Let  BDH  (fig.  151)  he  a  given  cirde,  0  its 
centre;  ABy  AC,  any  two 
lines  drawn  from  A,  which  con- 
tain a  given  angle  BAC  =  a, 
and  which  are  such,  that  the 
rectangle  contained  by  them 
has  a  given  area  =  q. 

Draw  AOy  which  cuts  the 

S'ven  circle  in  2>,  G,  make 
^AJE  =  a,  and  in  AE  determine  the  point  E,  so  that 
AD  X  AE  =  q.  Now  let  /  be  a  point,  which  is  determined 
by  these  means,  that  when  any  line  AH  is  drawn  to  the 
circle,  it  makes  the  angle  HAI  =  a,  and  the  proportion 
AH :  AI  equal  to  the  given  proportion  AG  :  AE.  The 
Locus  of  this  point  is  . ' .  a  circle,  which  may  be  found  by 
§  CXXVIII.  This  circle  is  also  the  Locus  of  the  point 
C. 

According  to  the  construction,  for  every  two  lines  drawn 
from  A  to  the  two  circles,  which  contain  an  angle  =  a,  viz. 
AF,  AC,  AF :  AC  =  AG  :  AE ;  consequently  also  AF 
:  AB  :  AC  :  AB  -  AG  x  AD  :  AE  x  AD.  Now  AF  x 
AB  =  AG  X  AD ;  consequently  likewise  ^C  X  AB  a  AE 
X  AD  =  9,  as  required. 


SECTION  CXXXIII. 


Pjiob.  From  two  given  points  two  parallel  lines    are 
drawn,  which  have  a  given  proportion.     The  extremity 
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of  one  meets  a  straight  line  given  in  position  :  Jitid 
the  Locus  of  the  extremity  of  the  other. 

SoLUT.  Let  A^  B  (Jig.  152 J  be  two  given  points,  and 
ACf  BD,  two  parallel  lines ;  the  point 
C  is  in  the  given  line  GH :  find  the 
Locus  of  the  point  Z),  when  for  each 
two  of  these  lines,  the  proportion  AC 
:  BD  is  equal  to  the  given  proportion 
m  :  n. 

From  A  to  GH  draw  any  line  AE^   _ 
and  from  B  draw  BF  parallel  to  AE ;  G  C 

make  AE  :  BF  =  m  :  n,  and  through  the  point  F  thus 
determined,  draw  IK  paraUel  to  GH :  then  this  line  is  the 
required  Locus.  From  Aj  jB,  to  the  lines  GH^  IK^  draw 
any  two  parallels  AC^  BD :  then,  since  AE  is  parallel  to 
BF,  AC  parallel  to  BD,  CE  parallel  to  DF,  the  three 
angles  of  the  triangle  ACE  are  equal  to  the  three  aisles 
of  the  triangle  BDF,  and  .-.  AC  :  BD  =  AE :  BF=z 
ffi :  n,  as  required. 


SECTION  CXXXIV. 


Prob*  From  two  given  points,  two  parallel  lines  are 
drawn  of  a  given  proportion  ;  the  extremity  of  one 
is  in  the  circumference  of  a  given  circle :  find  the  Locus 
of  the  extremity  of  the  other. 


J^J53.       ^ 


SoLUT.  Let  A,  B  (fig.  I53j  be  two  given  points; 
AC,  BD,  two  parallel  lines,  which 
have  the  given  proportion  m  :  n; 
the  point  C  is  in  the  circumference 
of  tlie  circle,  whose  centre  is  E: 
find  the  Locus  of  the  point  D. 

Draw  the  line  AE  and  BF  pa- 
rallel to  it,  and  determine  thepomt 
F,  so  that  AE:BF:=m:ns 
then  make  EG  :  FH=:m  :  n,  and 
by  these  means  determine  the  point  H.  From  F,  with  the 
radius  FH,  describe  a  circle :  tnen  this  circle  is  the  required 
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Locus.  Draw  any  two  parallel  lines  AC^  BD^  to  the  cir- 
cumference of  the  circles,  and  the  radii  EC^  FD  ;  then  the 
angle  EJC  =  FBD ;  further,  AE :  BF  =  m  :  n,  and 
EC  :  FD=zEG  :  FH=m  :n;  r.  AE  :  BF:=EC  : FD. 
Moreover,  as  is  easily  seen,  the  angles  AECy  BFD^  are  at 
the  same  time  acute,  rectangular,  or  obtuse.  Therefore 
triangle  AEC  is  similar  to  tnangle.  BFDy  and  consequently 
AC :  BD  =  AE  :  BF  =  m  :  n,  as  required. 


SECTION  CXXXV. 

Prob.  From  two  given  points  two  straight  lines  are 
drawn,  which  contain  a  given  angle ;  in  each  of  these 
a  part  is  cut  off  from,  the  given  point,  such,  tliat  these 
parts  have  a  given  proportion.  The  extremity  of  one 
part  meets  a  straight  line  given  in  position :  Jind 
the  Locus  of  the  extremity  of  t/ie  other, 

SoLUT.  Let  Ay  B  (Jig,  154^,  be  two  given  points,  and 
AE^    BE,    any  two    hues,  Jig*.i54r.    r 

which  contain  a  given  angle  A  /     L 

AEB  =  a.  From  these 
lines  two  parts  AC^  BDj  are 
cut  off,  such,  that  AC  :  BD 
=  m  :  n.  The  point  C  is  in 
the  line  FG ;  determine  the 
Locus  of  the  point  D. 

From  A  to  FG  draw  any 
line  AN,  make  NAP  =  a, 
and  AN  :  AP  =  m  :  n, 
and  then  determine,  by 
§  CXXVII,  the  Locus  of  the  point  P,  Let  the  straight 
line  HI  be  this  Locus.  Make  the  line  BQ  equal  and  pa- 
rallel to  AP ;  further,  through  the  point  Q  draw  the  hue 
KL  parallel  to  HI :  then  this  line  is  the  Locus  sought. 
Thus,  if  any  two  lines  AE,  BE  are  drawn,  which  contain 
the  given  angle  a,  the  parts  AC,  BD  cut  off  by  the  lines 
FG,  KLy  have  the  given  proportion  m  :  n. 

Make  the  an^le  CAR  =  a,  and  AC  :  AR^m  :  n;  then, 
by  the  constructioiu  the  point  R  is  in  the  line  HI,    Now 
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since  AP  is  parallel  to  £Q,  PE  parallel  to  Q  A  and  because 
the  angles  AEB^  CAR,  are  equal,  then  likewise  BD  is 
parallel  to  AR  ;  further,  AP  =BQj  then  A  APR  is  similar 
and  equal'  to  A  BQD,  and  AR  =  BD.  But  ^C :  AR 
=  m  :  n:  consequently  also  AC :  BD  =  m  :  ft, as  required. 

Rbmaek.  To  those  of  my  readers  who  wish  to  know  more  of  the  sahject 
of  Plane  Loci,  I  beg  to  recommend  a  work  already  quoted  once*  Tu-the 
Translation  of  the  Plane  Lod  of  Apollonias,  by  Camerer.  To  tiie  andents 
these  Loci  were  the  chief  means  of  solving  problems ;  bot  the  great  im- 
provement in  Analysis  has  rendered  them  in  a  great  measure  unnecessary 
now-a-days.  They  may,  however,  be  conddered  as  useful  in  preparing  the 
student  for  the  higher  geometry,  and  this  is  the  reason  why  they  hare  not 
been  altogether  passed  orer  in  this  Collection. 
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SECTION  CXXXVI. 


AUXILIARY  RULE. 


When  from  the  three  angular  points  of  a  triangle^  per- 
pendiculars are  drawn  to  the  opposite  sides  j  these  per-- 
pendiculars  intersect  each  other  in  one  and  the  same 
point. 


Proof.  Let  ABC  (figs.  155,  156^  be  any  teiangle;  BD, 


A     J^s:-  255. 


CE^  two  perpendiculars  to  AC^  AB^  or  these  produced,  and 
O  the  point  in  which  BD^  CEf  intersect  each  other:  it  re« 
mains  to  be  proved,  that  when  AO  is  drawn,  and  produced, 
it  cuts  the  side  BC  &t  right  angles  in  F,     Draw  DJS. 

The  triangles  BOE,  COD,  are  similar,  for  BOE=COD, 
and  BEO  =  CDO  =  JR.  We  .-.  have  BO  :  CO  =  OE 
:  OD,  and  since  likewise  the  angle  BOC  =  EOD :  then 
A  BOC  is  simUar  to  A  EODy  and  angle  CBD  =  DEO. 
Further,  since  AEO,  ADO,  are  ri^ht  angles :  then  ADO 
+  AEO  zsi  2 R;    consequently  a  circle  may  be  described 
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about  the  quadrilateral  ADOE,  and    we    have    2L  DJSO 
=  Z.  DAO  (Euc.  III.  27 J  and  ••.  CBI?  =  DAO.    The 
triangles  C^^f  ,  CBD,  consequently  have    the   equal  angles 
CJF,  CBD,  and  the  common  one  ACB  :    .  • .  likewise  AFC 
=  BDC  =  R. 

Q.  E.  D* 


SECTION  CXXXVIL 

Peob.    In  a  triangle^  two  perpendiculars,  drawn  from 
the  angular  points  to  the  opposite  sides,  jare  given  - 
Jindits  sides,  angles,  and  area, 

SoLUT.  In  the  triangle  ABC  (Jigs.  155,  156Jy  the  per- 
pnendiculars  given  are  BD  =  a,  CE  =  6,  Af'  =  c,  and  the 
sides  sought,  are  AB  =  Xy  AC  =:  y,  BCz=  s.  Because  the 
triangles  ABD^  ACE,  are  similar,  we  have  BI?  :  AB 
=  CE :  AC,  oxa  :  X  ssb  :y,  and  . • . 

bx 
^        a 

In  like  manner,  from  the  similar  triangles  CBE,  ABF,  we 
find 

bx 

z  =  — . 
c 

2.  We  •  • .  have 

A  ABC:=z\  V{x+y+z)  (x+y^z)  (x+ar-j^)  (y  +  r-x) 

or  when,  for  the  sake  of  brevity,  we  put 

(ac'\'bc-\'ah)  (ac-^-bc-ab)  (oc+oJ  — 6c)  (ic+a&— ac)  =  K 
we  get, 

3.  But  likewise  AABC^iAB  x  CEs=^b*:    we 
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consequently  have  the  equation 

0^  \f  K       ,  , 

whence  we  obtain 


X  = 


^/  K' 


Hence  we  obtain  the  two  remaining  sides  of  the  triangle : 
thus, 

_  &r  _  2  aV^ 


Z  ss 


a  s^  K 

hx  _  2rfft^ 


4.  For  the  angles  of  the  triangle,  we  find 


X 

2aAc* 

Sin.  ABC  =  —  = 

Sin.  ACB  =  —  = 

J' 

iaVc 

5,  Further, 

A  ABC  =  i  J*  = 

SECTION  CXXXVIII. 

Paob.  Two  lines  intersect  each  other  at  a  given  angle; 
this  angle  is  bisected  by  a  line^  in  which  a  point  is 
given :  it  is  required  through  this  point  to  draw  a 
line,  such,  that  the  part  contained  between  the  two  first 
lines  intersecting  each  other,  may  have  a  given  mag- 
nitude. 

SoLUT.  The  lines  5'£%  Ca^  (Jig.  1 57 J,  intersect  each 
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Other  in  My  forming  the 
angle  BMC  =  a;  this  angle 
is  bisected  by  the  line  MNy 
and  MN  =  a  ;  draw  a  line 
through  Ny  so  that  the  line 
contained  between  the  two 
first  lines,  viz.  BC  =^b. 

1.  Since  BMOz=ia :  there- 
fore  BMN  =  CMN  =  ^a. 
If  the  angle  BNM  is  also 
known,  then  the  problem  is  solved.  Let  .*.  BNM  ^=  ^; 
MCN^^-^a,  3/jBiV=  180°-(^  +  ia).  We  .-. 
have  in  the  triangle  BMN, 

MN  Stn.  BMN  _      a  Sin,  j  a 
^^  ""       ^yiii.  MBN      "*  Sin,  (#  +  i  of 

and  in  the  triangle  CMN, 

_  MN  Sin.  CMN  _      a  Sin,  j  a 
"■       Sin.  MCN      ■"  Sin.  (^  -  ia)' 

Now,  since  BC  z=z  BN  -{•  CN ;  we  .*.  have  the  equation, 

-  _       a  Sin.  ^  a      _   •  ^  Sin,  \  a 
"■  Sin.  (^  +  i  a)  "■  ^w.  (0-ia)* 
or 

6  Sin.{i^  +  i  a)  Sin,  (^  -  i  a)=a  Sin.  i  a  \Sin.  (^  +  ia) 

+  <ym.  (^  —  i  a)] 

2.  But  we  have  Sin.  (^  +  i  «)  aSih.  (^  —  ^  a)  =  Sia.^  ^ 
—  aJw.*  i  a,  and  iStn.  (0  +  i  a)  +  Sin.  (^  —  i  a)  = 
2  AS'tft.  0  Co«.  ^  a ;  consequently  the  foregoing  equation  is 
transformed  into  the  following  one  : 

b  Sin,^  ^  —  i  Sin.  ^^a  =  2aSin.  iaCoa.  iaSin.  ^, 
or,  since  2  Sin.  ^  a  Cos.  ^  a  =  Sin.  a,  into 

and  hence  wc  obtain 
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Sin,  ^  = 


_  g  Sin.  a±\/(c^  Sin.^a  +  4Ji^Stn.'^  j  a) 

2b 


Remark.  The  problem  in  §  DCXXIII  is  only  m  particnlar  cnse  of  this 
more  general  one.  What  was  there  said  of  the  four  solutions  of  the  nro- 
blem  there  given,  also  applies  to  this  one;  for  each  sine  has  two  angles.  The 
figure  shows  the  four  different  positions  which  the  line  BC  can  have. 

SECTION  CXXXIX. 

Prob.  Two  tangents  are  drawn  to  a  given  circle :  Jind  a 
third  tangent  such,  that  the  part  contained  between  the 
two  first  has  a  given  magnitude. 


SoLUT.  Let  BDC  (Jg.  15S)  be  a  given  circle; 
^Cj  two  of  its  tangents,  so  that     F 
AB  £=  AC  =  a,    and    the  angle 
BA C  =  a;    draw  a  third  tangent 
^Fj  which  cuts  the  two  first  in  £9 
F,  so  that  EF  =  b. 

1.  If  DE  is  known,  then  the 
problem  is  solved ;  for  it  would 
only  be  necessary  in  this  case  to 
xnaKe  BE  =  D£,  and  from  the 
point  E  so  determined  to  draw  a 
tangent  to  the  circle.  Put  .*. 
DE  =  X  ;  this  gives  DF=  6  —  j;, 
AE  :=^  AB  +  BE  ^  a  ^  X,  AF 

=  AC-h  CF=z  AC  -k-  DF^a 

+  6  —  x. 

2.  In  the  triangle  AEF^ 

EF*  =>  A&  -f  AF^'~2AE  .  AF  Cot.  EAF 

and  .'• 

62«(«+jr)«+(«4-6-*)»-2(e+*)(a+6^*) 


AB, 


or 


arS  -  &*+  (««+  ah)  !  ""  ^^'  *  =  0. 


1  +  Cos,  a 

From  this  equation  we  further  ob- 
tain 
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-ib±  ^  [i**  -  2  (a»  +  oi)  TanJ"  i  «], 

The  two  expressions  just  found  for  x,  are  always  positive, 
as  the  figure  indeed  snows.  Thus  the  line  EF  can  also 
have  the  position  E^F\  and  then  DE^  has  the  second  value. 

SECTION  CXL. 

Fbob.  T\uo  circles^  and  a  point  in  the  line  whicA  Jains 
their  centres,  are  given  :  through  this  point  draw  a  line 
which  meets  the  circumferences  of  both  circles^  such, 
that  the  parts  included  between  these  circumferences 
and  the  given  point  have  a  given  proportiofi. 

SoLUT.  Let  M,  N  (Jig.  159^  be  the  centres  of  the  two 
given  circles,  and  P  a  point 
in  the  line  MN ;  fiirther, 
let^P  =  a,  iVP=4,  the 
radius  J/^=r,  the  radius 
NB  -  R:  through  P 
draw  a  line  AB  to  the  dr- 
cumfer^ces  of  the  two  cir- 
cles, so  that  AP  :  BP  sz  m  :  n. 

1.  If  the  line  AP  is  determined,  the  problem  is  solved. 

fix 
Put  .• .  AP  =  X :  this  gives  BP  =  — .    Therelbre  in  the 

PI 

triangle  AMP, 

n       Ann^      MP^  Jf  AF" -- MA^        a«  +  a^-.r» 

Cos.  APM=^ ^-ttd — Jn =  ;; 

2  MP  .  AP  2  or 

and  in  the  triangle  BNP, 
Co,.  BPN  ^^^  ^  ^^  -  ""^       ^'^-^-^ 


iNP.BP  ~  aft»x 

m 
nt'y  +  w«j»  -  w«  Ji' 
i  mnbx 


^^ 
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2.  Now  since  Cos.  APM  ^  Cos,  BPN:    we  obtain  the 
following  equation : 


a*  -f  X* 


2ax 


2mnbx  ^ 


and  hence 


SECTION  CXU. 

pROB.  From  two  given  points  in  the  circumference  of 
a  given  circle^  to  draw  two  chords,  which  contain  a 
given  angle,  and  have  a  given  proportion. 

SoLUT.  Let  ABDC  (Jig.  l60)  be  a  given  circle,  whose 
radius  =  r  ;  let  A^  5,  be  two  points  in  ji 

the  circumference  of  the  circle,  from 
which  two  chords  AB^  BCy  are  drawn,  so 
that  A  EC  =  a,  and  AD :  BC^m  :  n. 
Further,  let  AB  =  a. 

1.  If  we  know  the  angles  BAD^  B 
DAC:  we  then  can  draw  the  chords  AD^ 
DC.  Put  .-.  BAD  =  ^,  DAC:=\p. 
Hence  we  find  CBD  =  CAD  =z  xf,,  ABC  =::  AEG  - 
BAD  =za  -A,  ACB  =  180^  -  {AEC  +  CAD)  =  180» 
-  (a  +  i/.),  BAC  =  BAD  +  DAC  =  ^  +  ^,  ^BD  = 
ABC  +  CBD  =  a  —  ^  +  )/.. 

2.  By  the  first  principles  of  Trigonometry,  AB=i2r  x 
Sin.  ACB=a,  AD^Str  Sin.  ABD,  BC^SLr  Sin.  BAC, 
and  . •.  AD  :  BC^Sin.  ABD :  Sin.  BAC=m  :  n.  Now, 
if  for  ACB,  ABD,  BAC,  we  put  their  values  firom  1,  we 
then  obtain  the  two  following  equations : 

2  r  Sin.  {a  -{-  }P)  rs  a 

m  Sin.  (^  +  i//)  =  n  Sin.  (a  —  ^  +  \p). 

3.  In  order  to  determine  from  hence  the  angles  ^,  t/*. 
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expand  Sin.  (a+\/^)  in  the  first  equation  ;  this  gives 

2  r  (^Sin.  a  Cos.  rfj  +  Cos,  a  Sin,  yfj)  =  a 
or 

2  r  Cos,  a  Sin.  \fj  :=^  a  —  2r  Sin.  a  Cos.  ^ ; 

and  when  the  square  root  is  extracted  from  both  sides  of  the 
equation,  and  1  —  Cos,^  ^  is  substituted  for  Sin.^  ^ 

4  r*  Co8.^  a  --^  ^r^  Cos,^  a  Cos}  i//  =  a*  —  4  ar  Sin,  a  Cos.t^f 

4-  4  r«  Sin.^  a  Cos.*  xf, 
or 

4  r*  Cos,^  xp  —  ^ar  Sin.  a  Cos,  \p  =s  4i  r^  Cos.*  a  —  a^^ 
whence  we  obtain 

^  a  Sin.  a      Cos.  «    /  /-    •      ^^g. 

and  this  equation  serves  to  determine  the  angle  jp. 

4.  Multiply  this  equation  by  2  r  Sin.  a ;  this  gives 

2  r  Sin.  a  Cos.  ^  =  a  Sin.*  a  +  Sin.  a  Cos.  a  \/  (4  r*  —  a*). 

But  from  3, 

2  r  Sin  a  Cos.  \p  +  2r  Cos.  a  Sin.  }p=-a; 

if  .  * .  we  subtract  the  first  firom  the  second,  we  then  obtain 

2  r  Cos.  a  Sin.  xf/ =  a  Cos.^  a  +  Sin,  a  Cos.  a  */  (^^r^  —  a?) 

and 

gy,     t       a  Cos.  a  —  AS^tn*  «     #  >-^    «         ©v 

Sin.  xL  =  — 1 — - —  v^  (4  r*  —  a*). 

^  2r  2r  ^  ' 

5.  In  order  now  to  determine  the  angle  ^,  also  expand  the 
second  equation  in  2 ;  this  gives 

m  [Sin.  ijk  Cos.  }p  +  Cos.  ^  Sin.  ^]  =  «  [Sin.  (a  +  xf)  Cos.  f 

—  Cos.  (a  +  1^)  Sin.  ^], 

and  hence  we  obtain 

Sin.  ^  _  _  n  Sin,  (a  +  xp)  —  m  Sin,  xp 

Cos.  0  ~"         '^  "  m  Cos. ;//  +  n  Cos.  (a  +  xp)' 
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But  from  the  first  equation  in  S,  we  obtain  Sin,  (a  +  \p^ 
=  -— - ;  . ' .  Co8.  (a  +  }L)  =  — ^—- -y   and  when  we 

substitute  these  values  in  the  expression  for  Tan.  ^, 

rp  ^  na  —  ^mrSin.  xp 

*  ^  ^  Zmr  Cos.  i/»  -f  n  a/  (4  r*  —  a*)* 

In  this  expression  it  is  only  necessary  to  substitute  for  Sin.  \ff 
and  Cos.  \p  the  values  found  in  3,  4,  and  we  also  get  the 
angle  0* 

Remark.  When  general  expressions  for  the  angles  ^,  ^,  are  not  treated 
of,  but  merely  the  actual  calculation  of  a  single  case ;  then  the  following 
method  will  be  the  easiest.    Thus  from  the  first  equation  in  2,  we  obtain 

Sin.  («  4-  i/')  =  -— ;  hence,  when  numbers  only  are  considered,  the  angle 

t-^-^,  and  consequently  also  ^  may  be  determined.  'After  ^  has  been  de- 
termined in  this  way,  the  equation  in  5,  viz. 

n  Sin,  (a+^)  —  w  Sin.  -^ 
^«»-^  =■  TO  Co*.  4'  +  »  Cot.  (a  +  ^) 

immediately  gives  the  angle  ^. 


SECTION  CXLII. 

Frob.  The  base  of  a  triangle^  the  difference  of  the  two 
angles,  at  this  basej  and  also  the  line  drawn  from  the 
vertical  angle  of  the  triangle  to  the  centre  of  the  base, 
are  given :  Jind  the  triangle. 

SoLUT.  Let  ABC  (Jig.  161^  be  the  required  triangle,  the 
base  BC= a,  D  the  mid(8e  of  BC,  a 

and  AD=b;  further,  let  ACB^  Ji^JOJ./ 

ABC  =  a.  ^y/ I 

1.  If  the  angle  ^Z)C  is  known ;  /         I 

then  in  each otthe triangles CAD^  b/—- L 

DAB,   two  sides,  and  the  angle  ^    ^ 

contained  by  them,  are  giv«p,  consequently  these  triangles 

%  I 
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themselves^  and  .'•  ako  the  whole  triangle  £ulC.    Put.'* 
ADC=i^^  and  draw  the  perpendicular  ^£.     Then  AE  = 
bSin.ifi,  DE=:b  Cos.  ^,  BE=ia^bCo8.<l>y  C£;  =  i«  — 
b  Cos.  ^ ;  consequently 


Tan 


.  ny^      -^E  b  Sin,  A 


J}£      i  a  +  &  Co9.  ^ 

2.  By 

If  in  this  for  Tan.  ACB^  Tan.  ABC^  we  substitute  their 
values  found  in  1,  we  obtain  the  equation 

^ 2  y  iSm.  ^  Cos.  ^ 

or,    since  2  /Sm.  ^  CW.  ^  =  fi^in.  2  ^,  Cos.^  ^  —  Sim,*  ^ 
=  Cos,  2  ^. 

^  b^  Sin.  2  0 

i  a*  -  ft"  Cm.  2  ^ 

3.  In  the  equation  last  found,  substitute  7; for  Tan.  a  ; 

^  Co*,  at 

by  these  means  it  is  transformed  into  the  following  one : 

V  (^Sin.  2  ^  Cos.  a  +  Cos.  2  ^  Stn.  a)  =:  ^c?  Sin.  Oj 
or 

ft*  Sin.  (2  0  +  Cos.  a)  ^  \€?  Sin.  a  ; 
and  the  equation  gives 

Sin.  (2  0  +  a)  =  — j-^* 

Hence  we  may  now  determine  2  ^  +  a,  and  consequently 
also  0. 


I 
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Cor.  From  this  analytical  solution  we  derive  the  following 
tolerably  easy  construction. 

From  any  jwint  C  {Jis.  l62^,  with  a  radius  AC^b,  de- 
scribe the  semicircle  ANB^ 
and  with  the  radius  CD = ^a, 
the  circle  LFM ;  make 
ACE  =  a,  and  from  the 
point  Fy  in  which  the  line 
CE  cuts  the  circle,  draw 
FG  parallel  to  AB^  which 
meets  the  semicircle  in  G.  ^  ^ 
Draw  CGy  and  through  the 
point  H,  in  which  the  circle 
18  cut  by  this  line,  draw  IK 
parallel  to  AB  till  it  meets  the  semicircle ;  then  draw  KC^ 
cutting  the  circle  in  £,  M ;  bisect  the  angle  ECK  by  CNj 
and  fix)m  the  point  N^  where  it  meets  the  semicircle,  draw 
the  lines  NL^  NM:  then  LNM  is  the  triangle  sought. 

Draw   the  perpendiculars   Ff^  Gg,  Hh^  li,  Kk ;   then 
Gg^Ff^^aSin.a.    Further,  CG  :  CH  -  Gg  :  Hh,  ox 

b  :  ^a=^  ia  Sin.  a  :  Hhy  and  . • .  Hh  =  —    . '      =  Kk^ 


and   Sin.  BCK  ^ 


Kk 


Sin. 


CK  4>b^ 

likewise  by  the  analytical  solution,  Sin.  (2  0  4-  a)  = 


=  Sin.    ACK.     But 

fl*  Sin,  a 


46» 


...  2  *  +  a  =  ACKy  and  ^=i  ECK^NCM.     The  rest 
is  sell-evident. 

Besides  the  angle  ACK,  likewise  the  angle  AC  I  ^2  ^+a, 
.  *  •  the  angle  ICE  =  —  2  ^.  But  since  there  was  no  nega- 
tive angle  required  here  for  ^,  consequently  in  this  case 
KCN  =  ^  only. 


SECTION  CXLIII. 


Frob.    To  describe  a  square  in  a  given  quadrilateral. 

SoLUT.  Let  ABCD  (fig.  16S)  be  the  given  quadrilateral, 
MNPQ  the  square  sought. 


g44 
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1.  Since  the  quadrilateral 
given :  then  also  are  its  four  angles, 
Ay  B,  C,  D  ;  and  the  sides  AB^  BC 
are  known.  Let  . ' .  AB^^a^  BC=^h, 
If  now  we  knew  the  sides  of  the  square, 
and  only  one  of  the  angles  which  its 
sides  make  with  the  sides  of  the  quad- 
rilateral, then  all  the  rest  would 
be  determined,  and  we  could  describe 
the  square.     Put  .*.  JUN=sx,  BMN 


2.  From  ^  and  the  given  angles,  all  the  other  angles  o« 
the  figure  may  be  found.  For  since  QMN  =  i2  -  then 
AMQ  =  90°  -  0,  and  .-.  AQM  :=  180°  -  ^  -  AMQ 
=  90°  -  (yjf  -  0).  Further,  BNM=:  180°  —  (5  +  ^), 
and  .  • .,  because  MNP  is  a  right  angle,  CNP  =  JB  +  ^ 
-90°,  and  CPN-  J80°-C-GArP=270°-.(5+C+^). 
The  other  angles  are  not  required  in  this  case. 

3.  The  triangle  BMN  gives 

BM"  ^t^^i^^BNM  _iSin.(B  +  ^) 
Sm.  MBN      "        Sin.  B       ' 

^^  _  MN  Sin.  BMN  _  x  Sin.  ^ 
""       Sin.  MBN       ""   Sin.  B  ' 

The  triangle  MAQ  gives 

^M  -  ^Q  Sin  AQM  _  x  Cos.  (A  -  ») 
""      Sin.  MAQ      ""         Sin.  A 
and  the  triangle  NCPj 

^^ _  NP  Sin.  CPN  _       xCos.iB+  C  +  ^j 
Sm.  NCP  Sin.  C 

4.  Now  since  AM  +  BM  =  AB  =  a,   BN  +  CN  = 
BC  =z  b ;  wc  then  have  the  two  equations 

X  Cos.  (^  — ^)        X  Sin.  (jB  4-  f)  _ 

Sin.  A         "^  Sin.  B         ^^ 

X  Sin,  fft       X  Cos.  (B  +  C  +  i>)  _  , 

Sin.  B  SiiTC  ^' 


1 
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1.  Since  the  two  triangles  are 

given ;    we  then   likewise    know     Ji  P  C 

their  angles  and  sides.     Let  .*.  HAC^  A^  ABC=s  B, 
ACB  =  C,  ^MP  =  m,  Jtf NP  =  n,  AB  =  a,  MU  =/, 


. 


and  hence,  by  eliminating  x^  we  obtain  ] 

a  Sin.  A  Sin.  C  Sin.  ^— a  Sin.  A  Sin.  B  Cos.  (fi  +  C+ ^) 
=6  Sin.  BSin.  CCo8.(^A-^t^)+bStn.ASin.  CSin.  (5  +  ^). 

6.  If  we  solve  Cos.  (B  +  C  +  0),  Cos.  (-rf  -  ^), 
Sin.  (fi  +  ^),  and  take  away  ^  from  the  remaining  magni- 
tudes ;  this  gives 

^.       jaSin.ASin.  C  -haSin.  A  Sin.  B  Sin.  (B  +  C)-] 
^^^'  *  l^bSin.ASin.BSin.C-bSin.ASin.CCos.B] 

-  C05. ^1^  ^  aSin.ASin.  BCos.(B  +  C)  J 

and  hence  we  obtain 

Tan.  ^  = 

ri  /Sm.  A  Sin.  B  Sin.  C+b  Sin.  B  Sin.  C  Cos.  Al 

L  +  fl  Sin.  A  Sin.  B  Cos.  {B  +  C)  J 

ra  Sin.  A  Sin.  C+  a  ISin.  A  ^in.  B  Sin.  ( B  +  C)"| 

L —  b  Sin.  A  Sin.  B  Sin.  C  —  b  Sin.  A  Sin.  C  Cos.  Bj 

or,  if  the  numerator  and  denominator  be  divided  by  Sin.  A, 

Tan.  0  = 

Sin.  B  [b  Sin.  C  +  b  Sin.  C  Cot.  A^a  Cos.  (B  +  C)] 

a:iin.C  +  a^in.BSin.{B  +  C)—b^in.bSm.C^Sin.CCos.B' 


SECTION  CXLIV. 

Pbob.  In  a  given  triangle  to  describe  another  given  tri- 
angle. 

SoLUT.  Let  ABC  (Jig.  164^  be  the  given  triangle,  in 
which  the  triangle  MNP^  which  ^ 

is  also  given,  is  so  inscribed,  that  /N.      Jrg^^^- 

its  angular  points  touch  the  sides         jf^( 
of  the  former. 
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MF  =  g.  If  we  know  the  angle  AMN  ;  then  the  problem 
is  solved.  Let  .'•  ANM=:  ^.  From  this  and  the  men 
angles  we  may  now  detennine  all  the  rest.  Thus  we  have 
^NJIf  =«=  l«0°-(^  +  ^),  BAfP=180«-(R?lfP  +  ^AfN) 
=  180°  —  (m  +  *)•  BPM  =  180«  -  BMP  —  AJBP  = 
«  -  JB  +  ^. 

2.  Hence  we  further  get, 

4M-  ^^  Sin.  ANM  _  f  Sin.  {A  -f  ») 
•^^"      Sin.  MAN      ""         &n.  ^       ' 

3.  Now  since  AB  =  us/Af  +  BM :  we  consequently  have 
the  equation 

fSin.  (A  +  »)       g-  5tw.  (m  —  JB  +  ^) 

or,  when  we  expand  Sin,  (-4  +  ^),  5m.  (m  -  B  +  ^),  and 
arrange  the  expressions  properly, 

[fSin.  A  Sin.  B -^  g  Sin.  A  Sm.  (m  -  B)]  Cos.  ^  + 

If  Sin.  B  Cos.  A  -{•  g  Sin.  A  Cos.  (m  -  B)'\  Situ  <^ 

5=  a  Sin.  A  Sin.  J5, 

and  when  we  divide  this  equation  by  Sin.  A, 

[fSin.  B+g  Sin.  (m  -  B)]  Cos.  ^  + 
If  Sin.  B  Cot.  A+gCos.(m^  B)]  Sin.  ^ 

=  a  Sin.  B 

4.    Divide    this    equation  by  /  Sin.   B  Cot.    A    + 
g  Cos.  (m  —  B),  and  put 

fSin.B  +  gSin.(m^  B) 
fSin.  B  Cot.  A  +  gCos.  {m  •-  B)^  Tan.fi; 

. '  •  find  an  angle  fi  such,  that  its  tangent  is  equal  to  the  ex- 
pression on  the  left  side  of  this  equation  (a  method  which  has 
already  been  frequently  used  for  shortening  the  calculation)  : 
we  then  obtain 

Tan.  PL  Cos.  ^^  Sin.  ^  =  .^     o/i'"!''''^ 


fSin.B  Cot.A+g  Cos.  {m-^B) 
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or, 

Sin. u Cos. ih-h Cos.  uSin.  A=z :^^. — ^^  ^  ' ,,  *  ^ -- 

^         ^  r         r    fSin.BCot.A'^gCos.{m'-B) 

or  lastly 

'  I*  +  W  -  /^in.  ii  Co/.  ^  +  ff  Cos.  (m  -  iJ)' 

From  this  equation  we  may  now  very  easily  determine  ^  4-  /u> 
and  ccmsequently  likewise  ^. 


SECTION  CXLV. 

Pbob.  Two  points  and  a  straight  line  are  given:  find 
two  points  in  this  lincy  such,  that  when  lines  are  drawn 
from  these  to  the  farmery  the  angles  which  these  lines 
contain  at  the  given  points,  have  a  given  magnitude. 

SoLUT*  Let  Af  By  (fig.  \6S),  be  the  given  points,  MN 
a  line  given  in  position  ;  it 
is  required  to  find  two 
points  C,  D,  in  it,  such, 
that  when  the  lines  AC, 
AD,  BCy  JBD,  are  drawn, 
the  angle  CAD  =  a,  and 
CBD  =  p. 

* 

1.  From  A,  B,  to  MN,  draw  the  lines  AE,  BF,  .con»* 
tainin^  the  angles  AED  =  CAD  =  a,  BFD-CBD=p. 
The  Imes  FE^  AE,  BF,  may  then  be  considered  as  known, 
and  let  .*.  FE  =  a,  AE  =  h,  BF ^  c.  laorder  to  deter« 
mine  the  points  C,  D,  put  DE  =  x, 

2.  Now  it  is  easily  seen,  that  A  AED  is  similar  to 
AC-rfA  and  A  £FD  is  similar  to  A  CBD:  we  .-. 
have  CD  :  AD  =  AD  :  DE,  CD  :  BD  =  BD  :  DF, 
and  consequently 

^^~  DE'  ^"  ~  DF' 
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or,  since  DE  =  x,  DF=a  +  x,  AD^  =  6^  +  2*  —  2&jcx 
Cos.a,  Biy  =  c«  +  (a+xy-^  2c  (a+x)  Cos.  0 ,•    therefore 
Cn  —  ^  +  ^'  ""  2bxCo8.  gt 


X 


Qj^  _  c^  +  (g  +  xY  —  2c  (g  +  x)  Cos.  g 

a  +  J? 

3.  If  these  two  expressions  for  CD  are  put  equal  to  one 
another ;  we  then  obtain,  after  the  usual  reductions,  the  fol- 
lowing equation : 

(a  +  2bCo8.a^  2cCos.  g)  x^  +  (a«  +  c»  —  6«  +  2aA  Cos.  a 

—  2ac  Cos.  |S)a' =  oi* 
whence  x  may  be  determined. 


SECTION  CXLVI. 

r 

Peob.  TTie  position  and  magnitudes  of  two  circles  are  giveti, 
and  also  the  position  of  a  straight  line :  describe  a  circle, 
which  touches  these  two  circles  of  the  straight  line. 

SoLOT.  Let  B,  C,  Cfg.  166 J  be  the  centres  of  the  two 
given  circles,  F  the  centre 
of  the  required  circle,  which  ^ 

touches  tnese  two  circles  in 
X),  Ej  and  also  the  strais^ht 
line  MN  given  in  position 
inG. 


I.  Through  the  centres 
B,  C,  draw  a  line  BC, 
which  meets  MN^  m  A ; 
further,  draw  the  lines  F5, 
jPC,  f  G,  the  two  first  of 
which  necessarily  pass  through  the  points  of  contact  D,  B, 
(Euc.  III.  12^,  and  the  last  is  perpendicular  to  MN. 
Smce  the  circles,  whose  centres  are  B,  C,  and  the  line  MN 
have  a  given  Dosition ;  consequently  the  angle  MAC^  the 
hnes  AB,  BC  are  given.  Put  .  •.  MAC  =  a,  AB  =  a, 
BC  =  b.    Further,  let  the  radius  BD  =  r,  and  the  radius 
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CE  =s  R.  Now  draw  the  lines  BF^  CFj  and  produce  the 
former,  till  it  meets  MN  in  H.  If  we  can  now  determine 
the  angle  CBH,  and  the  radius  FDy  we  can  then  also  find 
SF :  .'.we  have  the  centre  and  the  radius  of  the  required 
circle,  and  consequently  the  problem  is  solved.  Let  .*. 
CBH  =0,  FD  =  X. 

2.  From  these  data  we  obtain  jPA  =  r  +  J^)  FC  =  R^x, 
AHB  =  ^  —  a.     We  .•.  have 

pp.  _  AB  Sin.  BAH  _      a  Sin,  a 
""     Sin.  AHB     ~"  Sin.{^^ay 

conaeqnently 

But  likewise 

GF  X 


FH=z-^ 


Sin.  AHB  ~  Sin.  (^  -  a)  ' 
we  .  * .  have  the  equation 

X  __       a  Sin,  a      ^  (     *     \ 

Sin.  (^  -  a)  -  Sin.  (^  -•  a)       ^^ '^  ^^' 

Tvhence  we  obtain 

^  a  Sin,  a  -^  r  Sin.  (^  —  a) 
^  "■  1  +  Sin.  (#  —  a) 

3.  Further,  in  the  triangle  BFC, 

CF^  =  BF^  +  Ba  ^2BC  .BF  Cos.  CBF 

or 

(x  +  ijy  =  (JT  +  r)«  +  4«  -  26(x  +  r)Co5.^. 

Hence  we  obtain 

y2  ^.  J8  -  jR«  —  2  ir  Cos.  ^ 


x  = 


2  (Ji  —  r  +  6  Cos.  ^) 


4.    If  we  equate  the  two  expressions  found  for  x  in  %  S, 
we  then  obtain,  after  the  usual  reduction,  the  equation 

2i(r+aiS'm.a)Cos.^+(«'-2i?r+r«-iO'S«'«-(*-«) 
—  r«  +  i«  —  jR*  —  2  a  (jR  —  r)  -Jm.  a. 

%  K 


250 


MISCELLANEOUS   PROBLEMS. 


Now  Sin.  (^— a)=iS'm.  ^  Cos.  a-^Cos.  ^  Sin.  «,  IP-^SUr 

•\-r^^V'  =  {R^ry-V=:{R--r  +b)  {R-^r^a}. 

If  these  values  be  substituted  in  the  equation  already  finraii, 
it  is  transfonned  into  the  following  one : 

[2i(r  +  aSin.a)  -^  {R  -r  +  b)(R'-r'-b)Sin.a:]Co9.f  -f 
{R-^r-^-b^CR-r^b^Cos.a  Sin.  ^  = 
,^  +  i»  —  ^  _  2  a  (U  -  r)  iSm.  a. 

6.  Divide  the  equation  by  (-8  —  r+i)  (B— r— ft)  Cos.  a, 
and  put 

2b{r+aSin.a)-(R'-r-^b)  {R^r—b)Sin.a       ^  , 

(fl  -  r  +  &)  (/«  -  r  -  6)  Cwr .  a  ""  '*" 

this  gives 

_  „  _,.     ^       yg  -!■  y  ^  jp  -  2fl(g  -■  r)Sin.  a 

Tan.  fiCos.4^  +  Sin.  ^  =  (^R^r  +  b)  (R^r^b)  Cos.a 

and  when  both  sides  of  the  equation  are  multiplied  by 
Cos,  fly  and  Sin,  (0  +  li)  substituted  for  Sin,  fi  Cos.  ^  + 
Cos.  fjL  Sin,  0 

fyg  +  y  ^R!'^2a(R-r)  Sin.a] Cos.fjL 

Sin,  («  +  fi)  = (fi-r  +  6)CK-r-b)CW  a       * 

Hence  ^  +  /u,  and  consequently  also  ^,  may  be  determined. 


SECTION  CXLVII. 

Prob.   The  positions  and  magnitudes  of  three  circles  are 
given :  describe  a  circle,  which  touches  these  circles. 

SoLUT.  Let  the  centres  of  the  given  circles  be  ^,  B,  C 
(Jtg.  167;,  and  G  the  centre  of  the  circle,  which  touches 
the  given  ones  in  Z),  E,  F,  fgt^j. 

Wiui  regard  to  the  radii  of 
the  given  circles,  let  -42>= jR, 
BE  =  r,  CFz=^^\  the  ra- 
dius  of  the  required  circle 
GD^GE:=zGF=x.  Since 
the  three  circles  are  given  in 
position,  consequently  the 
straight  lines,  which  connect 


"»!=• 
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their  centres,  and  the  angle  which  these  lines  contain,  are 
likewise  given.  Let  .'.  aB^o^  BC^^  6,  and  the  angle 
ABC  =  B. 

1.  To  the  centre  G  of  the  required  circle,  draw  the  lines 
AG,  BGf  CGy  consequ^itly  these  pass  through  the  points 
of  contact.  If  we  now  put  the  unknown  angle  ABG  =  0  ; 
then  from  the  angles  AGBy  BGC,  we  have  the  two  following 
equations : 

AG'  =  AB^  +  BG^  —  StAB  .BG  Cos.  ^ 
C&^B(?  +  BG^ --2BC.bg  Cos.  («-«); 
or,  since  AG  =  Ji  +  x,  BG  =  r  +  x,  CG  =  p  +  x, 
{R  +  xf  =  a*  +  (r  +  x)«  -  2a(r  +  a:)  Cos.  0 
Iq  +  x)*  =  A«  +  (r  +  i)*  -  26(r  +  ^)  Cos.  (B  -  0). 
From  the  first  of  these  two  equations,  we  get 

_  g^  +  r'—  W-^^arCos.f^ 
"■       2  (i?  —  r  +  a  Cos.  0)     ' 
and  firom  the  second, 

_  y  +  r»  -  pg  -  2  ftr  Cos.  (B  -  0) 
2  [p  —  r  +  &  Cos.  (^  —  0)  ] 

12.  If  the  two  expressions  found  for  x  are  equated,  we  then 
obtain,  after  the  proper  reduction,  the  following  equation : 

a  (^  —  2  r  p  +  p*  -  i*)  Co*.  0  -  i  (iZ2  -  2  J?r+r«-a«)  x 

Cos.  (fi-0)  =  (i*+r«-p«)  (J?-r)+(o«+r«-/P)  (r— p) 

or,  since r*—  2rp  +  p*  —  6*=  (r— p/— 6*=(r— p+A)x 

(r-p-6),  and-ff-  2i?r  +  r«- a«  =  (iJ-r)«- a«  = 

(i?-r  +  a)(R~r-a), 

a  (r  -  p  +  6)  (r-p— i)  Co*.  0  —  6  (Ji-r +  a)  (J?-r-a) 

Co5.(J?-0)  =  (6*+r^-p»)  (fl-r)+(a«+r>-U«)  (r-p). 

Now  eicpand  Cos.  (B^^),  and  divide  the  whole  equation  by 
ft  (jR  —  r  +  a)  (-R  —  r  —  a)  iStif.  5.     This  gives,  when 

Cot.  B  is  substituted  for  ^.  *  p, 

(y  +  r^  -  p«)  (jg  -  r)  +  (a*  +  r»  -  ^  (r  -  p) 
~  b  {R  -  r  +  a)lR  -  r  —  a)  Sin.  B 
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3.  Now  put 

then  /u  is  a  known  angle,  and  we  have 

Tan.  fi  Cos.  0  —  Sin.  ^  = 

(y  4,  r«  -  pg)  (g  ~  r)  +  (g'  -f  y^  -  iP)  (r  -  p) 

6  (jR  -  r  +  a)  (fl  -  r  -  a)  ,yin.  5  ' 

and  when  both  sides  of  this  equation  are  multiplied  hj 
Cos.  ^,  and  Sin.  (ji  —  0)  substituted  for  Sin.  fi  Cos.  ^  — 
Cos,  fi  Sin.  ^, 

Henoe  /u  —  0,  and  consequently  also  0,  may  be  determined. 

SECTION   CXLVIII. 

PaoB.  The  four  sides  of  a  quadrilateral^  and  its  two 
diagonals,  are  given  :  find  the  segments  of  these  dia- 
gonaU. 

SoLUT.     In  the  quadrilateral  ABCD  (fig.   l68j,   the 
four  sides  AB^  EC,  CD,  AD,  and  a 

the   two   diagonals  AC^    BD,    are 

S*ven ;   find  the  s^ments  AE^  CJS, 
Ey  DE.    Let  AB  ^a,BC-  b, 
CD=c,  AD=d,  ACz=f,  BD=g, 
AE  =  X,  BE:=  y,  and  .-.  CE  = 
f-XyDE^^g^y. 

1 .  From  the  four  triangles  BADy 
BCD,  ABC,  ADC, 

Cos  ABD  -  ^S^+B^'-^^'  ^  ^  +  g^-^ 
i.os.  ABU  ^  ^JbTBD  -  ^ag 

Cos.CBD^^^^^'-^^E^^^^-^ 

2BC .  BD  2bg 
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CcACB  = ^cnc = ay 

Co,  ACD  -  C^+^C*-^^  _  c«+/»-«P 

Co*.  Acv  -       ^cdTac —  -  — i^—- 

Further,  the  three  angles  AEB,  BEC,  CED,  give  the  four 
following  eqiiations : 

AE»  ==  JB^  +  BE*  ~  2AB  .  BE  Co..  ABD 
CE*  =  BC  +  BE*  -  StBC  .  BE  Co..  CBD 
BE^  =  BC*  +  CB^  -  »BC  .  CE  Cos.  ACB 
DP  =  Ciy  +  CE»  -  iCD  .  CE  Cos.  ACD 

or,  when  for  the  lines  and  cosines  their  values  are  suhstituted, 
the  four  following : 


y' 


=  V+y* -^ y 

A«  4-  /•«  —  fli 


/ 


(ff  _  jry  =  c*  +  (/- x)»  -  ^i^^  (/-  X). 

2.  If  the  first  equation  be  subtracted  from  the  second,  and 
the  third  from  the  fourth,  we  then  obtain  the  two  following 
equations : 

and  hence  again,  by  eliminating^, 

y(^  +  a«-cP)  (fl«  -  y  +  c^  -  cP)  ~  2/g^  (/«H-fl^-y) 

(flS  -.  J«  +  c«  -  cP)2  -  4/ V 

Similar  expressions  are  also  obtained  for  the  segments  CE, 
BE,  DE. 
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SECTION  CXLIX. 

Pbob.  Frwn  the  three  angles  of  a  given  triangle^  a 
tower  is  seen,  whose  base  is  in  the  same  plane  with  the 
triangle;  the  angles  at  which  it  is  seen  from  these, 
are  given :  find  the  distance  of  the  tower  from  each  of 
these  three  points. 

SoLUT.  Let  JB  (Jig.  \G9)  be  the  tower,  CDE  the  given 
triangle ;    the  angles  at  which       ^'^Jkn^ 
the  tower  is  seen  mm  the  given         /  Vs>^  f§^^^ 
points   C,  2),  £,  are  ACB^ 
ADB^  AEB,  and  let  JCBz=:a, 
ADB:=p^  AEB  =  y:    find 
the  distances  BC,  BDy  BE. 


\.  From  By  D  draw  BF^ 
DG  perpendicukr  to  CE^  and 
from  D  draw  DH  parallel  to 
CEy  which  meets  BF  produced 
in  H,  Since  the  triangle  CDE  T: 

is  given ;  consequently  the  lines  CE^  CG,  DG^  are  known. 
Let  . •.  CE=za,  CG  =  b,  DG  =  FH  =  c.  If  only  the 
lines  CFy  BF  are  also  determined  ;  we  then  have  likewise 
the  distances  sought.  Put  .*.  CFzsiXy  BF=y.  This 
gives  BH=jf  +  Cy  DH  =  GF  z=z  b  —  Xy  EF=a  —  x. 
We  conseouently  have,  BC^  =  BF^  +  CF^  =  v*  +  a:«, 
JB2>*  =  BW  +  DIP  =  y«  +  2cy  +  <J2  +  i*  —  2  to  +  I*, 
BE^  =  JBjP  +  EF^  =  j^«  +  a«  -  2ar  +  x«. 

2.  Since  AB=BC  Tan.  a=zBD  Tan.  fi=BE  Tan.  y  : 
then  also  BC^  Tan.  ««  =  BD^  Tan.  ^fi  =  BP  Tan.  «y. 
Substitute  now  for  BC^y  BD\  BE\  their  values  found  m 
1 ;  hence  arise  the  following  equations  ; 

Tan.  •«  (y  +  x«) 
=  Tan.  ^p  (y«  +  x^  +  2cy  -  2ftx  +  i*  +  c«) 
Tan. ««  (y"  +  a:*)  =  Tan.  *y(y^  +  j;*  -  2ar  +  <^), 
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or 


3.  By  trigonometry 

Tnn  ««       7W  .^    _  Sin,  (a  +  0)  Sin,  {a  -  e) 
Tan.  ««  -  Ton.  *0 Co..  ««  Co..  «|S 

Ton.  «  -  Tan.  7  = Co.. ««  Co..  ^ 

further. 

Tan.  *fl  =  -7= — r^,      Txin.  *>  =  7^ — j^. 

4.  The  substitution  of  these  values  in  2,  gives  the  two 
following  equations : 

6.  We  eliminate  y  +  i«,  by  multiplying  the  first  equa- 

tion  .      ;?»•«.  (»  +  r)  ^rn.  («  -  y)     ^^  ^^  ^^^    j,^ 
'  oin.  ^y 

^m.  («  +  g)  .yin.  («  -  g)    ^  ^jj^  g^,j^,^  j^^  ^^ 
Sin.  «g  ' 

one  another :  this  gives  the  followbg  equation : 

.^Sin.  (a  +  7)  Sin.  («  —  7) 
(2cy  -  26z  +  A*  +  c«) ^.  »y 

,»      «     .  .ytn.  («  ^g")  Sin.  («  -  g)  _  n 
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Hence  we  obtain    ■ 

rb      a  Sin,  ^y  Sin,  (a  +  g)  Sin,  (a  —  g)^ 
^"^Ic      c  Sin.  «g  -Sin.  (a  +  y)  Sin.  (a-  y)]  "^  "*" 

gg  Ayjiu  ^7  ly/n.  («  +  g)  *yfa>  («  -  g)    y  +  c» 

2  c  «Sin.  «g  «?*»!.  (a  +  y)  iSl».  (a  —  y)  ic     ' 

If  we  substitute  this  value  in  the  second  equation  in  4,  we 
then  obtain  a  quadratic  eauation  for  x,  whence  x,  and  con- 
sequently also^,  may  be  determined. 

6.  For  the  sake  of  brevity,  put 

a  Sin.  «y  Sin,  (a  +  g)  Sin,  (a  —  g) 
c  Sin.  «g  Sin.  (a  +  y)  Sin.  (a  —  y)  —      ' 
Sin,  (a  +  y)  *S7w.  (a  —  y)  ^ 

Co».  ««  iStn.  «y  ~^' 

we  consequently  have, 

The  expressions  ^,  JS  may  be  very  easily  calculated  by 
means  of  logarithms ;  the  further  calculstiaD  will  be  best 
managed  by  the  given  numbers  themselves. 

SECTION  CL. 

Prob.  a  circle  is  given  in  magnitude  and  position :  in^ 
scribe  a  triangle  within  it,  whose  sides,  or  their  parts 
produced,  pass  through  three  given  points. 

SoLUT.  Let  O  (fi^,  1 70^  be  the  centre  of  the  given  circle, 
MNP  the  required  triangle, 
whose  sides  pass  through  the 
three  given  points  .i,  B,  C. 

1.  Draw  the  lines  OA, 
OB,  OC:  then  these,  be- 
cause the  points  J,  B,  C, 
O,  are  ^ven,  are  in  like 
manner  given  in  magnitude 
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and  position.      Therefore    OA  =  a,    OB  =  &,    OC  =  c, 
AOB  =  a,  JOC  =  fi, 

2.  Draw  the  radii  OMy  ON,  OP;  then  these  lines  are 
radii  of  the  given  circle,  and  consequently  given  in  magni- 
tude, but  the  position  is  unknown :  •  * .  these  must  be  found. 
Therefore  put  AOM  =  ^,  AON  =  t/^,  AOP  =  Z ;  further, 
let  the  radius  of  the  circle  =  r. 

3.  In  the  isosceles  triangle  MONy  the  angle  MON  = 

^  —  ^ ;    consequently  Oivif  = =  90°  —  i 

(^  —  ^).    Further,  in  the  triangle  AON,  the  angle  O^JV 
=  180°  -  iONM  +  ^OiNT)  =90'-i(\P  +  0). 

4.  The  triangle  AON  pves  the  proportion, 

JO ;  ON  =  -yin.  OiVJf ;  An.  OAN, 
or 

a  :  r  =  C<w.  i  (t/^  —  ^)  .'  Cot.  i(}ff  +  ^). 
Hence  we  obtain  the  equation 

a  Cos.  i  (t/^  +  ^)  =  r  Cos.  i  (^  -  ^)9 

or,  since  ■  . 

Cos.  t^ (^  —  0)  =  C08.  ^xpCos.  i ^  +  «S'tn.  i  \p  Sin.  i  ^, 
the  following  equation 

(a  —  r)  Co5.  ^  1^  Co«.  ^t^  ^  (a  '\-  r)  Sin.  ^  \p  Sin.  ^  ^. 
Divide  by  (a-\-r^  Cos.  i  \p  Cos.  ^  ^,  and  substitute  Tan.  i\p 

-.     Sin.  i^p   rr       1  ^  r     -SVn.  i  ^     ^1 .      . 
for  -Tt — Ti9  ^<^'  i  *for  -7^ — T^;  this  gives 
Cos.  ixf/  *  ^       Cos.  ^  <p  * 


Tan.  i  \p  Tan.  ^  ^  =  ^ 


a  —  r 
r 


5.  A  similar  equation  is  found,  when  the  triangles  MOP, 
BOP  are  treated  in  the  same  wa^  as  the  triangles  MON^ 
AON  were  in  3,  4.  To  obtain  this,  it  is  only  necessary  to 
substitute  the  line  OB  for  the  line  OA^  the  line  OP  for  the 
line  ONy  and  the  angles  BOPy  BOM,  for  the  angles  AONy 

2  L 


^268  msCKLLANEOUS  YEOBLSMft. 

AOM,  or  6  for  a,  (  ^  a  for  ^,  and  ^  *-  a  for  ^.    We  tlicn 
obtain  from  the  equation  found  in  4,  the  following  one : 

Tan.  i  «  -  «)ran.4(#-«)  =  |^. 

6.  In  like  manner  we  find  a  third  equation,  when  the 
triangles  NOP,  COP  are  substituted  for  the  triangles  MONy 
AONy  and  for  this  purpose,  OC  =  c  is  put  for  OA  =  a> 
C0P=Z-P  for  AON=xp,  and  CON^xf^^ff  for  AOM=^ 
We  consequently  have 

Ton.  i  (?- ^)  ra».  i  (,^  -  15)  =  f^. 

c  -f-  r 

7.  For  the  sake  of  abbreviation,  put  T\m.  ^  a  s  aa, 
Ton.  i|5=ji,  Tim.  i#  =  x,  Taw.i^sy,  Tow.  J?  =  «; 

further =  A^  a ss   B,     =s   C;     then» 

a  +  r         '  b  +  r  ^     c  -h  r 

Ton.  i  (♦--)  =  f:=^.    2'«„.iC?-«)  =  l^^ 

y«,.  K^  -  ^)  =  f^.  sra«.  K?-«=^,.  The 

three  equations  in  4,  5,  6  are  consequently  transformed  into 
the  following  ones : 

xyTzA 

T-r X  rr- =  B 

1  +  MX      I  +  mx 
1  +  ny      1  +  nr 

8.  From  the  first  of  these  equations  we  obtain  v  =  — , 

X 

substitute  these  values  in  the  third  equation,  we  then  obtain, 
C  = 


I 
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9.  For  the  sake  of  brevity,  put 

B  —  in*  +  (1  +  -ff)  mn  =  JIf 
(1  +  JB)m  -  (1  -  Bm^)n  =  N 
—  (l+B)m  +  (-B-m«)ii   =P 
(l  +  fi)mif +  (1-J?iii*)   p=  Q. 

By  these  meaus  we  obtain  the  equation 

A-^nx      M  +  Nx  _  ^ 
nA-^x  ^   P  +  Qx"     ' 

or 

{CQ  +  jiAO-r'  +  (nACQ  +  CP  +  nM -^  NA)x 

=  AM^nACP; 

whence  x,  and  consequently  also^  and  z  may  be  determined. 
Hence  iurther,  the  angles  0,  \pj  Z  <°ay  he  found. 

Remark.  This  apparently  easy  problem  has  long  engaged  the  attention  of 
the  greatest  geometridans.  Cramer  first  proposed  it  to  Castillon,  and  this 
last  gave  an  elegant  synthetic  proof  of  it  in  the  Berlin  Memoirs  of  1776. 
In  the  same  volume  there  also  appeared  another,  an  Analytical  Solution  by 
Lagrange,  which  I  have  followed,  with  the  exception  of  a  few  alterations  in 
the  notation.  At  Euler*8  request,  Lezell,  in  the  4th  vol.  of  the  Petersburgh 
Memoirs,  gave  a  geometrical  construction  of  Lagrange's  Formula.  Alta- 
jano,  at  the  age  of  jixtcen,  then  gave  a  synthetic  solution  of  this  problem, 
in  tlie  4th  vol.  of  the  Memoire  della  Sorieta  Italiana,  and  likewise  showed, 
how  to  describe  generally  in  a  given  circle  a  polygon,  whose  sides  pass 
through  any  number  of  given  points.  In  the  same  volume,  there  are  two 
more  synthetic  solutions,  one  by  Malfttti,  the  other  by  Giordano.  Romano 
also  has  a  geometrical  construction  of  Lagrange's  formula  (Nuovo  Metodo 
di  applicare  alia  Sintcsi  la  Soluzione  Analytica  di  qualunque  Problema  Oeo- 
metrico.  Venezia,  1793],  which  work  I  beg  to  recommend  to  aH  those  who 
wish  for  practice  in  the  geometrical  construction  of  analytical  formulss. 
Carnot,  in  his  Geometrie  de  Position,  has,  as  well  as  Altajano,  solved  the 
general  problem  for  the  polygon  in  the  foUowing  ingenious  way. 


SECTION  CLL 

Prob.  ji  certain  number  of  points  and  a  circle  are  given : 
required  to  inscribe  in  this  circle  a  polygon,  consisting 
of  as  many  sides  as  there  are  points,  so  that  each  side 
may  respectively  pass  through  one  of  these  points. 

SoLDT.  Let  K  (fig.  m)  be  the  centre  of  the  given  circle, 
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abcde  the  required  polygon, 
whose  sides  pass  through  the 
given  points  A^  By  C,  D,  E. 

1.  Since  the  points  J,  B^  C, 
Z>,  E  are  given ;  consequently 
the  lines  KA,  KB,  KC,  KD,  ^ 
KE^  and  the  angles  AKB, 
BKC,  CKD,  DKEj  EKA  are 
also  given.  Let  .*.  KA  =  a, 
KB  =  ft,  JTC  =  c,  KD  =  d, 
KE  =  c,  AKB  =  a,  BKC=ff, 
CKD  =  y,  DJTi;  =  8,  EKA  =  € ;  farther,  let  the  radius 
of  the  circle  =  r.  Now  if  the  angles  AKa,  BKb,  CKc, 
DKd,  EKe  Bxe  known ;  then  the  points  a,  6,  c,  d,  e,  are 
determined,  and  consequently  the  problem  is  solved.  Put 
.-.  AKa  =  T,  BKb  =  v,  CKc  =  ^,  DJTd  =  x>  JBiTe  =  ^. 

S.  Then  in  the  triangle  AKb,  we  have 

^JT  +  iJT:  JS  -  6Jr  = 

TVin.  ^  (-rfftJi:  +  bAK)  :  Tan.  ^  {AbK -- bAK). 

Now  ^ftJT  -f  ft-iiT  =  180«  —  AKi  =  180^—  C«  +  v)> 

JiiT  —  frj  JT  s  baK  —  6 J  JT  =  ^iTa  =  r  ;    oonsequently 

Tan.  i  (JftJT  +  bAK)  =  Tan.  [90*  -  i  («  +  v)]  = 


Cot.  i  («  +  v)  =  ■« TT 

^  "^  ^        Tan.  i  («  +  V) 

=  Tan.  I  r.     We  .'.  have 

1 


,  Tan.  i  {AbK  -  bAK) 


a  +  r  :  a^  r  =: 


or. 


Tan.  i{a  +  v) 


:  Tan.  i  r. 


g  —  r 
a  +  r 


=  Tan.  i  T  Tan.  i  («  +  «)> 


or. 


g  —  r  __  ^  Tgn.  j  a  +  Tan,  j  v 


whence  we  obtain, 
g  —  r 


g  —  r 


Tan.  i  r  = 


g  +  r       g  +  r 


7\in.  i  a  Tan.  i  v 


Tan.  i  a  +  Tan.  i  v 
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8.  A  similar  equation  is  found  for  eadi  side  of  the  polygon. 
Thus  we  obtain  as  many  equations  as  the  polygon  has  sides, 
and  these  equations  are : 

a  —  r        a  —  r 

-T :—  Tan.  i  a  Tan.  i  v 

Tan.  ia  +  Tan.  i  v 
b  —  r       b  —  r  —  

Tan.  i  V  =t±l ^  +  *-  ^ 

Tan.  i0+  Tan.  ^  ^ 

^X"^  -"  "-^  Tan.  i  y  Tan.  i  v 
^  Tan.  iy  +  Tan.  i  x 

-r— -J—!-  Tan.  i  8  Tan.  i  yf, 

^^  Tan.^%  +  Tan.\yp 


e  —  r       e  —  r 

e  +  r       e  +  r 


7an.  i  e  Tan.  i  r 


4.  By  means  of  these  equations,  the  number  of  which  is 
always  equal  to  the  number  of  the  unknown  magnitudes,  it 
is  easy  to  determine  these  last.  If,  for  instance,  we  wish  to 
find  ^  :  it  is  merely  necessary  to  substitute  in  the  equation 
for  X  i^  value  taken  from  the  fourth,  by  which  we  obtain  an 
equation  between  0  and  ifj.  From  this  again  we  then  obtain 
an  equation  between  ^  and  r,  bv  substituting  for  i^  its  value 
taken  from  the  fourth.  From  this  again  we  get  an  equation 
between  ^  and  v,  by  substituting  for  r  its  value  in  terms  of 
V  taken  from  the  first  equation,  and  lastly,  we  obtain  an 
equation,  which  only  contains  0,  by  substituting  for  v  its 
value  in  terms  of  ^  taken  from  the  second  equation.  The 
solution  of  this  last  equation  then  gives  the  value  of  ^. 

5.  For  the  sake  of  brevity,  put  Tan.  ^  r  =  r^,  Tan.  ^  v 
=  i/,  Tan.  i  ^  =  ^^  Tan.  i  v  =  x'.  Tan.  ^xf,  =zf; 
by  these  means  the  equations  already  found  take  the  foUowmg 
form: 
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V  =s 


A     ^B^ 
C     +Z>i/ 

If  in  the  first  of  these  equations  we  substitute  for  t/  its 
value  in  the  second,  we  then  obtain  an  equation  between  r^ 

and  0^  of  the  form  r'  =3  '/ttV   jyZj*     ^^  ^^  ^'"^  again 

substitute  for  ^'  its  value  in  the  third  equation ;  we  then 

obtain  an  equation  between  r^  and  y^  of  the  same  form,  and 

by  continuing  these  substitutions,  we  at  last  arrive  at  an 

equation  of  a  similar  form,    which  contains  r^  onlv,   viz. 

M  +  AV 
7^  =  p         ^ /,  or  the  equation  of  the  second  degree  Q/^  -\- 

(P  —  iV)  t'  —  ilf  =  0.  Hence  follows  the  very  important 
result,  that,  however  great  the  number  of  the  ^ven  pomts  is, 
the  final  equation,  for  each  of  the  magnitudes,  never  esoeeds 
the  second  degree. 


TABLES  OF  TRIGONOMETRICAL  FORMULA. 


1.  Sin.  •^  +  Cos.  *0  =  1 


4.  Sec,  ^  = 


6.  C<}9tc,  ^  = 


6.  7\zii.  ^  = 


Sin,  ^ 
1 


Cos,  0 


Cot.  ^ 
1 


7.  Cot.  ^  =z-^ 

^       Tan.  ^ 

8.  *ym.«i^  =  i(i-Co».^) 

9.  Co5.«i^=i(i+Co»,^) 


FOUMULJB.  268 

10.  Sin.  (^  ±  i/r)  =  Sin.  ^  Cm.t^  ±  Cos.  f  Sin.  xf, 

11.  Cos.  (^  ±  )^)  =:  Cos.  ^  (Cm.  ;/*  +  Sin.  0  iSin.  i^ 

12.  Sin.  0  Cm.  i^  =  i  [Sin.  (^  +  i/,)  +  ^ih.  (^  _  ^)] 

13.  Cm.  0  iSm.  \f;  =  i  [Sin.  (^  +  i^)  -  ^tn.  (^  —  ^^)  ] 

14.  Cos.  f^  Cos.  1^  =  i  Cos.  (0  —  ^)  +  Cm.  (^  +  ^)] 

15.  ^/n.  0  iSin.  i^  =  i  [Co*.  (^  —  ^)  —  Cm.  (^  +  i^)] 

16.  ^in.  0  +  Sin.  \P  :=  2  Sin.  iO^  +^)  Cos.  J  (^  —  ^) 

17.  Sin.  0  —  Sin.  ^^  =  2  Cm.  i  (^  +  i/')  Sin.  J  (0  —  ^) 

18.  Cm.  0  +  Cos.  yj/  =  2  Cos.  i  (^  +  ^)  Sin.  J  (^  —  ,^) 

19.  Co*.  0  -  Cm.  i/^  =  -  2  Sin.  i  (^  +  ^)  aSiii.  J  (^  -  xp) 

20.  Tan.  (6  +  ^)=  ^^*' *  ^  ^^'  t 

21.  Cot.  U  +  ^wgo^»g5j;±l 

vv  -  'P>^      ^^j  xp  +  Cot.  ip 

22.  Tan.  0  +  Tan.  d,  =  !^^'"'  <*  +  ^^ 

Co.?.  0  Cm.  1^ 

23.  Tan.  0  -  Tan.!^  =  ^^'^'  (^  -  ^) 

^  ^       Cos.  0  Cm.  t^ 

24.  Cot.  0  +  Co/.  1^  =  g>;-  (»  +  ^) 
26.  Co/.  0  -  Cot,  xp  =  y  •  ^^;;^  »> 

26.  -Sm.  2  0  =  2  *Sifi.  .0  Cm.  0 

27.  Cm.  2  0  =  Cos.^  0  ~  *y/n.«  0 

28.  iSen.^^  =1(1  -  Cm.  2  0) 

29.  Cos.^i,  =  J(i  +CM.2  0) 

30.  Sec.  *  0  =  1  +  Ton.*  0 

31.  Coscc^ip^  1  +  Co/.'0 

32.  Sin.^  0  -  ,ym.«  1^  =  Sin.  (0  +  ^^)  Sin.  (0  -  ^) 
88.  Cos.^  0  -.  Cm.«  t^  =  -  Sin.  (0  -  i/r)  ^m.  (0  —  ^) 
34.  Co*.«  tp  -  *?«!.•  T^  =  Cos.  (0  +  ^^)  Cm.  (0  - 1/^) 
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85. 


s& 


87. 


38. 


89. 


40. 


41. 


4«. 


48. 


46. 


46. 


47. 


^     .          n*»,       .Sot.  (»  +  ^A)  Sin,  (^f, 
Cot.' t  -  Cot.' i' = ^gi^»  ^  ^,„.,  ^ 

Sin.  »  +  Sin  ^  ^  Tan.  ^  (»  +  j^)  . 
Sin.  ^  -  Sin.  i/»      Tor.  i  C*  -  ^) 

^!!4  +  ^  =  Ton.  i  (♦  +  ^) 
C(w.  ^  +  Cos.  t^ 

^!Ll±^=Co«.i(^-*) 

Cos.  ^  —  Cos.  yfi 

fjlL±=^^  Tan.  ^  {^  -  i) 
Cos.  ^  +  Cos.  yp 

Cot.  ^  —  Cos.  ip 

Cm.  ^  +  C<w.  <f>   _  Cot.  ii^+rP) 
Cos.  ^—  Co..  ^  "■  Tan.i(i/.-  ^) 

raw.  »  +  Tan.  ^  _  iym.  (j,  +  ^) 
Tan.  ^  -  Ta».  ^     Sin.  (^  -  ^) 

Cot.  ^  +  Cot.^  ^  Sin.  (^  +  \P) 
Cot.  ^  -  Lot.  ^      Sin.  (^  -  ^) 

^'^,  ^      =  7Vm.  i  » 
1  +  Co«.  ^  '  ^ 

»««•»  Cot.S» 

1  —  Cos.  0 

l-Co..»^         , 
1  +  Cos.  ^  '^ 


_^) 


-♦) 


, 
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